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Abstract

We consider the decentralized power allocation and specsharing problem in multi-user, multi-
channel systems with strategic users. We present a meatigaisie form that has the following desirable
features. (1) It is individually rational. (2) It is budgeglanced at every Nash equilibrium of the game
induced by the game form as well as off equilibrium. (3) Thieadtion corresponding to every Nash
equilibrium (NE) of the game induced by the mechanism is alai allocation, that is, a weakly Pareto
optimal allocation. Our proposed game form/mechanismeaelsi all the above desirable properties
without any assumption about, concavity, differentiailmonotonicity, or quasi-linearity of the users’

utility functions.

. INTRODUCTION
A. Motivation and Challenges

As wireless communication devices become more pervadieedémand for the frequency
spectrum that serves as the underlying medium grows. Rgcéml Federal Communications
Commission (FCC) has established rules (sée [1]) that deschibe cognitive radios can lead
to more efficient use of the frequency spectrum. These rdt@sgyawith the cognitive radio’s
features and the fact that information in the wireless netvi® decentralized and users may be

strategic give rise to a wealth of important and challengeggarch issues associated with power
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allocation and spectrum sharing. These issues have rectrthcted a lot of interese(g. [2],
[6], [9] and [15]; a more detailed discussion of these rafees and their comparison with the
results of this paper will be presented in secfioh VI).

In this paper we investigate a power allocation and spectshiaring problem arising in
multi-user, multi-channel systems with decentralizedinfation and strategic/selfish users. We
formulate the problem as a public good ([14] Ch. 12) allocatigth strategic users. We propose
an approach based on the philosophy of mechanism desigarticiydar, implementation theory
([14] Ch. 15). We present a game form /mechanism{ [14] Ch. 3bahd analyze its properties.

We compare our results with those already available in tieealiure.

B. Organization of the paper

The rest of the paper is organized as follows. In sediibn llpresent our model, describe
the assumptions on the model’s information structure aaté siur objective. In sectidnlIl we
describe the allocation game form/mechanism we propos¢héosolution of our problem. In
section[IV we interpret the components of the proposed game/fnechanism. In sectidn] V
we investigate the properties of the proposed game formedtian[Vl we compare the results

of this paper with those of the existing literature. We cadel in sectioi_VII.

Il. THE MODEL AND OBJECTIVE

A. The Model
We considerN users/agents communicating ovgrfrequency bands. Lell := {1,--- N}
be the set of users, arfel:= {1,2,---, f} the set of frequency bands. Each userc N, is

a communicating pair consisting of one transmitter and @ueiver. There is one additional
agent, the( NV + 1) agent, who is different from all the othé¥ agents/users and whose role
will be described below. Each user has a fixed total polewhich he can allocate over the
setF of frequency bands. thf, 1 € N,j € F denote the power userallocates to frequency
band j. The powerp!,i € N,j € F must be chosen from the s& := {0, Q1,Q,, - ,Q;}
where @, > 0,1 < k < [ and ) means that usei does not use frequency bande F to
communicate information. In other word®, is a set of quantization levels that a user can use
when he allocates power in a certain frequency bandplLet (p},p?,--- ,p{),i € N, denote a

feasible bundle of power usérllocates over the frequency bands-inThat is,p{ €Q, VjeF,
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andzjeppf < W.LetP:= (p1, s, ,pn) be a profile of feasible bundles of powers allocated
by the N users over the frequency bandshknlet II denote the set of all feasible profil&s
Since the setsN, F and Q are finite,IT is finite. Let |II| = Gy; we represent every feasible
power profile by a number betwednand G . Thus,II = {1,2,--- ,Gy}. If useri allocates
positive power in frequency band he may experience interference from those users who also
allocate positive power in that frequency band. The intgrsi the interference experienced by
useri, 7 € N, depends on the power profiles used by the other users andhaenel gainsh;;
between the other useys; # ¢, andi. The satisfaction that usér: € N, obtains during the
communication process depends on his transmission powkethanintensity of the interference
he experiences. Consequently, usgeri: € N, satisfaction depends on the whole feasible bundle
k,k € 11, of power and is described by his utility functiori(k,t;), i € N, wheret; € R
represents the tax (subsidy) usepays (receives) for communicating. One example of such a
utility function is presented in the discussion followingetassumptions. All taxes are paid to
the (V + 1) agent who is not a profit maker; this agent acts like an acemntollects the
money from all users who pay taxes and redistributes it tasdrs who receive subsidies.

