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Abstract A discrete-time decentralized routing problem in a service system
consisting of two service stations and two controllers is investigated. Each
controller is affiliated with one station. Each station has an infinite size buffer.
Exogenous customer arrivals at each station occur with rate A. Service times
at each station have rate p. At any time, a controller can route one of the
customers waiting in its own station to the other station. Each controller
knows perfectly the queue length in its own station and observes the exogenous
arrivals to its own station as well as the arrivals of customers sent from the
other station. At the beginning, each controller has a probability mass function
(PMF) on the number of customers in the other station. These PMFs are
common knowledge between the two controllers. At each time a holding cost
is incurred at each station due to the customers waiting at that station. The
objective is to determine routing policies for the two controllers that minimize
either the total expected holding cost over a finite horizon or the average
cost per unit time over an infinite horizon. In this problem there is implicit
communication between the two controllers; whenever a controller decides to
send or not to send a customer from its own station to the other station it
communicates information about its queue length to the other station. This
implicit communication through control actions is referred to as signaling in
decentralized control. Signaling results in complex communication and decision
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problems. In spite of the complexity of signaling involved, it is shown that an
optimal signaling strategy is described by a threshold policy which depends
on the common information between the two controllers; this threshold policy
is explicitly determined.

Keywords Decentralized System - Non-classical Information Structure -
Signaling - Queueing Networks - Common Information

1 Introduction

Routing problems to parallel queues arise in many modern technological sys-
tems such as communication, transportation and sensor networks. The major-
ity of the literature on optimal routing in parallel queues addresses situations
where the information is centralized, either perfect (see |Akgun et al (2012);
Davis| (1977)); |[Ephremides et all (1980)); Foley and McDonald| (2001)); [Hajek
(1984); [Hordijk and Koole| (1990, [1992); [Lin and Kumar| (1984); Menich and
Serfozol (1991); [Weber| (1978)); (Weber and Stidham Jr| (1987); Whitt| (1986);
Winston and references therein) or imperfect (see Beutler and Teneket-|
zis| (1989); Kuri and Kumar| (1995) and references therein). Very few results
on optimal routing to parallel queues under decentralized information are cur-
rently available. The authors of (Cogill et al (2006) present a heuristic ap-
proach to decentralized routing in parallel queues. In (Abdollahi and Kho-
rasani (2008)); [Manfredil (2014)); [Reddy et al| (2012); |Si et al| (2013); [Ying and
Shakkottail (2011) and references therein), decentralized routing policies that
stablize queueing networks are considered. The work in [Pandelis and Teneket-|
presents an optimal policy to a routing problem with a one-unit
delay sharing information structure.

In this paper we investigate a decentralized routing problem in discrete
time. We consider a system consisting of two service stations/queues, called
@1 and Q2 and two controllers, called C; and Cs. Controller Cy (resp. Co) is
affiliated with service station @7 (resp. Q2). Each station has an infinite size
buffer. The processes describing exogenous customer arrivals at each station
are independent Bernoulli with parameter (\). The random variables describ-
ing the service times at each station are independent geometric with parameter
(). At any time each controller can route one of the customers waiting in its
own queue to the other station. Each controller knows perfectly the queue
length in its own station, and observes the exogenous arrivals in its own sta-
tion as well as the arrivals of customers sent from the other station. At the
beginning, controller Cy (resp. C3) has a probability mass function (PMF) on
the number of customers in station Qo (resp. Q1). These PMFs are common
knowledge between the controllers. At each time a holding cost is incurred at
each station due to the customers waiting at that station. The objective is to
determine decentralized routing policies for the two controllers that minimize
either the total expected holding cost over a finite horizon or the average cost
per unit time over an infinite horizon. Preliminary versions of this paper ap-
peared in |Ouyang and Teneketzis| (2013) (for the finite horizon problem) and
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Ouyang and Teneketzis| (2014) (for the infinite horizon average cost per unit
time problem).

In the above described routing problem, each controller has different infor-
mation. Furthermore, the control actions/routing decisions of one controller
affect the information of the other controller. Thus, the information struc-
ture of this decentralized routing problem is non-classical with control sharing
(see [Mahajan| (2013 for non-classical control sharing information structures).
Non-classical information structures result in challenging signaling problems
(see Ho| (1980)). Signaling occurs through the routing decisions of the con-
trollers. Signaling is, in essence, a real-time encoding/communication problem
within the context of a decision making problem. By sending or not sending a
customer from @7 (resp. @Q2) to Q2 (resp. Q1) controller Cy (resp. Cs) com-
municates at each time instant a compressed version of its queue length to
Cy (resp. C1). For example, by sending a customer from @7 to Q2 at time ¢,
C1 may signal to Cs that Q1’s queue length is above a pre-specified threshold
l;. This information allows Cs to have a better estimate of Q1’s queue length
and, therefore, make better routing decisions about the customers in its own
queue; the same arguments hold for the signals send (through routing deci-
sions) from Cs to C;. Thus, signaling through routing decisions has a triple
function: communication, estimation and control.

Within the context of the problems described above, there is enormous
number of signaling possibilities. For example, there is an arbitrarily large
number of choices of the sequences of pre-specified thresholds I1,1s,...,1,...
and these choices are only a small subset of all the possible sequences of binary
partitions of the set of non-negative integers that describe all choices available
to C7 and C5. All these possibilities result in highly non-trivial decision mak-
ing problems. It is the presence of signaling that distinguishes the problem
formulated in this paper from all other routing problems in parallel queues
investigated so far.

Some basic questions associated with the analysis of this problem are:

What is an information state (sufficient statistic) for each controller? How
is signaling incorporated in the evolution/update of the information state? Is
there an explicit description of an optimal signaling strategy? We will answer
these questions in Section and will discuss them further in Section [7}

Contribution of the paper

The signaling feature of our problem distinguishes it from all previous rout-
ing problems in parallel queues. In spite of the complexity of signaling, we
show that an optimal decentralized strategy is described by a single thresh-
old routing policy where the threshold depends on the common information
between the two controllers. We explicitly determine this threshold via simple
computations.
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Fig. 1 The Queueing System

Organization

The rest of the paper is organized as follows. In Section[2] we present the model
for the queueing system and formulate the finite horizon and infinite horizon
decentralized routing problems. In Section [3] we present structural results for
optimal policies. In Section [4] we present a specific decentralized routing policy,
which we call §, and state some features associated with its performance. In
Section 5] we show that when the initial queue lengths in Q1 and Q3 are equal,
g is an optimal policy for the finite horizon decentralized routing problem. In
Section [6] we show that § is an optimal decentralized routing policy for the
infinite horizon average cost per unit time problem. We conclude in Section

Notation

Random variables (r.v.s) are denoted by upper case letters, their realization
by the corresponding lower case letter. In general, subscripts are used as time
index while superscripts are used to index service stations. For time indices
t1 < tg, Xt,:t, is the short hand notation for (Xy,, Xt, +1, ..., X¢, ). For a policy
g, we use X9 to denote that the r.v. X9 depends on the choice of policy g.
We use vectors in R%Z+ to denote PMFs (Probability Mass Functions,) where
Z denotes the set of non-negative integers. We also use a constant in Z to
denote the corner PMF that represents a constant r.v.. i.e. a constant ¢ € Z
denotes the PMF whose entries are all zero except the cth.

2 System Model and Problem Formulation
System Model
The queueing/service system shown in Figure [I} operates in discrete time.

The system consists of two service stations/queues, Q1 and Q2 with infinite
size buffers. Controllers C; and Cs are affiliated with queues @1 and @Qo,



Signaling for Decentralized Routing in a Queueing Network 5

respectively. Let X} denote the number of customers waiting, or in service, in
Q@;,i = 1,2, at the beginning of time ¢t. Exogenous customer arrivals at Q;,7 =
1,2, occur according to a Bernoulli process {Al,t € Z,} with parameter .
Service times of customers at @;,7 = 1,2 are described by geometric random
variables with parameter y. We define a Bernoulli process {D},t € Z, } with
parameter p. Then {Dil (xiz0},t € Zi} describes the customer departure
process from @Q;,i = 1,2. At any time ¢, a controller can route one of the
customers in its own queue to the other queue. Let U; denote the routing
decision of controller C; at ¢ (i = 1,2); if U} = 1 (resp. 0) one customer (resp.
no customer) is routed from Q; to Q; (j # i). At any time ¢, each controller
Ci,i = 1,2, knows perfectly the number of customers X{.,,i = 1,2, in its own
queue; furthermore, it observes perfectly the arrival stream Aj., to its own
queue, and the arrivals due to customers routed to its queue from the other
service station up to time ¢ — 1, i.e. U}, ;,j # i. The order of arrivals A%,
departures D} and controller decisions U} concerning the routing of customers
from one queue to the other is shown in Figure [2| The dynamic evolution of
the number of customers X},i = 1,2 is described by

—1
Xpp =X, U + U7, (1)
2
Xt2+1 =X *Ut2+Ut17 (2)
where for ¢ = 1,2,
X, = (X{ - Dj)" + 4, (3)

and () := max(0, ). We assume that the initial queue lengths Xg, X2 and
the processes {A},t € Z,}, {A2,t € Z,}, {D},t € Z,}, {D},t € Z,} are
mutually independent and their distributions are known by both controllers
C; and Cs. Let 7 and 73 be the PMFs on the initial queue lengths X}, X2, re-
spectively. At the beginning of time ¢ = 0, Cy (resp. Cq) knows X{ (resp. X3).
Furthermore C}’s (resp. Co’s) knowledge of the queue length X3 (resp. X{) at
the other station is described by the PMF 72 (resp. 7}). The information of
controller C;,i = 1,2, at the moment it makes the decision Uf,t = 0,1, ..., is

IZ = {Xé:tv z):bYO:tv U(}:t—l’ Ug:t—lv 77(1)777(2]} =12 (4)

The controllers’ routing decisions/control actions U} are generated according
to

Uli=gi(I}),i=1,2,t€Zy, (5)
where

g1 (24 ) x {0, 11 x (Z)™ % {0,1) %
x 0,1} x RZ+ x R%+ s U} (6)
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Fig. 2 The order of variables

The control action space U at time ¢ depends on Yi Specifically

Ui — {0} when Yz =0,
¢ {0, 1} otherwise.

