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Abstract 
 

This paper treats the problem of state observation and control for linear plants 
with quantized sensors.  The treatment utilizes the method of stochastic linearization, 
whereby the nonlinearity is replaced by an equivalent gain that depends on the 
standard deviation of the signal at its input.  An asymptotic observer is designed for 
the plant with nonlinear sensor, and its behavior is analyzed using stochastic 
linearization.  The performance of the observer is predicted in both open- and 
closed-loop environments.  Simulation results suggest that stochastic linearization 
may yield inaccurate predictions in some situations.  An analysis of this 
phenomenon, using the Cramer expansion of the autocorrelation function of the 
output of the nonlinear sensor, is provided, which leads to an assessment of the 
accuracy of the method. 
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1. Introduction 
 
1.1 Motivation 
 
    Quantized actuators and sensors often appear in modern control systems.  
Control systems with quantized actuators have been considered in a number of 
publications [1], [2], [3].  This work is devoted to quantized sensors. 
 

There are several situations in which engineers have to deal with quantized 
sensors.  In a system with distributed sensors and actuators, the output of the sensor 
might be sent to the controller via a digital communication channel, which has limits 
on the information (bit) rate [4], [5].  Hence, the output of the sensor is quantized 
before being sent through the communication channel.  In the automobile industry, 
an inexpensive lambda Exhaust Gas Oxygen sensor might be used in air/fuel control 
of engines.  This sensor has a relay type of input/output relation which is the 
simplest kind of quantization having only two quantization levels [6], [7].  The 
quantization of the output might come from the resolution of the sensor itself. For 
example, the wire-wound potentiometer sensor has a uniform quantized input/output 
relation [8].  Another example is the shaft encoder used to measure position and 
velocity in a motor, which inherently has quantized outputs [9], [10].  In the 
situations mentioned above, it is not possible to make the quantization step arbitrarily 
small since the quantization step was introduced by system constraints or sensor 
characteristics, which can not be changed.  So, quantization of the sensor output 
needs to be considered. 
 
1.2 Literature Survey 
 

The focus of this paper is on using stochastic linearization to predict the behavior 
of systems with quantized sensors in both the open- and closed-loop environments, 
and on discussing the accuracy of this prediction by using the Cramer expansion of 
the autocorrelation function of the sensor output. 
 

There are several ways to deal with quantized sensors proposed in the literature. 
A common way is to model the quantized measurement by a signal-plus-noise model 
[11], [12], [13].  In [14], the Bayesian approach is used to obtain maximum 
likelihood estimates for states of discrete-time dynamic systems with quantized 
measurements.  The estimates could be calculated by a Kalman filter.  However, the 
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Kalman filter must be re-run from the beginning every time a new measurement is 
made.  In [15], an information theoretic approach is used to deal with state 
observation with quantized measurements in discrete-time feedback systems.  The 
information of the current states of the system can be obtained by manipulating the 
input to the system.  In [16], an approach assuming that the quantization step of the 
quantized sensor can be changed as the system evolves, which results in a hybrid 
system, is used to stabilize feedback systems with quantized measurements.  In [17], 
the equilibrium point and stability analysis of a discrete-time linear feedback system 
with both quantized measurement and quantized actuation are considered.  A 
graphical construction is used to predict the number of equilibrium points and a 
stability criterion was derived by using Hitz and Anderson’s Theorem [18].  In [19], 
a qualitative control approach where the controller is viewed as a discrete event 
system is used to stabilize a feedback system with an arbitrary coarse quantized 
measurement. 
 

To the author’s best knowledge, no paper discusses the accuracy of using 
stochastic linearization to predict the behavior of an open- or closed-loop system with 
quantized measurements using the Cramer expansion of the autocorrelation of the 
sensor output. 
 
 

2. Modeling and Problem Formulation 

 
2.1 Model of the Open- and Closed-Loop Systems 
 
    The open-loop environment considered in this paper is depicted in Fig. 1, where 

 represents a stable, SISO, LTI plant,  represents an asymptotic state observer, P O
)(•ψ  represents the quantized sensor,  r  represents the reference input, which is 

assumed to be 0, v  represents a stationary, zero mean, Gaussian white process 
disturbance,  represents the plant output, which is also the input to the quantized 
sensor, 

z
y  represents the quantized sensor output, and  represents the estimated 

states.  The estimation error is the main figure of merit to be considered. 
x̂
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Figure 1: Open-Loop Environment Considered in This Paper 

 
 
    For the open loop system, the dynamics for the plant P  written in state space is 

                            ,                         (2.1) 
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where  is observable, and the autocorrelation function of  is ( CA, ) v

                           .                        (2.2) )()( 2 τδτϕ Vvv =

The dynamics of the state observer  will be discussed in further detail in section 
4.1 and the input-output behavior of the nonlinear sensor, 

O
)(•ψ , will be discussed 

later in this section. 
 
    The closed-loop environment considered in this paper is depicted in Fig. 2, 
where the blocks and variables in the figure have the same meanings as in Fig. 1.  
The estimated states from the observer are fed back to the plant input with feedback 
gain K .  The objective of the control is disturbance rejection and the main figure of 
merit to be considered is the standard deviation of the plant output due to the zero 
mean, stationary, Gaussian white process disturbance  at the plant input. v
 

+ 
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P
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Figure 2: Closed-Loop Environment Considered in This Paper 

 
 
    For the closed-loop environment, the dynamics of the plant P  written in state 
space is 

                            ,                    (2.3) 
⎩
⎨
⎧
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−+=

Cxz
xBKBvAxx ˆ

where  is observable, (  is controllable, and the autocorrelation function 
of  is given in (2.2).  The dynamics of the state observer  will be discussed in 
detail in section 5.1.  The quantized sensor is discussed in the following. 