We now state our assumptions about the model, the usersy ttihctions, and the nature of
the problem we investigate. Some of these assumptions strecti®ens we impose, some others
are a consequence of the nature of the problem we investigg&ecomment on each of the
assumptions we make after we state all of them.

(Al): We consider a static power allocation and spectrum shamofglem.

(A2): Each agent/user is aware of all the other users presenteigystem. Users talk to each
other and exchange messages in a broadcast setting. Tlkatisuser hears every other user’s
message; théN + 1) agent hears all the other users’ messages. After the mesgagange
process ends/converges, decision about power allocadiovarious frequency bands are made.
(A3): Each user’s transmission at a particular frequency baedtes interference to every user
transmitting in the same frequency band.

(A4): The channel gainﬁji(f),j,i € N, f € F are known to usef,i € N. The gainshji(f),

j,i €N, feF,do not change during the communication process.

(A5): Each user’s utilityV;(x,t;), x € IIU {0}l is decreasing in;, t; € R, i € N. Furthermore,

1 The number zero denotes every non-feasible allocation.
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Vi(z,t;) > Vi(0,t;) for anyt; € R andx € I1.

(A6): The utility functionV;,i € N, is user:’s private information.

(A7): The quantization se is selected fromQ; the parametelV is selected from, andV;

is selected fronV for all 7,7 € N. Q, Q, W, W andV are common knowledge among all users.
(A8): Each user behaves strategically, that is, each user isksalfid attempts to maximize his
own utility function under the constraints on the total poweailable to him, and on the s&

of quantization levels.

(A9): The representation/association of every feasible powatl@ by a number in the sdl is
common knowledge among all users.

We now briefly discuss each of the above assumptions. Waatestiention to the static power
allocation and spectrum sharing problefA)). The dynamic problem is a major open problem
that we intend to address in the future. We assume that alt @se in a relatively small area, so
they can hear each other, are aware of the presence of orfeegnoterfere with one another and
exchange messages in a broadcast set{iag){(A3)). Since each user’s satisfaction depends on
his transmission power and the interference he experiehcesitility will depend on the whole
power profilex € II; furthermore, the higher the tax a user pays, the lower isaisfaction;
moreover any feasible power allocation (i.e. z € II) is preferred to any non-feasible power

allocation denoted by. All these considerations justifA5)). An example ofV;(x,t;) is

hii(1)p; ha(f)p!
Ui % SRR 7t
S 2 (U 2 hai()p;

hii (k)p¥
2 ;.5 hai(k)py
example illustrates the following: (1) A user’s utility fation may explicitly depend on the

is the Signal to Interference Ratio (SIR) in frequency bandThis

where
2oy

channel gaing;;, 7,7 € N; (2) Useri,i € N, must knowh;;, 7 € N, so that he can be able to
evaluate the impact of any feasible power profilec I1 that he proposes on his own utility.
Thus, we assume that the channel gains j € N, are known to uset, and this is true for
every user ((A4)). These channel gains have to be measured before the comatianiprocess
starts. In the situation where users are cooperdtiyecan easily be determined; usgrsends

a pilot signal of a fixed power to usér user: measures the received power and determines
h;i. When users are strategic/selfish, the measuremehy; afan not be achieved according to

the process described above, because jiseay have an incentive to use a pilot signal other
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than the one agreed beforehand so that he can obtain an ageanter usef. In this situation
procedures similar to ones describedlin [2] (section V) caused to measurk;;; we present
a method, different from those proposed lin [2], for measyriigy(f), j.i € N, f e F, after
we discuss all the assumptions. A4)) we further assume thdt;; do not change during the
communication process. Such an assumption is reasonalgle the mobile users move slowly
and the variation of the channel is considerably slower thenduration of the communication
process. Assumptior(A8)) is a behavioral one not a restriction on the model. Sinceraotg

to ((A8)) users are strategic, each user may not want to reveal hispoeference over the
set of feasible power allocations, thus assumpti@k6)) is reasonable. It is also reasonable
to assume that the function space where each user’s utbityes from is the same for all
users and common knowledge among all usé&3)). The fact that a user’s utility is his private
information along with assumptiorf4A8)) have an immediate impact on the solution/equilibrium
concepts that can be used in the game induced by any mechansiwill address this issue
when we define the objective of our problem. AssumptiPa7f) also ensures that each user
uses the same quantization set. Furthermore, it stategdcat user knows the power available
to every other user. The solution methodology presentetiigipgaper works also for the case
where every user knows his total available power, has anruppend on the power available
to all other users, and this upper bound is common knowledgeng all users. Assumption
((A9)) is necessary for the proposed game form/mechanism in #perpit ensures that each
user interprets consistently the messages he receivesditanther users.