Define G4 to be the set of feasible decentralized routing policies; that is

gd:{(gl’gz): gi:(gé’gi7"'7gi"")7i:1’2
and g; is of form given by (5)-(6)}. (8)

We study the operation of the system defined in this section, first over a
finite horizon, then over an infinite horizon.

2.1 The finite horizon problem

For the problem with a finite horizon T', we assume the holding cost incurred by
the customers present in Q; at time t = 0,1,...,T—11is ¢;(X}),i = 1,2, where
¢:(+) is a convex and increasing function. Then, the objective is to determine
decentralized routing policies g € G4 so as to minimize

sl o

T-1

3 (e (327) e (x27))

t=

Tk, ) =B

for any PMFs 7§, 73 on the initial queue lengths.

2.2 The infinite horizon average cost per unit time problem

For the infinite horizon average cost per unit time problem, we assume the
holding cost incurred by the customers present in @; at each time is a con-
vex and increasing function ¢;(-) := ¢(+),4 = 1,2. Then, the objective is to

1 The expectation in all equations appearing in this paper is with respect to the probability
measure induced by the policy g € Gg4.
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determine decentralized routing policies g = (g', g%) € G4 so as to minimize
J?(mp, m5)
1
:=lim sup — J%(7g, 75)
T—o0 T
T-1

3 (e (i) we (x2)

1
=lim sup TE T, wg] (10)

T—o0

for any PMFs 7§, 3 on the initial queue lengths.

3 Qualitative Properties of Optimal Policies

In this section we present a qualitative property of an optimal routing policy
for both the finite horizon and the infinite horizon problem. For that matter
we first introduce the following notation.

We denote by II} and II? the PMFs on X! and X7, respectively, condi-
tional on all previous decisions {Ug,_1,U8,_1}. II},i = 1,2 is defined by

HZ(UU) =P (XZ = $|U01:t—17Ug:t—1) T E Ly (11)

Similarly, we define the conditional PMFs ﬁi, ﬁf on Y; and Y?, respectively,
as follows.

%

ﬁt(x) =P (yz = xlU&:tflﬂ U(?:tfl) 7i = 172,1' € Z+‘ (12)

Note that for any policy g € Gy all the above defined PMF's are functions of
{US,_1,U8,_1}. Since both controllers C; and Cy know {Ug,_,UZ,_,} at
time ¢, the PMF's defined by — are common knowledge |Aumann| (1976])
between the controllers.

We take Y;,i = 1,2, to be station Q;’s state at time t. Combining —
we obtain, for i = 1, 2,

%

— — . . . + .
X1 = (Xt ~U; + U} — D§+1) + A

=1 (KLU0, w), (13)
where the random variables W} = (A}, Dj,,),i = 1,2,t = 0,1,... are
mutually independent.

The holding cost at time ¢, = 0,1,... can be written as

1 2
Pt (XtvxtaUtlaUE)
—1 2
=Ct+1 (Xt — Utl + Utz) +Ct+1 (Xt — Utz + Utl)

=Ct+41 (Xt1+1) + Ct+1 (th—i-l) . (14)
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Note that for any time horizon T the total expected holding cost due to
is equivalent to the total expected holding cost defined by @ since for any
policy g € Ga

J3(m, 75)

O =

8|3 (e (30) v (30))

3 (s (31 e (2))

co (X) + co (X5)]

5
L

~
Il
=]

+
s Tl
Ll)r—|o L

=E|Y p (XX 00 0F)

t=

+E[co (X§) +co (X3)].  (15)

[}

With the above notation and definition of system state and instantaneous
holding cost, we have a dynamic team problem with non-classical information
structure where the common information between the two controllers at any
time ¢ is their decisions/control actions up to time ¢ — 1. This information
structure is the control sharing information structure investigated in [Mahajan
(2013). Furthermore, the independent assumption we made about the exoge-
nous arrivals and the service processes is the same as the assumptions made
about the noise variables in Mahajan| (2013). Therefore, the following Proper-
ties hold by the results in [Mahajan| (2013]).

Property 1 For each t, and any given gt(.),g2(.), s < t, we have
p (Itl = i%,]f = 7;§|U01:t717 U02:t—1)
=P (Itl = iﬂU&:t—l: Ug:t—l) p (It2 = i?|U01:t—1v Ug:t—l) : (16)
Proof Same as that of Proposition 2 in Mahajan| (2013)).

Property [I] says that the two subsystems are independent conditional on past
control actions.
Because of Property (1| and , each controller C;,7 = 1,2 can generate

its decision at any time t by using only its current local state Y: and past
decisions of both controllers. This assertion is established by the following

property.

Property 2 For the routing problems formulated in Section[3, without loss of
optimality we can restrict attention to routing policies of the form

—1

Utl = gtl (XtvUol:t—lng:t—l> ) (17)
—2

Ut2 = 9t2 (Xt7U01:t717Ug:t71> . (18)

Proof Same as that of Proposition 1 in Mahajan/ (2013).
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Using the common information approach in |[Nayyar et al (2013), we can refine
the result of Property [2] as follows.

Property 3 For the two routing problems formulated in Section [3, without
loss of optimality we can restrict attention to routing policies of the form

Utl = gtl (szﬁivﬁf) ’ (19)
v} = gt (X010, 107) (20)
Proof Same as that of Theorem 1 in [Mahajan| (2013).

The result of Property [3| will play a central role in the analysis of the decen-
tralized routing problems formulated in this paper.

4 The Decentralized Policy § and Preliminary results

In this section, we specify a decentralized policy § and identify an information
state for each controller. Furthermore, we develop some preliminary results for
both the finite horizon problem and the infinite horizon problem formulated
in Section

To specify policy g, we first define the upper bound and lower bound on
the support of the PMF, IT},i = 1,2 as

UB! := max(x : IT}(x) # 0), (
LB} := min(z : IT}(z) # 0). (
UB; :=max(UB},UB}), (23
LB; := min(LB}, LB?). (
Similarly, we define the bounds on the support of the PMF, ﬁ;i =1,2as

UB, := max(x : T,(z) # 0), (25)
LB, = min(z : IT(x) # 0), (26)
UB, := max(UB,,UB,), (27)
LB, := min(UB,,UB,). (28)
Using the above bounds, we specify the policy g := (¢, §%) as follows:

1, when Y; > TH;,

— (29)
0, when X, < THy,

Ui =g (X, UB.IB,) = {
where

TH, = (UB. +B,). (30)
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Under g, each controller routes a customer to the other queue when Y;,i =

2, the queue length of its own station at the time of decision, is greater than
or equal to the threshold given by (30] .

Note that this decentralized routing policy § is indeed of the form asserted

by Property [3| I since the upper and lower bounds UB; and LB; are both func-

tlons of the PMF's Ht,H Therefore, the threshold T'H;, as a function of

I t,H ¢+, s common knowledge between the controllers. Using the common
information, each controller can compute the threshold according to in-
dividually, and § can be implemented in a decentralized manner.

Under policy g, the evolution of the bounds defined by — are deter-
mined by the following lemma.

Lemma 1 At any time t we have
UB! =UB} +1, LB’ = (LBf - 1)+ . (31)
When (U}, U29) = (0,0)
UBJ,, = [TH -1, LB}, =LB] (32)
When (U9, U29) = (1,1)
UB{,,=UB], LBJ,=[TH] (33)
When (U9, U79) = (1,0),i =1,2,j # i
UBY, | = max (ﬁff’ 1T THJ) (34)
LBY,, = min (ﬁi’g +1,[TH,) - 1) (35)

where || = mazimum integer < z, and [x] = minimum integer > x.

O
Proof See Appendix [A]
Corollary [1| below follows directly form — in Lemma
Corollary 1 Under policy g,
UB?H - LBt§+1
. { B (UB;? —ALBfﬂ when (U9, U29) = (0,0), (36)
UBJ — LB} otherwise.

Moreover, if UB,?0 — LBf0 <1 for some time ty, then

(UBf . LBf) <1 for all t > to. (37)
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]

Corollary [I] shows that the difference between the highest possible number of
customers in (1 or Q2 and the lowest possible number of customers in ()1 or
Q)2 is non-increasing under the policy §. Furthermore, the difference is reduced
by half when there is no customer routed from one queue to another one.