( CA, ) )BA,
v O

 
2.2 Model of Quantized Sensors 
 

There are two types of quantization [1], [20] for quantized sensors.  One is the 
midthread quantization and the other is the midriser quantization.  The input-output 
relations of these two types of quantization are illustrated in Fig. 3, where  
represents the input,  represents the output, and the quantization level, , is 
assumed to be 1.  The midthread quantization has a dead-zone at the origin whereas 
the midriser quantization has a discontinuity at the origin. 

z
y ∆
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Figure 3: Input-Output Relations of Midthread and Midriser Quantizations 

 
 
The input-output relation for a midthread quantization can be written as [16] 

[ ]∑
∞
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−∆−+−∆+
∆
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))12(2())12(2(
2
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k

kzsignkzsignzy ψ ,         (2.4) 

and if, in addition to quantization, the sensor is saturating with  quantization 
levels, the input-output relation becomes 

12 +m

[ ]∑
=

−∆−+−∆+
∆
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kzsignkzsignzy
1
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2
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The input-output relation for a midriser quantization can be written as 

[ ]
⎭
⎬
⎫

⎩
⎨
⎧
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∞

=1
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2
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k
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and if the midriser quantization is saturating with  quantization levels, the 
input-output relation becomes 

m2
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where  in the above equations is the quantization step. ∆
 
    In a control system, a small plant output is desired.  The plant output is also the 
input to the quantized sensor.  If the sensor is a midthread quantization, it will give 
no information on the plant output when the plant output is small due to its dead-zone 
at the origin.  On the other hand, if the sensor is a midriser quantization, it will still 
give information on the plant output when the plant output is small due to its 
discontinuity at the origin.  For this reason, in this paper, only sensors with midriser 
quantization are considered. 
 
2.3 Problem Statement 
 
    In order to choose parameters for the systems considered, information on the 
estimation error and the plant output must be known.  Linear systems driven by zero 
mean, stationary, Gaussian white processes can be analyzed by solving a Lyapunov 
equation [21], but the systems considered in this paper have a quantized sensor and 
are therefore nonlinear.  Analyzing such systems usually involves solving a 
Fokker-Plank equation which can be solved analytically in only a few special cases 
[22].  Therefore, stochastic linearization is used to substitute the quantized sensor by 
an equivalent gain, which depends on the standard deviation of the input to the 
quantized sensor.  This is an approximation to the original nonlinear system by a 
linear system coupled with a nonlinear equation for calculating the equivalent gain. 
This approximation is used to predict the estimation error and plant output of the 
nonlinear system.  The accuracy of this prediction is important for stochastic 
linearization to help select the parameters of the system. 
 

This paper addresses the following: 
 Predict the estimation error of the observer in the open-loop environment 

using stochastic linearization.  This will be addressed in section 4. 
 Predict the estimation error of the observer and the system output in the 

closed-loop environment using stochastic linearization.  This will be 
addressed in section 5. 

 Discuss the accuracy of using stochastic linearization for predicting the 
system in both the open- and closed-loop environments.  This will be 
addressed in both sections 4 and 5 after a comparison between the results 
given by stochastic linearization and results from simulation. 
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3. Stochastic Linearization 
 
3.1 The Method of Stochastic Linearization 
 
    Consider the block diagram in Fig. 4, where  represents a random process 
input to the nonlinearity, 

z
)(•ψ , and  is the output.  Stochastic linearization is a 

method to substitute this nonlinear element by an equivalent linear system, as 
depicted in Fig. 5, so that the difference between the output of the nonlinear element 
and the output of the equivalent linear system is minimized according to some 
criterion. 

y

 

)(•ψ )(•ψ
z  y

 

Figure 4: Input to the Nonlinear Sensor Is a Random Process 

 
 Figure 5: Concept of Substituting the Nonlinear Sensor with an Equivalent Linear

System 
 

There are many criteria proposed in the literature for deriving the equivalent 
linea

 

r system and the most often employed criterion is to minimize the mean squared 
error between the output of the nonlinear element and the output of the equivalent 
linear system [23].  If the input to the nonlinear element is assumed to be a zero 

)(•ψ  )(•ψ  
z  

Equivalent 

+ Error is minimized 
according to some 
criterion 

-z  
Linear 
System 
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mean, stationary, Gaussian random process and the nonlinearity is memoryless, it can 
be shown that the equivalent linear system is actually a linear gain (equivalent gain), 
which depends on the standard deviation of the input to the nonlinearity [24], [25]. 
The formula for calculating the equivalent gain, N , for a nonlinearity, ( )•

 
ψ , is then,  

( )[ ]zEN ψ ′= .                          (3.1) 
 

Note that the midriser quantization, which is considered in this paper, exhibits 
disco

a

   Consider calculating the equivalent gain of a midriser quantization nonlinearity 

his

ntinuities.  By using delta functions for derivatives at the discontinuity points, 
the resulting value for the equivalent gain, N , will still give a minimum mean 
squared error between the output of the nonline rity and the output of the equivalent 
gain. 
 
 
with quantization step ∆ .  The input is assumed to be a zero mean, stationary, 
Gaussian process with ariance 2

zσ .  The input-output relation of a midrise 
quantization is shown in Fig. 3, and t  relation is given in equation (2.6), so 

( ) [ ]

v
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and hence equivalent gain, , is N
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                                                                (3.3) 
Utilizing the properties of the delta function yields, 
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Note that if the midriser quantization is saturating with  quantization levels, the m2
upper limit in the summation in equation (3.4) would be 1−m  instead of ∞ .  Also 

note that is a function of the dimensionless parameter 
∆

zσ function .  The 

                   )2
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                 (3.5) 

is introduced so that  

)(
∆

= zQN
σ                          (3.6) 
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for the midriser quantization.  A plot of the equivalent gain as a function of  
∆

zσ  

for non-saturating and saturating midriser quantizations is given in Fig. 6. 
 