In addition to the method described inl [2], another methaddetermining the gainﬁji(f),
j,i € N, f € F is the following. We assume that the gdir(f) from the transmitter of pair

1 to the receiver of pairj is the same aiji(f), the gain from the receiver of pair to the
transmitter of pairi for all i,j € N and f € F. Before the power allocation and spectrum
sharing process starts, thi&V + 1) agent asks transmitterand receiverj to communicate
with one another at frequencf by using a fixed powep, and to report to him their received
powers. This communication process takes place as follbwst transmitteri sends a message
with power p at frequencyf to receiverj; then receiverj sends a message with powgrat
frequencyf to transmitter:; finally transmitteri and receiver;j report their received power to
the (N + 1) agent. This process is sequentially repeated betweenntitiis: and receiver

j for all frequenciesf € F. After transmitteri and receiverj complete the above-described
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communication process, the same process is repeated selydor all transmitter-receiver
pairs (k,1), k,l € N, at all frequenciesf € F. The (N + 1) agents collects all the reports
generated by the process described above. If the reporteyotransmitteri and receiver;

(i # j, i,j € N) differ at any frequencyf € F, then useri and user; are not allowed to
participate in the power allocation and spectrum shariruggss.

The above-described method for determinhﬂf), i,j € N, f € F, provides an incentive to
useri, i € N, to follow/obey its rules if uset does better by participating in the power allocation
and spectrum sharing process than by not participating @ahsequently, the method proposed
for determininghji(f), i,j €N, f € F, will work if the game form we propose is individually
rational. In this paper we prove that individual rationalig one of the properties of the proposed

game form.

B. Objective

The objective is to determine a game form/mechanism thatheollowing features,

« (P1) For any realization(V;, Vs, --- , Vv, Q, W) € V¥ x Q x W all Nash equilibria of the
game induced by the game form/mechanism result in allatsittbat are weakly Pareto
optimal ( [14] pg. 265).

« (P2) For every realization(Vy, Va, -+, Vi, Q, W) € VN x Q x W the users voluntarily
participate in the game induced by the game form/mecharnismthe mechanism is indi-
vidually rational.

. (P3) For every realizationfV;, Va, -+, Vy,Q, W) € VN x Q x W, 3", t:(m) = 0, where
m is any outcome of the game induced by the game form. That isarfg outcomem of
the game we have a balanced budget.

We follow the philosophy of implementation theory[(_[14] CH)Xor the specification of our

game form. We refer the reader td [8] for a description of tag ikleas of implementation theory
and their use in the context of communication networks. mribxt section we present a game
form/mechanism that achieves the above objectives. Hawéedore we proceed we present
a brief clarification on the interpretation of Nash equibrNash equiliria describe strategic
behavior in games of complete information. Since in our nhdde users’ utilities are their

private information, the resulting game is not one of congleformation. We can have a game

of complete infromation by increasing the message/styaspgce following Maskin’s approach

February 9, 2011 DRAFT



[10]. However, such an approach would result in an infiniteetisional message/strategy space
for the corresponding game. We don’t follow Maskin’s apmiganstead we adopt the philosophy
of [5], [8], [12], [13]. Specifically, by quoting[12],

"we interpret our analysis as applying to an unspecified (ragssexchange) process

in which users grope their way to a stationary message and inhnthie Nash property

iS a necessary condition for stationarity”