5 The finite horizon problem

In this section, we consider the finite horizon problem formulated in Section
under the additional condition X¢ = X2 = xo, where x is arbitrary but
fixed, and is common knowledge between C; and Cs.

5.1 Analysis
The main result of this section asserts that the policy ¢ defined in Section [4]
is optimal.

Theorem 1 When X} = X2 = xo and z¢ is common knowledge between
Ci1 and Cy, the policy g given by @)-@ s optimal for the finite horizon
decentralized routing problem formulated in Section[2-1) that is

T3 (w0, w0) < JF (0, 70) (38)
for any feasible policy g € Gq and any initial queue length xg.
O

Before proving Theorem [1} we note that when X} = X& = z Corollary
implies that

UBY — LBY <1 forall t > 0. (39)

Equation says that the difference between the highest possible number
of customers in Q1 or Q2 and the lowest possible number of customers in ()
or (s is less than or equal to 1 under policy g. This property means that
g controls the length of the joint support of the PMFs ﬁtl ,ﬁ? and balances
the lengths of the two queues. A direct consequence of is the following
corollary.

Corollary 2 At any time t, we have

1 N N N N

| 5Ox7 X2 | = min (39, x29). (40)
1 R R R R

[2()(,}’9 + vag)w = max (thvg, vag) . (41)
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As pointed out above, the policy § balances the lengths of the two queues. This
balancing property suggests that the throughput of the system due to g is high
and the total number of customers in the system is low. This is established by
the following lemma.

Lemma 2 Under the assumption X} = X3 = xo, where xg is common knowl-
edge, for any policy g of the form described by (@-@), we have

th,g +X,527g <u th’g +X,527g, (42)
where Z1 <g Zo means that the r.v. Zy1 is stochastically smaller than the r.v.

Zs, that is, for any a € R, P(Z1 > a) < P(Zy > a) (see |Marshall et al
(2010)).

O
Proof See Appendix

Using Lemma [2] we now prove Theorem

Proof (Proof of Theorem For any feasible policy g, since the functions ¢;,t =
0,1,...,T, are convex, we have at any time ¢

E o (XM7) + e (x77)]

>E [ct (B(X}g + Xf’g)D + ¢ (B(X}’g + Xf’g)w )} . (43)

Furthermore, using Lemma [2| and the fact that ¢;(-) is increasing, we get

oo - o )]
S (| I (e

g :Ct (min(th,é’Xf@» + ¢ (maX(th’g,Xf’g)H

—E :ct (th,z;) Yo (vaf’)] . (44)

The inequality in is true because X9 + X9 <, X9 + X9 (Lemma
2)) and ¢;(-) is increasing. The first equality in follows from Corollary
Combining and we obtain, for any ¢,

E [ct (thvg) o (X}gﬂ >E [ct (th,g) Yo (vag)} . (45)

The optimality of policy g follows from @D and .
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5.2 Comparison to the performance under centralized information

We compare now the performance of the optimal decentralized policy g to
the performance of the queueing system under centralized information. The
results of this comparison will be useful when we study the infinite horizon
problem in Section [0}

Consider a centralized controller who has all the information I} and I?
at each time t. Then, the set G. of feasible routing policies of the centralized
controller is

Go:={(¢g"."): o' =900 .01, )i=1.2
and U; = g{(1}, I})}. (46)

By the definition, G4 C G.. This means that the centralized controller can

simulate any decentralized policy g € G4 adopted by controllers C; and Cj.

Therefore, for any initial PMFs 7}, 73

inf Jo(wt, 72) < inf JL(mg, w2 47
glengc 7(m,mo) < glengd (70, 75) (47)
inf J9(mt, 72) < inf JI(nl,w2). 48
glengc (m9,mg) < glengd (79, 7o) (48)

When X} = X2 = 29, Lemma [2| and Theorem [1| show that the cost given by
g is smaller than the cost given by any policy g € G4. Furthermore we have:

Lemma 3 Under the assumption X} = X¢ = zo, where xq is common knowl-
edge, we have

XD 4 X9 < X[+ X2, (49)
for any g € G, and
J9 (20, 20) < giélgfc J4(x0, x0). (50)
for any g € G..
([

Proof The proof of is the same as the proof of Lemma [2| and the proof
of is the same as the proof of Theorem

Since g is a decentralized policy, and Lemma (3| imply that

JI (o, x0) = inf J(zo,20) = inf JI(zo,z0). (51)
9€Ga 9€G,

Equation shows that when X} = X2 = 2y and z is common knowledge
between Ciand Cs, policy g achieves the same performance as any centralized
optimal policy.
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5.3 The Case of Different Initial Queue Lengths

When X} # X2, the policy g is not necessarily optimal for the finite horizon
problem.

Consider an example where the horizon T' = 1 (two-step horizon), A =
0.1, = 0.5 and

P(X;=3)=1, (52)
P(X{=1)=09, P(X;=5)=01, (53)

that is,
7t =(0,0,0,1,0,0,0,...), (54)
72 =(0,0.9,0,0,0,0.1,0,...), (55)

where 7}, 72 denote the initial PMFs on the lengths of the queues.
Then, ﬁé,ﬁg and the threshold THy are

T, = (0,0,0.5,0.4,0.1,0,0, ...), (56)

> = (0.45,0.36,0.09, 0,0.05,0.04,0.01, ....), (57)
1

THo = 5(6+0) =3. (58)

Consider the cost functions co(x) = 0 and ¢;(z) = 22. Then, we have

Jg(ﬂ—(%v 71—8)
e[ (xt2)"+ (32
—E {(Xé — U + U§’9>2 + (X0 - U+ Ug’g)z] . (59)

Using — and the specification of the policy §, we can compute the
expected cost due to g. It is
JO(mh, m3) =8.48. (60)
Consider now another policy g described below. For i = 1,2,7 # j,
o i —1 —2 1, when yz >E Yﬂﬁi ,
Up? =g (Xt7ﬂt7ﬂt) = —i —j =i (61)
0, when X, < E | X} |II; |,
Then, from — and we get

—1

z >

Ué’g _ 1, when {Q > 1, (62)
0, when X, <1,

-2
Ugvg _ ]., when {8 > 2.6,
0, when X < 2.6,
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Therefore, the expected cost due to the policy g is given by
JI(m, m2) =8.28 (64)

Since J9(m}, 73) = 8.28 < 8.48 = JI(w}, n3), policy § is not optimal.

In this example, each controller has only one decision to make, the deci-
sion at time 0. As a result, signaling does not provide any advantages to the
controllers, and that is why the policy ¢ is not the best policy.

6 Infinite horizon

We consider the infinite horizon decentralized routing problem formulated in
Section [2.2] and make the following additional assumptions.

Assumption 1 p > A.

Assumption 2 The initial PMFs 7}, 72 are finitely supported and common
knowledge between controllers Cy and Cs. i.e. there exists M < oo such that
no(x) = m3(z) =0 for all z > M.

Let gg denote the open-loop policy that does not do any routing, that is,
at any time ¢

U % =Up® =0. (65)
Assumption 3
: 1 go 1 2 go
Th_r)réo TJT (mg, m5) == J%° < o0 a.s., (66)

where J9 is a constant that denotes the infinite horizon average cost per unit
time due to policy go.

Remark 1 Due to policy go, the queue length {X7*" ¢ € Z; },i = 1,2 is a pos-
itive recurrent birth and death chain with arrival rate A and departure rate
ul (X590 40} Therefore, as T' — oo, the average cost per unit time converges
to a constant a.s. if the expected cost under the stationary distribution of
the process is finite (see (Bremaud, 1999, chap. 3)). Assumption [3[is equiv-
alent to the assumption that the expected cost is finite under the stationary

distribution of the controlled queue lengths.

We proceed to analyze the infinite horizon average cost per unit time for
the model of Section [2] under Assumptions [T{3]
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6.1 Analysis

When X¢ # X2, the policy g, defined in Section |4} is not necessarily optimal
for the finite horizon problem (see the example in Section . Nevertheless,
the policy g still attempts to balance the queues. Given enough time, policy §
may be able to balance the queue lengths even if they are not initially balanced.
In this section we show that this is indeed the case.

Specifically, we prove the optimality of policy g for the infinite horizon
average cost per unit time problem, as stated in the following theorem which
is the main result of this section.

Theorem 2 Under Assumptions the policy g, described by @-@), 18
optimal for the infinite horizon average cost per unit time problem formulated
in Section [2.2.

O

To establish the assertion of Theorem [2] we proceed in four steps. In the
first step we show that the infinite horizon average cost per unit time due to
policy g is bounded above by the cost of the uncontrolled queues (i.e. the cost
due to policy go). In the second step we show that under policy § the queues
are eventually balanced, i.e. the queue lengths can differ by at most one. In
the third step we derive a result that connects the performance of policy ¢
under the initial PMFs (0,0) to the performance of the optimal policy under
any arbitrary initial PMFs 7§, 73 on queues 1 and Q3. In the forth step we
establish the optimality of policy § based on the results of steps one, two and
three.