 
 

Figure 6: Equivalent Gain as a Function of 
∆

zσ  for Non-Saturating and Saturating 

Midriser Quantizations 
 

The equivalent gain is large when 
∆

zσ  is small since the discontinuity at the origin in 

the input-output relation of midriser quantization will cause small inputs to take on 

large gains.  The saturation affects the equivalent gain at larger 
∆

zσ . This is 

reasonable since as 
∆

zσ  gets larger the saturation characteristic of the saturating 

midriser quantization would be more actuated. 
 

In this paper, it is assumed that the input to the nonlinearity is reasonably close to 
a zero mean, stationary, Gaussian process and hence equation (3.1) can be used to 
calculate the equivalent gain. 
 
3.2 Accuracy of Stochastic Linearization 
 
    Substituting the nonlinearity with an equivalent gain generally does not give a 

 10



good approximation of the probability density function or the autocorrelation function 
at the output of the nonlinearity [23].  This is because the criterion used was to 
minimize the mean squared error between the output of the equivalent gain and the 
output of the nonlinear element.  To use stochastic linearization to predict the 
variance or standard deviation of a signal in the system, there should be an adequate 
amount of filtering from the output of the nonlinearity to the signal.  This can be 
explained by expanding the output autocorrelation function of the nonlinearity as a 
power series expansion of the input autocorrelation function of the nonlinearity as is 
discussed in the following. 
 
    Suppose the output autocorrelation function of a memoryless nonlinearity with a 
zero mean, stationary, Gaussian random process as its input is to be calculated.  
Assume that the autocorrelation function of the input is ( )τϕ zz .  The output is also a 
stationary random process since the input is stationary and the nonlinearity is 
memoryless.  By definition, the autocorrelation function of the output is 

( ) ( ) ( )∫ ∫
∞

∞−

∞

∞− ⎥
⎦

⎤
⎢
⎣

⎡
−

+−
−

−
= 2122

2
221

2
1

2221 )1(2
2exp

12
1 dzdzzzzzzz

zz

yy ρσ
ρ

ρπσ
ψψτϕ ,     (3.7) 

where 
( )
2
z

zz

σ
τϕ

ρ = . 

Using Hermite polynomials [23] to expand the probability density function of the 
input would simplify the expression of the above double integral to 
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=
⎟⎟
⎠

⎞
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⎛
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∞− ⎟⎟
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and the ’s are the Hermite polynomials.  The value of  depends on ( )•kH ka zσ  

and the nonlinearity.  Inspecting the coefficients, it is easy to verify that 2

2
12

z

aN
σ

=  

and equation (3.8) can be written as 

 ( ) ( ) ( )∑
∞

=
⎟⎟
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⎞
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⎝

⎛
+=

oddk

k

z
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22

σ
τϕ

τϕτϕ               (3.9) 

This expression is referred to as the Cramer’s expansion.  Note that the first term, 
, is what one would obtain for the output autocorrelation function if the 

nonlinearity were substituted by the equivalent gain, and the higher order terms 
( )τϕ zzN 2

 11



starting from  are the terms that stochastic linearization did not account for.  
Typically, the Fourier transforms of these terms have wider bandwidth [23] and hence 
the power spectrum for this part of the output has wider bandwidth and a larger 
portion of the power is contained in the tail of this spectrum. 

3=k

 
From the above analysis, the terms of the output that stochastic linearization did 

not account for would be attenuated and the prediction of the standard deviation 
would improve when adequate low pass filtering is introduced between the output of 
the nonlinearity and the point where the standard deviation is predicted.  This agrees 
with arguments stating that the accuracy of stochastic linearization is improved when 
the linear part of the system become more low pass [23], [24], [25]. 
 
    From equation (3.9), the power in the higher order terms is 

                          .                            (3.10)        ∑
∞

=

=
oddk

kaP
,3

2

Calculation shows that, in general, the coefficient  is the largest coefficient, 
though not dominating, of the coefficients in the higher order terms.  By calculating 

the value , a measure of how large the power of the higher order terms might be 

can be assessed and a rough assessment of the accuracy of stochastic linearization in 
predicting the standard deviations of signals in the system may be made.  The values 

of  as a function of 

3a

2
3a

N zσ  and  as a function of 2
3a zσ  are plotted together for the 

saturation nonlinearity with slope 1 and saturation level 1, midthread quantization 
with quantization step 1, and midriser quantization with quantization step 1 in Fig. 7, 
Fig. 8 and Fig. 9 respectively. 
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Figure 7:  and  as a Function of N 2
3a zσ  for Saturation Nonlinearity with Slope 

1 and Saturation Level 1. 
 

 
 

Figure 8:  and  as a Function of N 2
3a zσ  for Midthread Quantization with 

Quantization Step 1=∆  
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Figure 9:  and  as a Function of N 2
3a zσ  for Midriser Quantization with 

Quantization Step 1=∆  
 
    From Figs. 7, 8 and 9, one can see that, for the saturation nonlinearity and 

midthread quantization, as zσ  approaches zero,  also approaches zero, meaning 

that the higher order terms might approach zero and that the nonlinearity might not be 
actuated very much when the input power is small.  On the other hand, for the 

midriser quantization, as 

2
3a

zσ  approaches zero,  approaches a constant, meaning 

that the higher order terms remain roughly constant and hence the nonlinearity is still 
actuated when the input power is small.  From this observation, it can be anticipated 
that the accuracy of stochastic linearization in predicting standard deviations of 
signals in a system would not be very good if the nonlinearity is a midriser 
quantization and the input power is small.  In section 5, an assessment of the 

accuracy of stochastic linearization using  will be given. 