[11. AM ECHANISM FORPOWERALLOCATION AND SPECTRUM SHARING

For the decentralized problem formulated in secfidn Il weppse a game form/mechanism
the components of which are described as follows.
Message space M = M; x My x --- My: The message/strategy space for user =
1,2,--- ,N,is given byM; C ZxR,, whereZ andR, are the sets of integers and non-negative
real numbers, respectively. Specifically, a message ofiuseof the form,m; = (n;, m;) where
n; € Z andm; € R,.
The meaning of the message space is the following. The coempen represents the power
profile proposed by usér the component; denotes the price per unit of power ugas willing
to pay per unit of the power profile;. The message; belongs to an extended sBtof power
profiles. Every element/integer iA — II corresponds to a power profile that is non-feasible.
Working with such an extended set of power profiles does riet #he solution of the original
problem since, as we show in sectloh V, all Nash equilibrithefgame induced by the proposed
mechanism correspond to feasible power allocations.
Outcome function h: The outcome functiork is given by, : M — N x RV, and is defined

as follows. For anym := (m;, my,--- ,my) € M,

R(m) = h(my,mg, --- my)

Zi\ilni
_ ([H <_N )] a(m) ,tN<m>> |

N . . . L n
wherel (E:Tln) is the integer number closest (ozjv—1> and

(Bhm)] - {105 xR en

0, otherwise
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The component;,7 = 1,2,--- , N, describes the tax (subsidy) that usgpays (receives). The

tax(subsidy) for every user is defined as follows,

N
1 Ny v — T
ti(m) = {]I (ZZJ_\; ) [ = N H] + (ni — 1) *m — (N — ni+2)27ﬂ'+1}

vazl n;
() cn) .

where 1{A} denotes the indicator function of eved, that is, 1{A} = 1 if A is true and

1{A} = 0 otherwise, andV + 1 and N + 2 are to be interpreted asand?2, respectively.

IV. INTERPRETATION OF THEMECHANISM

As pointed out in sectiohlll, the design of an efficient reseuallocation mechanism has to
achieve the following goals. (i) It must induce strategiergsto voluntarily participate in the
allocation process. (ii) It must induce strategic usersottof its operational rules. (iii) It must
result in weakly Pareto optimal allocations at all equilbof the induced game. (iv) It must
result in a balanced budget at all equilibria and off eqiiliim.

To achieve these goals we propose the tax incentive fundescribed by[{1). This function

consists of three components,;, =, and =5, that is,

am = 1B ) [

(. J/

) LI]<

+ (i — Nig1) T
=)
\_(nz‘+1 - nz‘+2)27Ti+1 (2)

'

=3

The term=; specifies the amount that each user must pay for the powetepvdiich is deter-
mined by the mechanism. The price per unit of power =2, paid by uset,i = 1,2,--- , N,

is not controlled by that user. The terrRs considered collectively provide an incentive to all
users to propose the same power profile. The t€gnms not controlled by usei, its goal is to

lead to a balanced budget.
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V. PROPERTIES OFTHE MECHANISM

We prove the mechanism proposed in sedfidn Ill has the piiepePl), (P2) and P3) stated
in subsectiof TI-B by proceeding as follows. First, we deraproperty of every NE of the game
induced by the mechanism proposed in sedfibn II, (Lemamadsget on this result we determine
the form of the tax(subsidy) at all Nash equilibria. Then, st®w that every NE of the game
induced by the mechanism proposed results in a feasibleadibm, (Lemmal2). Afterward, we
prove that the proposed mechanism is always budget balaficechmal[3B). Subsequently we
show that users voluntarily participgtén the game, by proving that the utility they receive at
all NE is greater than or equal to zero, which is the utilitgytireceive by not participating in
the power allocation and spectrum sharing process, (Lemm@irklly, we show that every NE
of the game induced by the mechanism proposed in seciioedllts in a Lindahl equilibrium
( [14] Ch. 12.4.2); that is, every NE results in a weakly Pa@itimal allocation (Theorein] 5).
Furthermore, we prove that every Lindahl equilibrium carabsociated with a NE of the game
induced by the proposed mechanism in sedfian IIl, (Thedrlem 6

We now proceed to prove the above-stated properties.

Lemma 1. Let m* be a NE of the game induced by the proposed mechanism. Thereiyr e

i,i=1,2,---, N, we have
(n} —niyy)*m; = 0. 3)

Proof: Sincem* = ((n}, ), (n, 73), -+, (n, 7)) is a N E, the following holds for every
1,i=1,2,--- N, andV m; € M;,

ij\/:1 N %
() o)

N
Zk:l TLZ + n;

>V I
- N

ati(mi’ m*—z) ) (4)

wherem_; := (M, My, -+, M,;_1, M;1q, -+, My).