Step 1

We prove that J9(r§, 72) < J9%. To do this, we first establish some preliminary
results that appear in Lemmas [f] and

Lemma 4 There exists processes {Y;!,t € Z4} and {Y2,t € Z;} such that
{Yi,t € Z,} has the same distribution as {X}"°,t € Z.,} (67)

fori1=1,2, and for all times t

X9 XY <YE4YE as, (68)
max (Xf’g) <max (Y}) a.s. (69)
|

Proof See Appendix [C]
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Lemma [4 means that the uncontrolled queue lengths are longer than the
queue lengths under policy g in a stochastic sense. Note that and are
not true if Y}, i = 1,2, is replaced by X,*%° i = 1,2, as the following example
shows.

Example

When X% =4, X}% = 6 and X9 = X9 = 5, the analogues of and
where Y}’ are replaced by X;"%° i = 1,2 are

XM+ XD = X%+ XP% = 10, (70)
max (XZ’§> =5 < 6 = max (XZ’9°> . (71)
K3 K3

However, if A}, = 1,47, = 0 and D}, = 0,D%, = 1 we get th-;-glo =
Xf_;_gf =5 and th_;_l = 6,Xf_;_1 = 4, then

max (Xtifl) =6>5=max (Xff‘f) , (72)

and the analogue of , when Y} is replaced by Xti’g“ ,© = 1,2, does not hold.

The stochastic dominance relation asserted by Lemma [4| implies that the
instantaneous cost under policy ¢ is almost surely no greater than the instan-
taneous cost due to policy gg. This implication is made precise by the following
lemma.

Lemma 5 The processes {Y;},t € Z,} and {Y?,t € Z.} defined in Lemma
are such that at any time t

c(th’g) +C(Xt2’g> <c(Y)+c(Y?) as. (73)
([

Proof See Appendix [C]

In order to apply the result of Step 1 as the time horizon goes to infinity, we
need the following result on the convergence of the cost due to {Y,',t € Z,}
and {}/15272‘: S Z+}

Lemma 6 Let {Y,',t € Z,} and {Y? t € Z,} be the processes defined in
Lemmal4 Let Wy denote

T-1
1
Wrp = T (c(V) +e(Y?)) . (74)
t=0
Under Assumptions[3 and 3,
lim Wy = J% a.s. (75)
T—o0

Moreover, {Wrp, T = 1,2,...} is uniformly integrable, so it also converges in
expectation.
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U
Proof See Appendix [C]

A direct consequence of Lemmas [4] [f] and [6] is the following.
Corollary 3 If limp_, % EZ:OI (c (Xl’g) +c (Xz,g)> converges a.s., then,

T Z (X19) + e (X29)) — JI(nf, m5) (76)

in expectation and a.s. as T — oco. Furthermore,

JI(mg, ) < J% < oc. (77)

Proof See Appendix [C]
Step 2

We prove that under policy g the queues are eventually balanced. For this
matter we first establish some preliminary results that appear in Lemmas
and

Lemma 7 Let Ty be a stopping time with respect to the process {th’g, Xf’g,t €
Z.}. Define the process {Sy = S, t > Ty + 1} as follows.

STo+1 5:X71“Z)g+1 + X72“og+1 (78)
St+1 I:St — Dt - D? -+ A% + A?
+ 1{St:1} (1{X¢1"@:0} (Dtl — Df) + Df)
+Ls,—o} (D + D) (79)

If u > X >0, then {Si,t > To + 1} is an irreducible positive recurrent Markov
chain.

O
Proof See Appendix

Lemmal holds for arbitrary stopping time Ty with respect to { X, 1.d , X, 29 ,t €
Z+} By approprlately selecting Ty we will show later that S; is coupled Wlth
X; ’g+X 9 e forallt > Tp, S; = X g—|—X 9 This result along with the fact
that the process {S;,t > To + 1} is an irreducible positive recurrent Markov
chain will allow us to analyze the cost due to policy g.

Lemma 8 Under policy g,

P ((U}@,UE’@) — (0,0) zo) — 1 (80)
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Proof See Appendix

Lemma |8 means that the event { there exists tp < oo such that at least one
of the queue lengths is above the threshold defined by for all t > to }
can not happen. The idea of Lemma [§]is the following. If one of the queues,
say @1, has length above the threshold, hence above the lower bound LBy,
then, the length of Q2 does not decrease, because under policy § Q2 receives
one customer from @7 and has at most one departure at this time. Therefore,
both queue lengths at the next time are bounded below by the current lower
bound LBY. When at least one of the queue lengths is above the threshold for
all t > tg, the queue lengths are bounded below by LBtgO for all ¢ > to. This
kind of lower bound can not exist if the total arrival rate 2\ to the system is
less than the total departure rate 2u from the system.

Lemma [§] and Corollary [I]in Section [4 can be used to establish that under
policy ¢ the queues are eventually balanced. This is shown in the corollary
below.

Corollary 4 Let

To :=inf{t: UB? — LBY < 1}. (81)
Then
P(Ty < o0) =1 (82)
and
(UBf - LBf) <1 forallt > Tp. (83)
O
Step &

We compare the finite horizon cost J{,Z(O, 0) (respectively, the infinite horizon
cost J9(0,0)) due to policy ¢ under initial PMFs (0,0) to the minimum finite
horizon cost infyeg, J% (7}, 78) (respectively, the minimum infinite horizon cost
infyeg, J9(n$,73)) under arbitrary initial PMFs (7, 73).

Lemma 9 For any finite time T and any initial PMFs 7}, 72.
J2(0,0) = inf J(0,0) < inf Jé(nd,72) < inf JA(ng,m2),  (84)
g€G. 9€G. 9€Ga
and

J9(0,0) = inf J9(0,0) < inf JI(n,72) < iengf JI(ny,m5)- (85)
gcYa

9€G. 9€G.

O
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Proof See Appendix [E]

Lemma [J] states that the minimum cost achieved when the queues are
initially empty is smaller than the minimum cost obtained when the system’s
initial condition is given by arbitrary PMFs on the lengths of queues ()7 and
Q2. This result is established through the use of the corresponding centralized
information system that is discussed in Section [5.2

Step 4

Based on the results of Steps 1, 2 and 3 we now establish the optimality of
policy g for the infinite horizon average cost per unit time problem formulated
in Section [2.2} First, we outline the key ideas in the proof of Theorem [2] then
we present its proof. Step 2 ensures that policy ¢ eventually (in finite time)
balances the queues. Step 1 ensures that the cost J9(7},72) is finite. These
two results together imply that the cost due to policy g is the same as the cost
incurred after the queues are balanced. Furthermore, we show that the cost
of policy ¢ is independent of the initial PMFs on the queue lengths. Then,
the result of Step 3 together with the results on the finite horizon problem
establish the optimality of policy g.

Proof (Proof of Theorem@ Define Tj to be the first time when the length of
the joint support of PMFs IT,;"9, IT7*% is no more than 1. That is

Ty = inf{t : UBY — LBY < 1}. (86)
The random variable T} is a stopping time with respect to the process {th’g, Xf’g, te
Z.}. From Corollary [] we have
P(Ty < 00) =1, (87)
UB? — LBY <1 for all t > Tj. (88)
Furthermore, for all ¢t > Tj
X219 - X7 <UB - LB < 1. (89)
Consider the process {S¢,t > Ty + 1} defined by and (in Lemma [7)).
We claim that for all t > Ty + 1
X4 xP9= 8, (90)

<

We prove the claim in Appendix Suppose the claim is true. Since ‘th"@ — Xf"@
1 for all t > Ty + 1, the instantaneous cost at time ¢ > Ty + 1 is equal to

¢ (X)) 4 (x29)
—c (B(X}@ - va-‘?)D te (E(X}Q - vaﬁ)D
< ([3]) (i)
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Then, the average cost per unit time due to policy g is given by

~
Ju

P ) o)
TR () ()
0 i ) () R

Since Ty < o0 a.s., we obtain

S
[}

Il
=]

et 3 () ()
b 3 C(2]) o(29)
e

where 79(s) is the stationary distribution of {S; = S7,t > T, + 1}. The
second equality in holds because Ty < oo a.s.; the last equality in
follows by the Ergodic theorem for irreducible positive recurrent Markov chains
(Bremaud, (1999} chap. 3).

Since the sum % tT:_Ol (c (th’g> +c (ng>> converges a.s., from Corollary

Bl we have

Seol(i) () o

Since the right hand side of equation does not depend on the initial PMF's
7§, ™8, we obtain

Ji(mb, w3y = J9(0,0). (95)
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Combining and Lemma |§| we get

J(mg,m5) = J9(0,0) < inf J9(mp, 75)- (96)

Thus, § is an optimal routing policy for the infinite horizon problem.