2
3a

2
3a

 

4. Estimation 
 
4.1 Structure of the Observer 
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    In this section, state estimation in the open-loop environment, Fig. 1, is 
considered.  Since there is no feedback to the plant P , the standard deviation of the 
plant output , z zσ , can be calculated by solving the Lyapunov equation, 
                      ,                      (4.1) 02 =++ TT BBVRAAR
for R , and then by utilizing the formula, 

                         T
z CRC=σ ,                            (4.2) 

where the matrices  are the matrices governing the dynamics of the plant CBA  and , ,
P  in (2.1).  The structure of the observer, , is first discussed.  Since the sensor 
used to measure the plant output has midriser quantization, it would seem reasonable 
to include this sensor nonlinearity into the observer.  Recall from section 2.1 that the 
dynamics of the stable SISO LTI plant, 

O

P , is 

   ,                           (4.3) 
⎩
⎨
⎧

=
+=

Cxz
BvAxx

that the output of the nonlinear sensor is 
                           )(zy ψ= ,                              (4.4) 
and that  
( CA, )  is observable.  An observer including this nonlinearity is 

                   ,                   (4.5) xCzzzLxAx ˆˆ )),ˆ()((ˆˆ =−+= ψψ

where  is the estimation of the plant states.  Problems will occur in using this 
observer when the quantization becomes coarse. 

x̂

 
For example, let the matrices in (4.3) be 

                       ,                          (4.6) ⎥
⎦

⎤
⎢
⎣

⎡ −−
=

01
1414.1

A

                           ,                               (4.7) ⎥
⎦

⎤
⎢
⎣

⎡
=

0
1

B

                           [ ]10=C ,                             (4.8) 
and let the autocorrelation function of the zero mean, stationary, Gaussian white 
process disturbance  be v

                         ,                          (4.9) )()( 2 τδτϕ Vvv =

where .  Assume that the quantization step, 5916.0=V ∆ , of the sensor is 1.  By 
solving (4.1) and using (4.2), the standard deviation of the plant output can be 
calculated as, 
                          5916.0=zσ .                           (4.10) 
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This will result in a rather coarse quantization since the quantization step size is 
assumed to be 1.  Simulation of the open-loop environment using this observer is 
performed with the initial conditions of the plant states and their estimates at 0.  A 
plot of the two states of the plant,  and , and their estimates,  and , as a 
function of time is in Fig. 10.  The observer is not doing a good estimation since the 
estimates are smaller than the states by a factor of more than 100.  The reason for 
this is the nature of the midriser quantization and is explained as follows.  Whenever 
the observer starts sensing that there is a difference between 

1x 2x 1x̂ 2x̂

)(zψ  and )ˆ(zψ , it will 
tend to drive  in the direction such that the magnitude of ẑ )ˆ()( zz ψψ −  is smaller 
in magnitude.  It turns out that because of the discontinuity at the origin of the 
midriser quantization,  can just move a little towards the desired direction to make 
this difference 0.  Hence the estimates of the states of the plant will be very small.  
The fact that the output of the plant takes on values somewhere in the interval  
that on the average might be far away from 0 can not be captured.  Some 
modification of the observer (4.3) is needed so that this deficiency can be corrected. 

ẑ

( )1,0

 

 

Figure 10: The Two States of the Plant and Their Estimates 
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Since, in the open-loop environment, by solving (4.1) and using (4.2), the 
standard deviation of the plant output, which is also the sensor input, can be 
calculated, the equivalent gain of the quantized sensor can then be calculated by (3.4).  
Using this equivalent gain, , instead of the nonlinearity in the observer will yield a 
modified observer 

N

     .                   (4.11) 
⎩
⎨
⎧

=
−+=

xCz
zNzLxAx

ˆˆ
)ˆ)((ˆˆ ψ

The equivalent gain in (4.11) represents an approximated gain of the sensor driven by 
a signal with the given standard deviation.  This modification will result in better 
estimates than the observer in (4.5) as verified in simulations.  Using this 
modification in the simulation in the previous example, the two states of the plant,  
and , and their estimates,  and , are plotted as a function of time in Fig. 11.  
In this paper, observer (4.11) will be used for block  in Figs. 1 and 2 throughout.  
Note that observer (4.11), though it gives better estimations than observer (4.5), still 
does not give a very good estimation of the states.  The information on how the plant 
output actually varies is lost due to the discontinuity and step characteristics of the 
midriser quantization sensor. 

1x

2x 1x̂ 2x̂
O

 
Figure 11: The Two States of the Plant and Their Estimates Using Observer (4.11) 
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4.2 Equations for Predicting the Estimation Error 
 
    It is desirable to know how the observer gain  in (4.11) affects the estimation 
error and how to select this parameter to give good estimates of the plant states.  In 

this section, 

L

[ ]xxE T ~~ , where xxx ˆ~ −= , is used as a measure of the estimation error. 

 
    The dynamics of the plant with the observer is 

                          

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

⎟
⎠
⎞
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σ

ψ
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)ˆ)((ˆˆ ,                  (4.12) 

where the autocorrelation function of  is given in (2.2) and v zσ  is calculated from 
(4.1) and (4.2).  By subtraction, the plant dynamics and the dynamics of x~  can be 
written as 

                      

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

⎟
⎠
⎞

⎜
⎝
⎛
∆

=

+−+−=
=

+=

zQN

BvzLLNzxLNCAx
Cxz

BvAxx

σ
ψ )(~)(~ .          (4.13) 

Since the system involves a quantized sensor and it is hard to calculate [ ]xxE T ~~  

analytically, stochastic linearization is used to substitute the sensor with its equivalent 

gain to obtain a linear approximation to this system so that a prediction of [ ]xxE T ~~  

can be calculated analytically.  If the prediction of [ ]xxE T ~~  from the stochastic 

linearized approximation is close to [ ]xxE T ~~  of the original nonlinear system, 

stochastic linearization would then be helpful in investigating how the observer gain 
 affects the estimation error and how to select this parameter.  The equations for 

approximating the nonlinear system are as follows. 
L

 
    Since the equivalent gain of the sensor was calculated to be  when designing 
the observer, the stochastic linearized approximation of (4.13) becomes, 