2In proving voluntary participation, we follow the philosophy presented bgehberg and Tirole (3] p. 244-245), namely
that mechanism design is a three step game. In the first step the desggignsda mechanism, in the second step agents
simultaneously accept or reject the mechanism and in the third step agemtasosept the mechanism play the game specified
by the mechanism. As a consequence of this philosophy non-participatitot a NE.
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10

Setn; equal ton}; then for everyr; > 0 Eq. (4) along with[{L) imply

N % N *
v ( I (%)] m(m*)) >V < I (%)] ,ti(mi,m*_i)> (5)
where
N * ¥ ¥
L) = {ﬂ <ijvl ”) T P - (o —nag)%;;l}
N *
X1 {]I (lT”> c n} (6)

* * ZN: ny ﬂ.;k l_ﬂ';'k 2 * * * * *
ti((ny,m), m*;) = {H ( kNl g = N =1+ () — nz’+1)277i — (i — "z’+2)277i+1

Zij\il n;
afi(Z) e

SinceV; is decreasing irt; Eq. (8) along with[(b) and{7) yield

T (n; — nj+1)2 < mi(nf — nZ‘H)2 YV m > 0. (8)

Therefore,r; (n} — n}.,)* =0 for everyi,i =1,2,--- , N, at every NEm*. [
An immediate consequence of Lempia 1 is the following. At W m* of the game induced

by the mechanism the tax functiagfim*) has the form

N * * * N *
s (B[] () ).

In the following lemma, we show that every NE of the game iretliby the proposed mechanism

is feasible.

Lemma 2. Every NE of the game induced by the proposed mechanism résuiseasible

allocation.

Proof: We prove the assertion of the lemma by contradiction. t&tbe a NE for the

game induced by the mechanism. Suppase does not result in a feasible allocation, i.e.,
" N px .
I (Z]V:Tl”> ¢ {1,2,3,---,Gy}. Then {11 (ZTlﬂ = 0. Since>Y (x%,, —7,,) = 0, there
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11
existsi,i € {1,2,---, N}, such that

Ty — Ty <0 (10)

Keep m*; fixed and definem; = (n;,m;) as follows; setr; = 0, and choose:; such that
N

I <@§L> e I1. Now, (1) yield that
t;(m;, m*;) <0. (11)

Equation [(1IL) along with Lemn{d 1 and assumption (A5) result i

- (5] o)
<%(ﬁ(§é%¢ﬁﬁﬂ,Mmmmﬁ). (12)

But (12) is in contradiction with the fact than* is a NE. Therefore, every NE of the game
induced by the proposed mechanism results in a feasibleadilm. [ |

In the following lemma, we show that the proposed mechang@lways budget balanced.
Lemma 3. The proposed mechanism is always budget balanced.

Proof: To have a balanced budget it is necessary and sufficient igfysat -, t;(m;) = 0.

It is easy to see that budget balance always holds since fidwe have

a + m) _ a i Zf\il 1 Ti41 — 42

2= ) N
N

+ Z ((ni = nig1)’mi — (Rig1 — niya) i)
=1

= 0. (13)

The last equality in[(13) holds, because

N

N
Z(Wiﬂ — Tiy2) = Z ((ns = nig1)?mi — (Ris1 — Miso)*mig) = 0.

=1 =1
|

The next result asserts that the mechanism/game form prdpossectiori Il is individually
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12
rational.

Lemma 4. The game form specified in sectiod Il is individually ratbni.e., at every NEn*
the corresponding allocatior(]l (ZN:T”‘> Lt (M), (M), - - ,tN(m*)> is weakly preferred by

all users to their initial endowmen(t), 0).

Proof: We need to show that; <]I (ZN:T”) ,ti(m*)) > Vi(0,0) = 0 for everyi,i =
1,2,---,N. By the property of every NE it follows that for eveiyc N and (n;, ;) € M,

N Z]kvzl ny +n;
w(ﬁ(ZQNLﬁ>¢Amﬂ>>wg( H(—Jfﬁf———>]¢4m%mynﬁg>. (14)

Zﬁzl ny+n;
Choosingn; sufficiently large so thal (’“#T) ¢ {1,2,--- ,Gn}, gives

SThlyng
k£i o

and

because of[{1). Consequently, {15) ahdl (16) establish that

V; (H (*) m(m*)) > Vi(0,0) = 0. (17)

]
In the following theorem, we show that every NE of the gameugsdl by the mechanism

proposed in section 1l results in a Lindahl equilibrium.