7 Discussion and Conclusion

Based on the results established in Sections [3}6} we now discuss and answer
the questions posed in Section [I}

Controllers C7 and Cy communicate with one another through their control
actions; thus, each controller’s information depends on the decision rule/routing
policy of the other controller. Therefore, the queueing system considered in this
paper has non-classical information structure [Witsenhausen| (1971). A key fea-
ture of the system’s information structure is that at each time instant each
controller’s information consists of one component that is common knowledge
between C; and Cs and another component that is its own private information.
The presence of common information allows us to use the common informa-
tion approach, developed in [Nayyar et al (2013)), along with specific features
of our model to identify an information state/sufficient statistic for the finite
and infinite horizon optimization problem. The identification/discovery of an
appropriate information state proceeds in two steps: In the first step we use
the common information approach (in particular [Mahajan| (2013))) to identify

the general form of an information state (namely (Yi, ﬁ: , ﬁf )) for controller

Ci,i = 1,2. (and the corresponding structure of an optimal policy, Proper-
ties . In the second step we take advantage of the features of our system to
further refine/simplify the information state; we discover a simpler form of in-
formation state, namely, (X:i7 {UB{,E?} > for controller C;,i = 1, 2.

j=1,2
The component {U Bi , Eﬁ} of the above information state describes the

j=1,2
common information between controllers C7 and Cy at time ¢t,t =1,2,....
Using this common information we established an optimal signaling strat-

egy that is described by the threshold policy g specified in Section 4
The update of {@i,ﬁi} 8 described by (32)-(35) and explicitly
j=1

depends on the signaling policy §. Specifically, if a customer is sent from @Q;
to Q; (i # j) at time ¢ the lower bound on the queue length of Q; increases
because both controllers know that the length of ); is above the threshold T H;
at the time of routing; if no customer is sent from @); to Q; at time ¢, the upper
bound on the length of @; decreases because both controllers know that the
length of ); is below the threshold T'H; at the time of routing. The update of
common information incorporates the information about a controller’s private
information transmitted to the other controller through signaling.

The signaling policy § communicates information in such a way that even-
tually the difference between the upper bound and the lower bound on the
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queue lengths is no more than one. Thus, signaling through ¢ results in a
balanced queueing system.

A Proofs of the Results in Section [4]

Proof (Proof of Lemma Since there is one possible arrival to any queue and one possible
departure from any queue at each time instant, (31) holds.

When (Utl’g7 Uf’g) = (0,0), both Y;’g and Y?’g are below the threshold and no cus-
tomers are routed form any queue. Therefore, the upper bound of the queue lengths at ¢+ 1
is

UBY,, =[TH;] - 1. (97)

Moreover, the lower bound of the queue lengths at ¢ + 1 is the same as the lower bound of
Y;’g,yf'g. That is,

LB! , =LBj. (98)

When (Utl’g, Uf’g) = (1,1), both Ytl’g and Y?’g are greater than or equal to the threshold.
Since the routing only exchanges two customers between the two queues, the queue lengths
remain the same as the queue lengths before routing. As a result, the upper bound and
lower bound of the queue lengths at t + 1 are given by

UB{,, =UBY. (99)
LB}, =[TH]. (100)

When (Uf’g, Utj’g) = (1,0),7 # 7, Yi’g is greater than or equal to the threshold; Y{’g is
below the threshold. Since one customer is routed from Q; to Q;,

Xt =X -1, (101)
X789 = X7 41 (102)

Therefore, the upper bound of the queue lengths at ¢ + 1 becomes

UBY,, =max {UTB?’ —1,[TH] -1+ 1}

g
t+

= max {ﬁi‘f’ —1, [THt]} , (103)
and lower bound of the queue lengths at t 4+ 1 is given by

LB, :min{[THt] —1,ZB) + 1}. (104)

B Proofs of the Results in Section [5]

Proof (Proof of Lemma@ The proof is done by induction.
At time ¢ = 0, X090 + X579 = X9 + X9 = zo.
Suppose the lemma is true at time t.
At time t + 1, from the system dynamics — we get, for any g,
1.9 2,9
X+ Xeh

=(x}te - Dt1>+ + (x27 - D?)+ 4+ Al 4+ A2, (105)
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Therefore, it suffices to show that

(x00 = o) "+ (327 - 0F) " <u (22— D}) " (x2o-E) T (o)

Consider any realization (th’g, Xf’g) = (21, 22).

If 1,22 > 0, then L%(a:l +22)], [%(3:1 +22)] > 0. Therefore,

Il
/N
—
N | =

—

8

=

+

8

v

-
| I
|

-

o

+ 1 +
D+ ([3e ] -02) (107)
If 2* = 0 and @7 > 2 (i # j), then L%(xl +2%)| > 0 and [%(rl + 22)] > 0. Therefore,

(thvg - D,})+ + (Xf’g - D?)+
=z — Dg

2x1+x27Dt17Dt2
o1, 2 Nt L 2 2\ 7T
= E(x +z%)| — Dy + 5(3: +z°)| —-Df | . (108)
If z* =0and 27 =1 (i # j), then L%(ml +2%)| =0 and [%(wl + 22)] = 1. Therefore,

+ +
(e 1)+ (xt o1
=1-D]
>5t1— D7

o1 2 " L1, 2 2\ "
(|3 +an|-0t) + ([3et+an] - 02) (109)
If 21,22 = 0, then L%(ajl +22)], [%(ml + 22)] = 0. Therefore,

(th’g - Dt1>+ + (Xf*g - D?)+

=0
1 + 1 +
= (\‘5(11 + xz)J - Dtl) + <[5(:1:1 + 12)—‘ — D?) . (110)
As a result of (107)-(110)), we obtain
+ +
(x29 - D))"+ (x77 - D?)

s (S e xen] - ot) 4 ([hetoaxen]-08) " am
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Then, from , the induction hypothesis and Corollary I we obtain
< b))
g g 1 * 1 1,9 2,9 2 *
Zst . +X’) -Dy) + §(Xt’ + X9 | - Di
9 g " Loslé o 24 2\ *
Zst X7 -Df) o+ i(Xt, + X9 | - Di

+ +
= (min(Xt 9 x29) —D,}) + (max(X 9 x29) Df)

> (X Dt) + (vaf’ - Df)+. (112)

The first and second stochastic 1nequahtles in - follow from (111)) and the induction
hypothesis, respectively. The equality in ) follows from Corollary [2| The last stochastic

inequality in (I12) is true because D} ,D are i.i.d. and independent of th’g, th,g.
106}

Thus, inequality (106 is true, and the proof of the lemma is complete.

C Proofs of the Results Associated with Step 1 of the Proof of
Theorem [2]

Proof (Proof of Lemma The proof is done by induction. At ¢ = 0, , and
hold if we let Y = X9 for i =1,2.

Assume the assertion of this lemma is true at time ¢; we want to show that the assertion is
also true at time ¢t + 1.

For that matter we claim the following.

Claim 1
XM+ X2 =X+ X0 s, (113)
max (XZ’ ) < max (Yi’g> a.s. (114)
£ t+1) = M t
Claim 2 ‘
There exists Y%, 1,4 = 1,2 such that
P (Viiy = yera[Yie = vou) =P (X[ = gt X5 = o) forall youe,  (115)
X0+ X0 <Y+ Y5 as, (116)
max <Yz’g) < max (Ytﬂrl) a.s. (117)

We assume the above claims to be true and prove them after the completion of the proof of
the induction step.
For all yo:t41, from (115) and the induction hypothesis for (67) we get for ¢ = 1,2

P (YOi:t+1 = yo:t+1)
=P (Vi1 = yes1lY0w = yo:t) P (Y = e, .., Y5 = wo)
=P ( t+1 =y XG90 = yo;z) P (Xé’:fo = yo:t)
=P (X(l)’t-u = Z/O:H—l) : (118)
From (113) and (116]) we obtain
~v1Ld | 2.9
Xz+1 +Xt-H =X+ X
Y+ Y4 as (119)
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Furthermore, combination of (114) and (117) gives

max (Xt+1) < max (Y;’g) = max (}’,5’+1) a.s. (120)

Therefore, the assertions , and of the lemma are true at ¢t + 1 by (118]), (119)
and (|120)), respectively.

We now prove claims 1 and 2.
Proof of Claim 1
From the system dynamics —

ngrgl _ Xi,é _ Utz‘,g + Utj@ (121)
x29 = Xi’g —Up9 Ul (122)

Therefore, ) follows by summing and -

For 1) con51der Xt+1 ( the case of Xt+1 follows from similar arguments).
When Ut 9 = 0,

XH =X, Uk < max (Yi"7> . (123)
When U9 = UP9 =1,
XLo =X,0 < masx (X,;g) . (124)

When Utl’g =0, Utz,g =1, Ytl’g is less than the threshold and Y?’g is greater than or equal
to the threshold. Therefore, by (121),

X1 =X,% 41 <[TH,)

t+1 =
<X29 < max (Yﬁ’g) . (125)
7
Therefore, (114)) follows from (123])-(125).
Proof of Claim 2
We set
) ONE S
Yig = (- Di) " + A (126)

where Ytl satisfy the induction hypothesis, and Ai, ﬁz,z = 1,2 are specified as follows. Let

M, :aurgmaxi{XZ’g}7 my = argmini{Xf’g} (127)
M, =argmax;{Y;}}, m,y = argmin,{Y}'}, (128)
where M; = 1,mz; = 2 (resp. My = 1,my, = 2) when {th"‘j = Xf’g} (resp. {V}} = Y;2});
define
A,‘SM’”,D:%,A:%,D?/I’ in case 1,

iMy pMy gmy mmy
(At Dy Y, A, Dy = My Mz gmae Hmz) -
A7, D AT, DY) in case 2,

(129)

where the two cases are :
Case 1: {Y,;"v —1 = xM=:9 = X"+ and (A © DMz AT Dm”) =(0,1,1,0) or (0,0,1,1)}.

Case 2: All other instances.