N
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⎪
⎪

⎩

⎪
⎪

⎨
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⎠
⎞

⎜
⎝
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=
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z

SLSL

SLSLSLSL

QN

BvxLNCAx
CxzBvAxx

σ

~)(~
 ,

,                  (4.14) 

where zσ  is calculated from (4.1) and (4.2) and the subscript  reminds that the 
variables in (4.14) are obtained by the stochastic linearized approximation of the 
system.  Assuming that  is stable, the equations for calculating the 

prediction of 

SL

LNCA −

[ ]xxE T ~~ , which is ]~~[ SL
T
SL xxE , are[5] 

   [ ]⎩
⎨
⎧

=
=+−+−

)(~~
0)()( 2

RtrxxE
BBVLNCARRLNCA

SL
T
SL

TT

,            (4.15) 

A comparison between the values of ]~~[ SL
T
SL xxE  and the values of [ ]xxE T ~~  will 

be presented in the next subsection. 
 
4.3 Simulation Results 
 
    To see whether the stochastic linearized approximation of the system can give an 
accurate prediction of the estimation error, comparison is made between the 

prediction of estimation error, [ ]SL
T
SL xxE ~~  (calculated analytically from (4.15)), and 

the values of [ ]xxE T ~~  (from pure simulation of the nonlinear system (4.13)).  In 

the comparison, it is assumed that the stable SISO LTI plant P  is a first order 
dynamic system and that the matrices in (4.13) are 

           ,                          (4.16) 
⎪
⎩

⎪
⎨

⎧

=
=
−=

1
1
1

C
B

A

and the autocorrelation function of  is assumed to be v

)()( 2 τδτϕ Vvv = ,                          (4.17) 

where .  Three different values of  are used in the comparison, and for each 
, various quantization step sizes are also used.  A measure of the accuracy of 

predicting the estimation error is calculated by 

1=V L
L
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            %100        
~

~~
×

−
=

x

xxSLerrorpredictionestimation
σ

σσ
,          (4.18) 

where 

[ ]SL
T
SLx xxE

SL

~~
~ =σ ,                       (4.19) 

which is calculated analytically by (4.14) and (4.15), and 

[ ]xxE T
x

~~
~ =σ ,                          (4.20) 

which is recorded from simulation data.  Note that since the equivalent gain, , is a 

function of 

N

∆
zσ , the value of  can serve as a measure of how large the input to the 

sensor is compared to the quantization step size.  The prediction error and the value 
of  are recorded in Tables 4.1, 4.2 and 4.3 for the three different values of . 

N

N L
 

 1=∆  2.1=∆  4.1=∆  6.1=∆  8.1=∆  0.2=∆  

%100
~

~~
×

−

x

xx SL

σ
σσ

4.74% 7.68% 11.35% 15.89% 20.34% 24.33% 

N  1.0001 1.0021 1.013 1.0423 1.0951 1.1679 
Table 4.1: Simulation Results for 4=L  

 
 1=∆  2.1=∆  4.1=∆  6.1=∆  8.1=∆  0.2=∆  

%100
~

~~
×

−

x

xx SL

σ
σσ

15.08% 22.46% 29.64% 36.45% 42.16% 46.72% 

N  1.0001 1.0021 1.013 1.0423 1.0951 1.1679 
Table 4.2: Simulation Results for 9=L  

 
 1=∆  2.1=∆  4.1=∆  6.1=∆  8.1=∆  0.2=∆  

%100
~

~~
×

−

x

xx SL

σ
σσ

34.04% 43.45% 50.19% 56.89% 61.43% 64.84% 

N  1.0001 1.0021 1.013 1.0423 1.0951 1.1679 
Table 4.3: Simulation Results for 19=L  

 
One can see that for a fixed value of , as the quantization step  gets larger, 

the estimation prediction error gets worse.  This is reasonable since, as  gets 
larger, the system becomes more nonlinear and a linear approximation would not be 
very accurate.  Also, from the tables, for a fixed 

L ∆
∆

∆ , as the parameter  gets larger, 
the estimation prediction error gets larger.  This is a rather discouraging phenomenon 

L
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since if [ ]SL
T
SL xxE ~~  is to be used to investigate how the parameter  affects the 

estimation error, the estimation prediction error should be kept small and roughly 
constant for varying .  Since the estimation prediction error is large in most of the 
situations considered, and, for a given quantization step, it is increasing for increasing 

, the conclusion is that stochastic linearization does not work in predicting the 
estimation error in the open-loop environment.  It would be interesting to find out 
the reason why stochastic linearized approximation does not work in predicting the 
estimation error and the next subsection is devoted to this. 

L

L

L

 
4.4 Discussion of Simulation Results 
 
    The focus of this subsection is on explaining why, for a given quantization step 

, the estimation prediction error gets worse as the observer gain  gets larger. ∆ L
 
    First, consider the dynamics of x~  in equation (4.13), which is re-written as 

                    .             (4.22) ))((~)(~ zNzLBvxLCNAx ψ−++−=

Note that by the method of stochastic linearization, the nonlinear sensor is substituted 
by its equivalent gain, , and this results in essentially ignoring the term N

))(( zNzL ψ−  in (4.22), which gives 

                       BvxLCNAx SLSL +−= ~)(~ .                    (4.23) 

Again, the subscript  is used to denote that (4.23) is a stochastic linearization of 
(4.22).  Since  is the output of a LTI plant driven by Gaussian white noise and 
hence Gaussian, from section 3.2, the autocorrelation of 

SL
z

)(zy ψ=  is 

                   ( ) ( ) ( )∑
∞

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=

oddk

k

z

zz
kzzyy aN

,3
2

22

σ
τϕ

τϕτϕ ,             (4.24) 

where the first term, , is just the autocorrelation function of  and that 
the remaining higher order terms have a wide bandwidth in its power spectrum.  
Note that the power spectrum of 

)(2 τϕ zzN Nz

)(zNz ψ−  is not exactly the same as that of 

( )∑
∞

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

oddk

k

z

zz
ka

,3
2

2

σ
τϕ

 since   is correlated with Nz )(zψ .  However, the power 

spectrum of )(zNz ψ−  still represents part of the spectrum of 
( )∑

∞

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

oddk

k

z

zz
ka

,3
2

2

σ
τϕ

.  
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Ignoring ))(( zNzL ψ−  will cause a term that has a wide bandwidth power spectrum 
unaccounted for. 
 