Theorem 5. Suppose that an allocatiow,,, for anym € M, is determined as follows

U = (A(M), ty(m), - -+ ,tn(m), Ly, -+, Ly)
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13
where A(m) := []1 (EN:T"H for eachi,i = 1,2, -+ , N, t;(m) is defined by), and

41 — Ti42
L= ——~. 18
I (18)

ThenV,,. is a Lindahl equilibrium corresponding to the NE

m* = ((nLﬂ-I)? (n;’ 7T>2k)’ T (n7V’ ﬂ?\l))
of the game induced by the proposed mechanism.

Proof: .- defines a Lindahl equilibrium if it satisfies the followingée conditions ([[14]
Ch. 12.4.2)
1) €Y 21, L =0
2) (C2: N t;(m*) = 0.
3) (C3): For alli,s = 1,2,---, N, (]I <%) ,ti(m*)> is a solution of the following

optimization problem:
max, Vi(z,t;)
subjectto xz L =t

z e IL (19)

By simple algebra we can show that conditions 1 and 2 are satisiVe need to prove that
condition 3 is also satisfied. We do this by contradictiorp;ﬁnse(]l (%) ,ti(m*)) is not
a solution of the optimization problem defined by 1(19) for allThen, for some uset,: €
{1,2,---, N}, there is a power profile¢ € TT and({ # I <%) such that

chvzl ny ch\[:l ny X %
V. (11 <T> , [ﬂ (T>] Ll-) <VAG.C LD 20)

Now chooser; = 0 andn; =1 (Ng - nj). Using Eg. [[1) and{3) together with the fact
i

that 7; = 0 we obtain

(s m)om) = ¢ [T | o @)
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Then, because of (20) and {21) we get

N _
>o=11; + 1
j#i

V;<C7C L;k) =V I 7ti((ﬁi77_ri)7 mtz)

N
>V I Z%;n}”rn;‘ t;(m*)
= Vi T s Ug
which is a contradiction, because
m* = ((n},m), (n3,m3), -+, (ny, 7y))

is a NE of the game induced by the proposed game form. Cons@u@h(%) ,ti(m*)>

is a solution of the optimization problem defined byl(19) fbriaSinceV,,- satisfiegC1)-(C3)

it defines a Lindahl equilibrium. The aIIocatio{ﬂI <%> b (m*), ta(m*), - - - ,tN(m*)} is

also weakly Pareto optimal (_{[14] Theorem (12.4.1)). [ |
Finally, we establish that any Lindahl equilibrium can beasated with a NE of the game

induced by the proposed mechanism.

Theorem 6. Let
U= (At th, et LY LS, - LY)

be a Lindahl equilibrium. Then, there does exist a MEof the game induced by the proposed

mechanism so that

where for everyi,i = 1,2,--- | N, t;(m*) = A* L{.

Proof: Consider the message profite such that for every,i = 1,2,--- | N, m! = (n}, 7})
and,Vi,i =1,2,--- , N, n} = (A%) andn;’s are the solution of the following system of equations,
Ty — T3 Ty — Ty T =75

Choosingr; sufficiently large guarantees that the following is a feles#olution to [ZB), i.e.,
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m; > 0,V i, 7} = sufficiently large,r; = =} — L% and

= (i — 1) (L%+§:LO i, 3<i<N.

25:1 ny
I <Tk>] . (24)

To complete the proof, we need to prove thatis a NE of the game induced by the mechanism.