Assertion: The random variables Y;:+1’ t+1’ defined by (126])-(129) satisfy (115]
As the proof of this assertion is long, we first provide a sketch of its proof and then we

provide a full proof.
Sketch of the proof of the assertion
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— Equation (129)) implies the following: In case 2 we associate the arrival to and the

departure from the longer queue M; to those of the longer queue My, i.e. we set
Aivjy = Ain,DtMy = Diwz. We do the same for the shorter queue mg,my, ie.
A" = AT D" = DM,
In case 1, we have the same association for the arrivals as in case 2, that is Aiwy
Aiwz,xi;ny = A["®, but we reverse the association of the departures, that is Déwy =
Dtm’”,f)ln Y= Diw * . Therefore the arrivals A%, and departures l~7,’5, have the same dis-
tribution as the original A%, D¥, respectively, i = 1,2. Then (115)) follows from (126).

— To establish (116]), we note that, because of (129), the sum of arrivals to (respectively,
departures from) queues M, and m, equals to the sum of arrivals to (respectively,
departures from) queues M, and mg.

When X7, Y} # 0,4 = 1,2, the function (z—d)* +a is linear z, as (x—d) T +a = z—d+a.
Then from ((126)), (129) and the induction hypothesis we obtain

Vi + Y2 - PO o
=V 4+ Y2 - X0 - X709 >0 (130)

and this establish 1' when X:’g, Y} # 0, i = 1,2. In the full proof of the assertion,

we show that show that |b is also true when XZ 9 Y} are not all non-zero.
— To establish (117)) we consider the maximum of the queue lengths. In case 2, we show

that (126])-(129) ensure that

M — Mg, §
Yy > X, (131)
max (Y1, v(1Y) > X7 (132)

then (117)) follows from (131))-(132).

In case 1 (117) is verified by direct computation in the full proof.

Proof of the assertion _
For all yo.¢, we denote by Ey, the event {Y{., = yo.t}-

Let Z; = (A?{y , Dyy,fl;ny , ﬁtmy), then for any realization z € {0,1}* of Z; we have

P (Z: = 2By, )
=P (Zt = zt,case 1|Ey0:t) +P (Zt = zt,case 2|Ey0:t) . (133)
When z; # (0,1,1,0) or (0,0,1,1), we get
P (Zt = zt,case 1|Ey0:t) =0, (134)
and
P (Zt = zt,case Q‘Eyﬂ:t>
=P (A=, D}, A7, D" ) = 24| By, )
=P ((A},D}, A}, D?) = z) , (135)
where the last equality in holds because the random variables A= DMz Am= prme
are independent of Yp, Y1, ..., Y: and have the same distribution as A%, D%, A?, th.

Therefore, combining (134) and (135) we obtain for z¢ # (0,1,1,0) or (0,0,1,1)

P(Zt:ztlEyOt) :P((AtlthlvA$7D§):Zt) (136)
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When z; = (0,1,1,0) or (0,0,1,1), let E denote the event {Y;""V —1 = xMe:d = x93},
then we obtain

P (Zt = 2, case 1|Ey0:t)
=P (A}, Dy"e, A7*, DY) = 20, E|Ey,, )
=P ((A}, D}, A}, D}) = z:) P (E|Ey.,) , (137)
and
P (Zt = 2, case 2|Ey0:t)
=P (A}, DM, AT, D) = 20, E¥| By, )
=P ((A}, Di, A}, D}) = ) P (E°|Ey,,), (138)

where the last equality in and follow by the fact that the random variables
AiW””,DéMI,A:”I, Di"® are independent of Yp,Y1,...,Y; (hence, the event E which is gen-
erated by Yp, Y1,...,Y:) and have the same distribution as A}, Dtl, A%, th.

Therefore, combining and we obtain for z; = (0,1,1,0) or (0,0,1,1)

P (Zt = Zt|Eyo:t>
=P ((A}, D}, A7, D}) = z1) P (E|Ey,,,)
+P (A7, Df, A7, Df) = z1) P (E°| By,,,)
=P ((A}, D}, A7, D}) = z) , (139)

where the last equality in 1} is true because A%, D%, A?, th are independent and D% has
the same distribution as D7 .

As a result of (136]) and (139)), for any z; € {0,1}* we have
P (Zt - zt|EyM) =P ((A}, D}, A2, D?) = ). (140)
Now consider any yo.¢+1. By (140) we have for ¢ = M, or my
P (Yti-&-l = yt+1|Ey0:t)
Nt
=P (4= D5) "+ A = w1 By, )
) Ly )
=P ((ui = D) + A} = yer1)
1,90 _ 1,90 _
P (X[ =y X80 = you) - (141)
which is (|115)).
Now consider the sum YtlJrl + Yf+1
From (129), we know that
AMv L AT = AMe 4 A= g5, (142)
DM 4 D" = DMe 4 D™= s, (143)
Therefore, (142]) implies
<1, 1.§
Ytl+1 + Yt2+1 - Xt+g1 - thl
M ~ My, \t m ~m,\ T
= (6" =B ) T (=B
+

= (M — Di”ﬂ”)+ — (x7=7 - D) (144)
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We proceed to show that the right hand side of (144]) is positive. From the induction hy-

pothesis for - we have

My

Yy

yMu > xMed g (146)

+Y'tMy Z X;mz’g +Xt]\42vg a.s., (145)

There are three possibilities: {YtMy = XtM”g}7 {YtMy > XtMm’g,Xtmw’g =0} and {YtMy >
XM x> 0},
First consider {YtMy = XtM“”’g}. By (145) we have

Y > X9 g, (147)

Note that {Y;My = XtM””‘g} belongs to case 2 in (129)). From case 2 of (129)) we also know
that

DMz = pMv_ pre = Py, (148)
Then, because of (146)-(148) we get
MliA MT + ‘TriA x +
(st o)+ (s - o)
M, M\t . 2\t
<(¥M - D) "+ (v - D)
~ =+ - +
=" =D) T (= D) T as (149)
1t ;M > XM and X9 =0
5 + . +
(Xthg 7D£\/Iz) + (Xtm”‘g 7Dznm>
; +
M(EY MZ
- (5o
SXgVIzu@ S Y'tMy —1
M, ~ M\ T ~ +
<(xM-D") " + (v - D) (150)
1t ;M > xMe9 and X > 0, then
My, M\ . 2\ T
(s o)+ (e )
:th\/fzv@ _ Di\/fz _,'_X;mgg,g _ Dtmz
:Xth,g +Xtm’”‘g _ thv — DM
S
~ + ~ +
<(vM - D)+ (v - D) (151)

where the second equality in follows from and the first inequality in follows
from the induction hypothesis for (68)).

The above results, namely —, show that the right hand side of is positive,
and the proof for is complete.

It remains to show that is true.

We first consider case 2.

In case 2, we know from ([129) that

(A", D" AT DY) = (A, DM, Ay D). (152)
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Then,

—M..§ 5 +
Xy@Q:(thg—Lﬁh) + AM=
g AMy\T , M
:(Xiw""’g - b, y) + A
- +
<( My _ 7:My) +Ai\4y

Y,

f D

=Y,

(153)

where the second equality is a consequence of (152 and the inequality follows from the

induction hypothesis for .

To proceed further we note that in case 2 there are three possibilities: {YtMy

{Y'tMy —92 2 inac»f]} and {x/tMy > X;\/Iza§7}/;My —2< X;ma‘yf]}

= xM=9y,

If YtMy = Xé\/lz,g’ (147) is also true. Following similar arguments as in li we obtain

X;n:r N < X/tt:fgl;

it y,M 2> xmed

Y;nwag SX;mzyﬁ_;'_lS}/tM -1 <Yt+1‘

If YtMy > XtMI"@ and YtMy -2< Xtm’”’g it can only be Yt —1= XMm’q
we are in case 2, <Ay1,D£\l$,AT1,D;n”) # (0,1, 1,0). Therefore,

Ape — pe < AMe _ pMe 4,

Then we get
N +
XT“g:(A@—lfD?ﬁ + AP
=max (A7, Y, — 1= D' 4 A7)
< max (Aznm,YtM” - Di\/[“” + Aiwf)
<m (Amm Yt+1)
< max (Yfii’,Yt“ff) :
Combining (153 , , and we get (117) when case 2 is true.
Now consider case 1. We have Y XM’”’Q me,g

When (At = DMz AT pme ) - (0,1,1,0), then

— g G +
Xiwwvg — (thwzvg _ 1)
<X
=X;"" 41
+
(50— o) b

=Y,

(154)

(155)

Xmm’q Since

(156)

(157)

(158)
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When (A}, DMe, A7, D' ) = (0,0,1,1) we get
~ Mz, g My ,§
X9 Zx Mar

Sy:nz ,g

M, 2\ M, -
:max((Yt v—Dpe) "+ A ,A;")
M.
:max(YtJriJ,A;”’)
Y
+1

Combining (158]) and (159) we obtain (117) for case 1.