    Second, consider what happens when the observer gain  gets larger.  As  

gets larger, , from equation (4.23), will be smaller.  On the other hand, the 

term 

L L

]~~[ SL
T
SL xxE

))(( zNzL ψ−  in (4.22) will become more important and more of its power is 
passed through since larger  causes the dynamics of (4.22) to be less low pass.  

The term 

L

[ ]xxE T ~~  from the true nonlinear dynamics will not be as small as 

stochastic linearization predicts and hence the estimation prediction error will become 

larger.  For smaller , the difference between L [ ]SL
T
SL xxE ~~  and [ ]xxE T ~~  will 

become smaller because the dynamics in (4.22) is more low pass in this case and a 
larger portion of the higher order terms unaccounted for will be filtered out.  Hence 
one could expect that the estimation prediction error would be larger if a larger 
observer gain were used. 
 
    Stochastic linearization does not give a good prediction of the estimation error in 
the open-loop environment but it is still interesting to see if it works in the 
closed-loop environment, since in [1] and [24], stochastic linearization works well in 
predicting the system output.  This is considered in the next section. 
 

5. Estimation and Control 
 
5.1 Equations for Predicting the Plant Output and Estimation Error 
 
    In this section, estimation/control in the closed-loop environment, Fig. 2, is 
considered.  In this environment the estimated states are feedback to the plant input 
to improve disturbance rejection.  For the observer block , the structure in (4.11) 
is used.  However, the equivalent gain, , of the nonlinear sensor can not be 
calculated as in section 4.1 since the estimated states are fed back to the plant input 
and the standard deviation of the input to the nonlinear sensor can not be calculated 
by simply solving (4.1) and using (4.2).  The value of the equivalent gain, , is 
now first assumed to be given.  Later,  is computed to satisfy a set of equations 
simultaneously. 

O
N

N
N
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    Since  is assumed to be given for the time being, the dynamics of the plant 
and observer is then, 

N

                       .                  (5.1) 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−=
=

+−+=
=

++=

xKu
xCz

BuzNzLxAx
Cxz

BvBuAxx

ˆ
ˆˆ

)ˆ)((ˆˆ ψ

Recall that the autocorrelation function of  is given in (2.2).  By subtraction, the 
dynamics of the plant and 

v
x~ , ( xxx ˆ~ −= ), can be written together as 

                  
⎪
⎩

⎪
⎨

⎧

−−+−=
=

++−=

))((~)(~

~)(

NzzLBvxLNCAx
Cxz

BvxBKxBKAx

ψ
.               (5.2) 

To select the feedback gain, K , and the observer gain, , in order to improve the 
disturbance rejection of the closed-loop system, how 

L

zσ  changes under various K  
and  must be known.  However, since the dynamics of (5.2) involves a nonlinear 
sensor and the value of  is unknown, 

L
N zσ  can not be calculated from (5.2) 

analytically.  Stochastic linearization is used to obtain an approximation of zσ  and 
to solve for .  Recall that it is assumed that the equivalent gain, , of the 
nonlinear sensor is given, so the stochastic linearized approximation of (5.2) written 
in vector-matrix form is 

N N

                  .           (5.3) 
[ ]
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⎤
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+⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−

−
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⎦

⎤
⎢
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⎡

SL

SL
SL

SL

SL

SL

SL

x
x

Cz

v
B
B

x
x

LNCA
BKBKA

x
x

~0

~0~

To simplify notations, let 

                        ,                   (5.4) ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

LNCA
BKBKA

A
0

~

                              , ⎥
⎦

⎤
⎢
⎣

⎡
=

B
B

B~

and 

                              [ ]0~ CC = .                         (5.5) 

 
One must keep in mind that  in the above equations must satisfy N

                              )(
∆

= zQN σ ,                         (5.6) 
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where zσ  is the standard deviation of the plant output, which is also the sensor input.  
An assumption is made here that (5.3) will give a reasonable approximation to the 
standard deviation of the plant output so that (5.6) can be re-written as 

                              )(
∆

= SLzQN
σ

,                        (5.7) 

where 
SLzσ  satisfies 

                           
⎪⎩

⎪
⎨
⎧

=
=++

T
z

TT

CRC
BVBARRA

SL

~~~
0~~~~~~~ 2

σ
,                (5.8) 

assuming that A~  is stable.  From (5.4), A~  depends on , thus N R~  and 
SLzσ  

also depend on . Hence, equations (5.7) and (5.8) must be solved simultaneously 
to obtain the value for . 

N
N

 
    To sum up, equation (5.3) with the parameter  satisfying (5.7) and (5.8) 
simultaneously is the stochastic linearized approximation of the true nonlinear 
dynamics, equation (5.2).  The predicted standard deviation at the plant output by 

stochastic linearization is given by 

N

SLzσ .  Note that the value of  in (5.2) is 

obtained by solving (5.7) and (5.8) simultaneously. 

N

 
    In the closed-loop environment, the emphasis is on the standard deviation at the 
plant output, but there is still some interest in seeing how the estimation error in the 
state observer  behaves for various feedback gains and observer gains.  In this 
section, 

O

[ ]zzE T
z

~~
~ =σ ,                         (5.9) 

is used as a measure of the estimation error in the observer , where O
xCCxzzz ˆˆ~ −=−= .                      (5.10) 

Let 

[ ]CC 0~
=2 ,                          (5.11) 

and assuming that A~  is stable, the equations for using stochastic linearization to 
predict this estimation error is then 

⎪⎩

⎪
⎨
⎧

=
=++

T
z

TT

CRC
BVBARRA

SL 22~

2

~~~
0~~~~~~~

σ
.                   (5.12) 
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The next section provides simulation results to see whether the stochastic 

linearized approximation of the nonlinear system can give good predictions of the 
estimation error and the plant output. 
 