Furthermore,

A=

For that matter, it is enough to show that, for every=1,2,--- | N,

N . SThe1ng A+ ng
() ()

vYm, e M. (25)
Equation [®) along with Eqs[(23) and{24) implym*) = L¢ [H (M)] . Furthermore,

positivity of (n,, — n;)*r; together with fact tha¥/; is decreasing in; give that

Vi (& Li€) 2 Vi (& Li€ + (i —mi)’m) V& Eell

Moreover, since¥ is a Lindahl equilibrium,(C3) implies that the following holds for every
Z.ai = 1727"' 7N7

Vi (A, LIAY) > Vi (&, LY &) Ve e, (26)
Consequently, the fact that(m [ kajv kﬂ along with [25) and[(26) result in

d

(o) - £ ngww )]

Vi (& L+ (nfyy —ni)’m) VEEell
Z] 1n +nz

| \/

7t1(m17m*_1)
Vm; € M.
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Thereforem* is a NE of the game induced by the proposed mechanism. [ |

VI. RELATED WORK

The game form/mechanism we proposed and analyzed in ther pegs, for any realization
(Vi, Va, -, Vy,Q, W) € V¥ x Q x W, the following properties:

« (P1) It is budget-balanced at every NE of the induced game as agediff equilibrium.

. (P2) It is individually rational, i.e., every user voluntariparticipates in the induced game.

. (P3) Every NE of the induced game results in a Lindahl equilibrjuhus, the allocations

corresponding to all NE are weakly Pareto optimal. Convgrssery Lindahl equilibrium
results in a NE of the game induced by the mechanism.

Our proposed game form/mechanism achieves all the aboveallesproperties without any
assumption about, concavity, differentiability, monataty or quasi-linearity of the users’ utility
functions (the only assumption made on the users’ utilityctions is ((A5))).
The results presented in this paper are distinctly diffefeam those currently existing in the
literature for the reasons we explain below.
Most of previous work within the context of competitive pavedlocation games has investigated
Gaussian interference games$|( [2],][15]), that is, situstiwhere the users operate in a Gaussian
noise environment. In a Gaussian interference game, ewssy aan spread a fixed amount of
power arbitrarily across a continuous bandwidth, and giterto maximize its total rate over all
possible power allocation strategies. Inl[15], the authms/ed the existence and unigqueness
of a NE for a two-player version of the game, and provided arative water-filling algorithm
to obtain the NE. This work was extended in [2], where it wasvah that the aforementioned
pure NE can be quite inefficient, but by playing an infinitedpeated game system performance
can be improved. Our results are different from those_In [25] because : (i) The users are
allowed to transmit at a discrete set of frequencies, andtiveer allocated at each frequency
most be chosen from a discrete set. (ii) The unique pure NEB@bhe-stage game inl [2], [15]
does not necessarily result in a weakly Pareto optimal ations. (iii) Most of the NE of the
repeated game inJ2] result in allocations that are not weBkreto optimal.

In [6], the authors presented a market-based model fortgiheawhere every user can only
use one or more than one frequency bands, and the game inldydkdir proposed game form

is super modular. They developed/presented a distribugstiresponse algorithm that converges
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to a NE. However, in general the Nash equilibria of the gantiged by their mechanism are
not efficient, that is, they do not always result in optimaitcalized power allocations, or weakly
Pareto optimal allocations.

In [9] the authors investigated the case where all users ti@vsame utility function and each
user can only use one frequency band. They proved the ezést#ra NE in the game resulting
from the above assumptions. The NE is, in general, not efficiehe results in[[9] critically
depend on the fact that the users’ utilities are identical monotonic; these constraints are not
present in our model.

The game form/mechanism we have proposed/analyzed in djpisrps in the category of the
mechanisms that economists created for public good prab[din [7], [16], but it is distinctly
different form all of them because the allocation spdeesdQ in our formulation are discrete.
To the best of our knowledge, the game form we presented snpidgper is the first mechanism
for power allocation and spectrum sharing in multi-user/tralnannel systems with strategic
users that achieves all three desirable properid3-(P3). Furthermore, we do not impose any
assumption about, concavity, differentiability, monatity or quasi-linearity of the users’ utility

functions.

VII. CONCLUSION

We have discovered a game form for power allocation and spacsharing in multi-user,
multi-channel systems with strategic users that possessesal desirable properties. We have
performed an equilibrium analysis of the game form. Curyemté do not have an algorithm
(tatonnement process) for the computation of the Nash ibgailof the mechanism. The dis-
covery of such an algorithm is an important open problemhia paper we have investigated
a static allocation problem with strategic users. The disgp of mechanisms for the dynamic

analogue of the problem presented in this paper is an imputoo@en problem.
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