<max (Y37, v/ 11). (159)

As a result, ( ) holds for both cases 1 and 2.
Remark:
We note that we need the two cases described in (129) for the following reasons. If we

eliminate case 1 and always associate (Ai\/[y , ﬁi\ly JATY Dzny) with (Aiw", D,‘SM”C JAT Dzn“)
as in case 2, then when {YtMy —1= Xtmz’g and (AiM”‘,DiV[m,A;nw,Dlnw> = (0,1,1,0)},
the shorter queue m, increases by one customer, and the longer queue My decreases by one
customer; therefore X; =9 = Yt]\ff + 1 and (|117) is not satisfied.

Proof (Proof of Lemma@) From Lemma @ at any time t there exists Yt’ such that such

that (67)-(69) hold.

Adopting the notations My, ms; and My, my in the proof of Lemma El we have at every
time ¢

X < xMX0 g, (160)
v/ <vM as. (161)

Furthermore, from we have
xMed <yMv g (162)

If Xtmm’g < thy, and the fact that c(-) is increasing give
o (XM00) e (X700 <e (VM) +e (M) (163)
If X" > Y™ then
Y < X < xMes <yMy (164)

Since c(-) is convex, it follows from (164) that

() e (3949) e (x) e ()

— > ~ (165)
thMy _ XtIVIl-,g X;mm,g _ thy
From in Lemma@we know that
Y'tMy _ thwam@ > Xt"lxvé _ )/tmy' (166)

Combining (165) and (166]) we get

(VM) e (™) 2 e (x}M00) e (x70). (167)
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Proof (Proof of Lemma@ Let {Y;},t € Z1} and {Y2,t € Z} be the processes defined in
Lemma Then {Y},t € Z+} has the same distribution as {X,"9°,t € Z4} for i = 1,2.

Since p > A, the processes {Yti,t € Z4},i = 1,2 are irreducible positive recurrent Markov
chains. Moreover, the two processes {Y,!,t € Z; } and {Y}?,t € Z } have the same stationary
distribution, denoted by 790. Under Assumption [2] by Ergodic theorem of Markov chains

(see (Bremaud} (1999} chap. 3)) we get

T-1 T-1

. 1 . 1
Th—r>noo f Z C(Y;'l) :Th—r>noo ? Z C(Y?)
t=0 t=0
oo
= Z w90 (z)e(z) a.s. (168)
x=0

Let Wi(Yor—1) = & Sotg c(¥Y{),i=1,2.
We show that {W%(YO:T—l), T =1,2,...} is uniformly integrable for ¢ = 1,2. That is,

sup B [W%(Y():T,1)1{W%(Y0:T71)>N}] =0 (169)

as N — oo.
Let p99(z,y),z,y € Z+ be the transition probabilities of the Markov chain. Note that the
initial PMF of the process {Y}},t € Z4},i = 1,2 is n}. From Assumption [2| we know that
m(xz) =0,i=1,2for all x > M.

7 (x)

Letting R := max, < 790 ()

< 00, we obtain for ¢ = 1,2

E (Wi (Yor- 1)L {wi (vour_y)> 3}

= > qu“(yO:T—1)1{W%(y0:T_1)>N}P(YO:T—1 = Yo.7-1)

Yo:T—1

= Z W"f“(yO:T—l)1{W}(yU:T,1)>N}7T(i)(yO)HtT:711PgO (Yt—1,9t)

Yo:T—-1

<R Y Wr(Wor—1)L(wi (yo.r_1)> Ny ™ (Yo) I, %0 (ye—1, e)

Yo:T—1

=RE {W;” 1 (170)

{wz% >Ny |

where W%rs'o = % Ez:ol e(Y7 %) and {7 |t € Z4} is the chain with transition probabil-
ities p99 (z,y) and initial PMF 790,

Note that {Yt”go ,t € Z4 } is stationary because the initial PMF is the stationary distribution
790, From Birkhoff’s Ergodic theorem we know that {I/V{F’g0 ,T =1,2,...} converges a.s. and
in expectation (see (]Petersen and Petersenl |1989|, chap. 2)). Therefore, {Wq’fgO ,T=1,2,...}
is uniformly integrable, and the right hand side of goes to zeros uniformly as N — oo.
Consequently, {W%(YO;T_l)7 T =1,2,...} is also uniformly integrable for i = 1, 2.

Since W = W%(YOzT,l)—Q—W%(YO;T,l) forallT =1,2,...,{Wp, T =1,2,...} is uniformly
integrable.

Proof (Proof of Corollary@ From Lemma there exists {Y,!,Y2,t € Z} such that
holds and

c(XP) +e(XPT) e (V) +e (VD) as (171)
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Let
Wy =2 S (e (V) +e(vP), (172)

IEDY (ce(x07) +e(x77)). (173)
t=0

From (171) it follows that

Ve <Wp, T=1,2,... (174)
From Lemmas @ {Wr,T =1,2,...} is uniformly integrable, therefore {Vp,T =1,2,...},
which is bounded above by {Wr,T =1,2,...} is also uniformly integrable.
From the property of uniformly integrability, if {Vp,T = 1,2,...} converges a.s., we know

that {Vp,T =1,2,...} also converges in expectation. Furthermore,

T—-1

) , 1
J9 (n§,73) :11;11_)3;10pr Z (c (V) +c(YR)
t=0
=limsup E [Vr]
T— o0
<limsup E [Wyp] = J9. (175)
T — o0

D Proofs of the Results Associated with Step 2 of the Proof of
Theorem [2]

Proof (Proof of Lemma@ First we show that {S¢,t > Tp + 1} is a Markov chain.
For s; > 2,

P (Seq1 = se411STy41:¢ = ST9+1:¢)
=P ((st — D — D} + A} + A?) = 5441
|STo+1:t = STp41:¢)
=P ((st — D} — D% + Al + Af) = s141|St = s¢)
=P (St+1 = st4+1]St = s¢) . (176)

The first and last equalities in (176)) follow from the construction of the process {S¢,t >
To + 1}. The second equality in (176) is true because Tp is a stopping time with respect to
{th’g, Xf’g,t € Z4}, and A%, D};,i = 1,2 are independent of all random variables before t.
Similarly, for s; = 0 we have, by arguments similar to the above,

P (Si41 = st411ST0+1:t = STp+1:¢)
=P (A} + A7 = st41]S1p41:0-1 = s1y41:0-1, St = 0)
=P (A} + A} = s5¢41|S¢ = 0)
=P (Si11 = se41|S¢ = 0). (177)

The first and last equality in (177) follow from the construction of the process {St,t >
To + 1}. The second equality in (177) is true because A}, D},i = 1,2 are independent of all
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variables before t. For sy =1,
P (Si41 = se41]ST0+1:t = STp+1:¢)
=P (St + 1{X1,g_0}(Dz1 — D7) = Df + A + A} = s41|Smy 14 = 3T0+1:t)
1o_
=P (1-D?+ A} + A? = X9 =0l = Sy =1
= P+ A +AY =541, X7 = 0[STp41:0—1 = STo+1:6—1, 5t =
+P (1 — D} + Al + A2 = St+1,Xt1’g = 1|STy+1:t—1 = 8To+1:t—1, 5t = 1)
=P <1 — D} + A+ A7 = St+1,th’§ =0[STo41:4—1 = 8T 4+1:4—1,5t = 1)
+P (1 — D} + A} + A7 = 5t+17Xt1’g = 1|STy41:4—1 = STo+1:t—1,5t = 1)
=P (1 —Dj + A} + A7 = se41|S141:0-1 = STot1:0—1, ¢ = 1)
=P (1-Di + Af + A? = 5411/St = 1)
=P (St41 = st41|5t = s¢) . (178)
The first equality in (178) follows from the construction of the process {S¢,t > Tp + 1}.

The second and forth equalities follow from the fact that th,g can be either 0 or 1. In
the third equality, Dt2 is replaced by Dt1 in the first term; this is true because Dt1 and
Df are identically distributed and independent of th 9 and all past random variables. The
fifth equality holds because Tp is a stopping time with respect to {th'g,Xf’g,t € Z+} and
Ay, Dy,i=1,2 are independent of all past random variables. The last equality follows from
the same arguments that lead to the first through the fifth equalities.

Therefore, the process {St,t > Tp + 1} is a Markov chain.
Since A, u > 0, the Markov chain is irreducible.
We prove that the process {S¢,t > Tp + 1} is positive recurrent. Note that, for all s =

0,1,2,..., because of the construction of {S¢,t > Tp + 1}
E [St41|St = $]
<E [S; + A} + A7|St = 5]
=5+ 2\ < oco. (179)

Moreover, for all s > 2,

E[St+1|St = s}
=E [s — Df — D + A} + A?|S; = 5]
=5—2u+2X < s. (180)

Using Foster’s theorem (see (Bremaud, {1999, chap. 5)), we conclude that the Markov chain
{St,t > Tp + 1} is positive recurrent.