    Note that there might be no solutions to  or multiple solutions to  that 
satisfy (5.7) and (5.8) simultaneously.  However, in the simulations given in this 
paper, the system assumed was simple and problems regarding the existence or 
uniqueness of  did not occur. 

N N

N
 
5.2 Simulation Results 
 
    To see whether the stochastic linearized approximation of (5.2) can give accurate 

predictions of the plant output and estimation error, the value of 
SLzσ  obtained by 

calculating (5.8) analytically is compared with the value of zσ  obtained from pure 

simulation of (5.2), and the value of 
SLz~σ  obtained by calculating (5.12) analytically 

is compared with the value of z~σ  obtained from pure simulation of (5.2). 
 
    The SISO LTI plant P  is assumed to be a second order dynamic system and the 
matrices in equation (5.2) are 

                       ,                         (5.13) ⎥
⎦

⎤
⎢
⎣

⎡ −−
=

01
1414.1

A

                           ,                              (5.14) ⎥
⎦

⎤
⎢
⎣

⎡
=

0
1

B

                           [ ]10=C ,                            (5.15) 
and the autocorrelation function of  is v

                         ,                         (5.16) )()( 2 τδτϕ Vvv =

where . 1=V
 
    First, three different observer gains  are used in the comparison, and for each 

, various quantization step sizes are also used.  The feedback gain 
L

L K  is kept 
constant.  Two kinds of prediction errors are used to measure the accuracy of 
stochastic linearization.  One is the plant output prediction error and the other is the 
estimation prediction error.  They are defined as follows. 
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        %100            ×
−

=
z

zz SLerrorpredictionoutputplant
σ
σσ

           (5.17) 

and 

           %100        
~

~~
×

−
=

z

zz SLerrorpredictionestimation
σ
σσ

.           (5.18) 

These two values are recorded along with the equivalent gain, , in the comparisons.  

The values of 

N

zσ  from (5.2) and 
SLzσ  from (5.3) are also recorded.  These values 

are presented in Tables 5.1, 5.2, 5.3 for the three different values observer gains. 
 
 

 1=∆  2.1=∆  4.1=∆  6.1=∆  8.1=∆  0.2=∆  

zσ  0.6839 0.6852 0.6844 0.6880 0.6933 0.6997 

SLzσ  0.6762 0.6762 0.6767 0.6888 0.6818 0.6856 

%100×
−

z

zz SL

σ
σσ

 1.13% 1.32% 1.12% 1.34% 1.66% 2.02% 

%100
~

~~
×

−

z

zz SL

σ
σσ

 7.37% 11.11% 15.54% 19.45% 22.81% 26.83% 

N  1 1 1.01 1.05 1.11 1.19 

Table 5.1: Simulation Results when  and ⎥
⎦

⎤
⎢
⎣

⎡
−
−

=
414.1
1

L [ ]05860.0=K  

 
 1=∆  2.1=∆  4.1=∆  6.1=∆  8.1=∆  0.2=∆  

zσ  0.5183 0.5789 0.5789 0.5797 0.5805 0.5812 

SLzσ  0.5727 0.5727 0.5727 0.5727 0.5728 0.5728 

%100×
−

z

zz SL

σ
σσ

 0.96% 1.07% 1.07% 1.2% 1.34% 1.44% 

%100
~

~~
×

−

z

zz SL

σ
σσ

 90.8% 92.4% 93.56% 94.42% 95.08% 95.61% 

N  1 1.02 1.07 1.15 1.27 1.39 

Table 5.2: Simulation Results when  and ⎥
⎦

⎤
⎢
⎣

⎡
=

7260.12
9903.30

L [ ]05860.0=K  
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 1=∆  2.1=∆  4.1=∆  6.1=∆  8.1=∆  0.2=∆  

zσ  0.5449 0.5454 0.5458 0.5468 0.5479 0.5484 

SLzσ  0.5391 0.5391 0.5391 0.5391 0.5390 0.5390 

%100×
−

z

zz SL

σ
σσ

1.07% 1.16% 1.24% 1.41% 1.62% 1.71% 

%100
~

~~
×

−

z

zz SL

σ
σσ

96.99% 97.52% 97.89% 98.17% 98.39% 98.56% 

N  1 1.03 1.1 1.21 1.34 1.48 

Table 5.3: Simulation Results when  and ⎥
⎦

⎤
⎢
⎣

⎡
=

8660.26
9511.160

L [ ]05860.0=K  

 
One can see that the estimation prediction error is very large, but the plant output 
prediction error is very small.  It seems that stochastic linearization can give a good 
prediction of the plant output despite inaccurate prediction of the estimation error.  
Since how the feedback gain K  affects the plant output prediction error is also of 
interest, the next step is to see if the plant output prediction error is also small for 
different values of K . 
 
    Hence, for a constant , the feedback gain L K  is increased.  The results of the 
comparison are recorded in Table 5.4 in the case where the quantization step is 1. 
 