Proof (Proof of Lemma@ Let (2, 7, P) denote the basic probability space for our problem.
Define events Ey € F,t =0,1,... to be

E={wen: (Uj;@(w),Uf;@(w)) £(0,0) V¢ >t} (181)

If the claim of this lemma is not true, we get

P <£jo Et) =1-P ((U,}’g, Uf’§> = (0,0) zo) >0. (182)

Therefore, there exist some tg such that P(Es,) > 0. Since g is a constant, it is a stopping
time with respect to {X;9, X29 ¢t € 7., }.
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Consider the process {S¢,t =to + 1,%0 + 2, ...} defined in Lemma [7| with the stopping time
to. From Lemmamwe know that {S¢, ¢ > to+ 1} is an irreducible positive recurrent Markov
chain. Furthermore, along the sample path induced by any w € Et,, we claim that for all
t>to+1
Si(w) =X (W) + X7 ()
1,9 2,4
=X, (@) + X324 (). (183)

The claim is shown by induction below.
By the definition of {S¢,t > to + 1} in Lemmam we have at time to + 1 for any w € Ey,

Sto+1(w) =th0’31(‘“) + Xfﬂl(“)
=X 0 w) + X0 (W), (184)

where the last inequality in (184) follows from the system dynamics -.
Assume equation (I83) is true at time ¢ (t > to + 1). At time ¢ + 1 we have, by (I)-(),

1,9 2,6
Xt+gl +Xt+gl
1,9 2,9
=(X;9 = D)t + (X7 = D)t + Ay + A7
=X"9 + X9 — D} — D} + A} + A?

+Dg1{xt1,§:0} +D§1{Xf,_@:0}. (185)

Since along the sample path induced by w € Ey,, (Utlf’1 (w), Uf;gl (w)) #(0,0) and XZ’g =
X9, —UD9, +UP9, | the event {X[*9 = 0} Et, (i = 1 or 2) implies that X, =1, U9, =

1 and Utjf]l = 0. For this case, Yi:@l =1 and U:’_‘E]l = 1 further imply that the threshold is

smaller than one. Then, the only possibility for Utj’fl =0is Yf’_gl = 0. Therefore,

{Xti,g = 0} () Eto
C {Yﬁfl =1, U9, =1, X}% =0 and U9, = o}
c{S: =1}. (186)

Consequently, from , for any w € Fy,
1 2
Dy (w)l{th,§<w>:0} + D; (w)l{th,g(w):o}
— 1 2
=1{s,(w)=1} (Dt ("J)l{x;ﬁ(w):o} + D; (w)l{th,g(w)zo}) :
511 (1100010} (PH) = DE@) + DFw) ) (17)

Moreover, (Utlf’1 (w), U9, (w)) # (0,0) implies that (Yifl (W), X9 (w)) # (0,0). Hence,

Se(w) = X% (w) + X9, (w) #£0, (188)
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and

1,9 2,4
Xt+g1( w) + Xt+gl (w)

=X (W) + X9 (w) — Df (w) — D} (w) + A} (w) + A7 (w)
+Lsi@)=1} (1{xg»@<w):0}(Dtl (w) = DF(w) + D?(w)>
=X (W) + X9 (w) — Df (w) — D} (w) + A} (w) + A7 (w)
#1001y (100 0y} (PH) = DF) + D))
+ {8, (w)=0} (D¢ (W) + D7 (w))
=St+1(w), (189)

where the first and second equalities in (189) follow from (187]) and (188]), respectively. The
last equality in (189) follows from the construction of {S¢,t > tg + 1}.
Furthermore, by the system dynamics — we have

—1,9 2,9
X g(w)+Xt g( )= t+1(w)+Xt+1( w)
:St+1(w). (190)
Thus, equation (183) is true for any w € Ey, for all t > to + 1.
Then, for any w € Ey,

Si(w) = X% (w) + X779 (w) £ 0 for all ¢ > to + 1 (191)

because (Utligl (w), Uf;gl (w)) # (0,0) for all t > tg + 1. Since P(Ey,) > 0, (191) contradicts

the fact that {S¢,t > to + 1} is recurrent.
Therefore, no such event E;, € F with positive probability exists, and the proof of this
lemma is complete.

E Proofs of the Results Associated with Step 3 of the Proof of
Theorem [2]

Proof (Proof of Lemma@ For any fixed centralized policy g € G, the information I 12
available to the centralized controller includes all primitive random variables XO, A0 . DO =
1,2 up to time t. Since all other random variables are functions of these primitive random
Variables and g, we have

Up? =gi(Ii, 1Y)
:gé(X&’X()QvA(lJ:thg:tvDé:thg:t)v (192)

for ¢ = 1,2. For any initial queue lengths x(l),zg, we now define a policy g from g for the
case when both queues are initially empty. Let g be the policy such that for i = 1,2

Up? =gi(it, 1)
94 (x4, 28, b AB.ts Dbue> D3.0) if Xt7g >0
0 it X9 =0
= min (Uj’g,ii@) <Ub, (193)

where th,g and Xf’g denote the queue lengths at time ¢ due to policy g with initial queue
lengths Xé’g = Xg’g =0.
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At time 0 we have Xé’g = xé >0= Xé’g for ¢ = 1,2. We now prove by induction that for
all time ¢

XP9 > xb i=1,2. (194)

Suppose the claim is true at time t. Then, from the system dynamics — and (194) we
obtain, for i =1, 2,

Xy = (xi0 - pj) "+ Al

Y

L. N+ X =
(X;’g - D;) LAl =X, (195)
Furthermore from (I)-(2) and (193)
ST g

>Xy - Ut 4 Upd (196)

If th',g > 0, then, because of (193) and (195)
X09 - UMY =X09 — min (Ug"g,ii’g)

=X,7 U > Xy Ui (197)

If Y;'é =0, since Yi'g — Uti’g >0, (193) implies
XUt >0=X7 —uUp9. (198)
Combining (196)-(198]) and — we get
Xt SR U 4 U3

>Xy0 Ut Uit = X (199)

Therefore, we complete the proof of the claim ((194)).

Since the cost function is increasing, (194)) implies that for all g € G and any initial condition
1.1 yv2 .2

X = x5, Xy = ¥,

inf J2.(0,0) < JZ(0,0) < J7(x, 5)- (200)
g c

Consequently, for any PMF's wé, 71'3

. : 2
glengfc J4.(0,0) < glengfc Jg(n§, 7). (201)

Moreover, the result of Lemma |§| ensures that § gives the smallest expected cost among
policies in G, for any finite horizon when Xé = Xg = 0. It follows that, for any finite 7',

J3(0,0) = inf J£(0,0) < JE(0,0) < Jf.(a, a3). (202)
g c

For infinite horizon cost, we divide each term in (202) by T and let T to infinity, and we
obtain, for any 7ré, 7r(2),

J9(0,0) = inf J7(0,0) < J9(0,0) < J(w, 73). (203)
g c
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F Proofs of the Results Associated with Step 4 of the Proof of
Theorem [2

Proof (Proof of the claim in the proof of Theorem |4
We prove here our claim expressed by equation (90) to complete the proof of Theorem

By (@),
1,4 2,9
Stot1=Xply + X705 (204)
We prove by induction that th,g + Xf’g =S¢ forall t > Ty + 1.

Assume that th,g + X229 = St at time t, t > Tp + 1. Then for time t + 1, because of the
systems dynamics —,
1,9 2,4
X+ Xt+gl
=(Xp? = DY)T + (XPT - DI+ AL+ A7
=X,? + X[ = D} — D} + A} + A}
1 2
+Dt1{th’§:0} + D; 1{Xt27§:0}. (205)

When XZ’g =0(i=1or2), Utj’_g1 should be 0 because
0= XB9 XN _ s 4 i, (206)

and X9, — U9, > 0.
We consider the following two cases separately:

Case 1 Uz;gl =0.
Case 2 UZ’}I =1.

Case 1 When Uti’fl = 0, we must have Yﬁ’_ﬁll = 0 by l) Then Y{’_gl € {0,1} for the

following reason. When Uti’_g1 = Utj’_g1 = 0, the sizes of both queues are between the
lower bound and the threshold. That is

LBY | <XV% < [TH -1, (207)
IB] | <X7% < [TH)] -1 (208)
Combining (207)), (208]) with Yi',gl = 0 we obtain
Yifl = ‘Y%fl - Y?—gl‘
<[TH-1-IB’ ,
1 /4 I
<3 (UBf,1 - LBf,l) <15, (209)
where the last inequality in (209) is true because of in Lemma , and
UB) ,—-IB! ,<UBJ +1-LBJ +1<3.

Therefore, Y{fl < 1 because Y{fl takes integer values.
Case 2 When Uti’_‘@1 = 1, we must have Y;Lgl =1 by 1} This implies that the threshold

is not more than 1, and the only possible value of y{fl less than the threshold is 0.
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As a consequence of the above analysis for the cases 1 and 2, {X; 9 = 0} implies
Sy =X9 + X709 < 1. (210)
Thus, for i =1, 2,
{xi7=0}={xi? =05 <1}. (211)
Then,
Dily 15 \+ D3y o,
ARG
_nl N 2 N
=Dy I{X}’Q:O,stg} + Dt+11{va9=0,stg1}

:D%I{th‘gz(),stzl} + D?l{X2,§¢075t:1}

+ Dilgs,—0y + Dilis,—o3- (212)
Combining (205) and (212) we obtain

1,9 2,9
X a+Xeh

=X}9 + X?9 — D} — D} + A} + A?
+ Dtll{xtl:o,stﬂ} + Dgl{XS?éOySt:l}
+ D}l(s,—0} + D?lis,—0y
S, (213)

where the last equality follows by the definition of Si41.
Therefore, at any time ¢ > Tp + 1 we have

X4 X9 =5, (214)

The proof of claim , and consequently, the proof of Theorem |2|is complete.
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