 [ ]05860.0=K [ ]35586.10=K  

zσ  0.5475 0.1242 

SLzσ  0.5391 0.0768 

%100×
−

z

zz SL

σ
σσ

 1.54% 38.17% 

%100
~

~~
×

−

z

zz SL

σ
σσ

 96.97% 98.32% 

N  1 5.19 
 

Table 5.4: Simulation Results when  and ⎥
⎦

⎤
⎢
⎣

⎡
=

8660.26
9511.160

L 1=∆  but K  Changes 

 
From Table 5.4, the plant output prediction error increases significantly when K  is 

 27



increased.  An observation is that 
SLzσ  is small in this case.  Since the goal is to 

use the predictions from stochastic linearization to select  and L K  to improve 
disturbance rejection properties, care must be taken when the predicted output is small.  
This will be discussed in detail in the next subsection. 
 
5.3 Discussion of Simulation Results 
 
    There are two observations from the data recorded in Tables 5.1, 5.2, 5.3 and 5.4 
that need to be discussed.  First, for a given quantization step size and feedback gain, 
K , as  becomes larger, the estimation prediction error becomes larger.  Second, 
for a given quantization step size, and observer gain, , as 

L
L K  becomes larger and 

SLzσ  becomes small, the plant output prediction error becomes larger.  In the 

arguments below, it is assumed that the plant output is reasonable close to a Gaussian 
process, so that (3.9) in section 3.2 can be used. 
 
    The reasoning behind the explanation for the first observation is much the same 
as in section 4.4.  Consider the dynamics of x~  in (5.2), re-written as 

                 ,                (5.19) ))((~)(~ zNzLBvxLNCAx ψ−++−=

and the dynamics of SLx~  from the stochastic linearized approximation (5.3) 

                        BvxLNCAx SLSL +−= ~)(~ .                   (5.20) 

As in the open-loop environment, the ))(( zNzL ψ−  term is ignored in the 
approximation of (5.19), hence by the same reasoning in section 4.4, when  

becomes larger, 

L

[ ]SL
TT

SLz xCCxE
SL

~~
~ =σ  will become smaller, but 

[ ]xCCxE TT
z

~~
~ =σ  would not become as small due to the term, ))(( zNzL ψ− , 

ignored by stochastic linearization.  And when  is small, more of the components 
in the term, 

L
))(( zNzL ψ− , is filtered out by the dynamics and the approximation of 

z~σ  by 
SLz~σ  will become better. 

 
    The second observation can be explained by the following argument.  Recall 
that the method of stochastic linearization is to replace the nonlinear sensor in Fig. 2 
by an equivalent gain, .  Consider the autocorrelation function of the sensor N
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output given in (3.9).  One can see that only the first term, , in the 
autocorrelation function of the sensor output is accounted for, since  is the 
autocorrelation function of .  The higher order terms starting from  in (3.9) 
are ignored.  Hence, a term, , having a wide power spectrum and power of 

 must be added to more accurately predict the standard deviation of the plant 

output, which is the square root of the power of the plant output.  This term is 
uncorrelated with .  This is depicted in Fig. 12. 

( )τϕ zzN 2

( )τϕ zzN 2

Nz 3=k
n

∑
∞

= oddk
ka

,3

2

Nz
 

v

 
Figure 12: Adding Additional Term to Correctly Predict the Standard Deviation of the 

Plant Output 
 
If stochastic linearization is to give an accurate prediction of the standard deviation of 
the plant output, this additional term should be filtered and have small contribution to 
the power of the plant output, which is the square of the standard deviation of the 
plant output, when passed through the closed-loop of the system.  Fig. 9 in section 

3.2 gives a measure of the power, .  To appreciate how large this power is 

relative to the power of the plant output, a plot of 

∑
∞

= oddk
ka

,3

2

2

2
3

z

a
σ

 as a function of zσ , 

assuming the quantization step is 1, is plotted in Fig. 13. 
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Figure 13: 2

2
3

z

a
σ

 as a Function of zσ  for Midriser Quantization with Quantization 

Step 1=∆  
 

Since  is used as a measure of , it can be inferred from Fig. 13 that as 2
3a ∑

∞

= oddk
ka

,3

2
zσ  

becomes smaller, the power of the higher order terms, , tend to become very 

large relative to the power of the plant output.  Consider the case when feedback 

gain 

∑
∞

= oddk
ka

,3

2

K  gets larger, and the prediction 
SLzσ  becomes very small, which is the case 

in Table 5.4.  If zσ  is indeed as small as what the prediction, 
SLzσ , is, the power 

passed through the closed loop of the system should be filtered out.  However, from 
Fig. 13, there is high probability that the higher order terms will have a significant 
contribution to the power of the plant output after passing through the closed loop of 
the system, since the power of the higher order terms are very large relative to the 
power of the plant output.  Thus, the plant output prediction might be inaccurate. 
 
    To sum up, a way to assess the accuracy of using stochastic linearization to 

predict the plant output is to check the value of 2

2
3

z

a
σ

 from Fig. 13 given the predicted 

standard deviation of the plant output, 
SLzσ .  If 2

2
3

z

a
σ

 is large, then there is a high 
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probability that this prediction of the standard deviation of the output of the plant is 

inaccurate. And if 2

2
3

z

a
σ

 is small, then there is a high probability that this prediction of 

the standard deviation of the output of the plant is accurate. 
 
    If stochastic linearization is used to predict the standard deviation of the plant 
output in order to select parameters K  and , it is important to keep in mind that 
when the parameters 

L
K  and  give small plant output for the stochastic 

approximated system (5.3), the actual output of the system (5.2) might be 
significantly larger and the parameters selected based upon stochastic linearization 
would not be as good as expected. 

L

 

6. Conclusion 
 
    Stochastic linearization was used to predict the behavior of systems with 
quantized sensors in both the open- and closed-loop environments.  Simulation 
results show that the prediction is inaccurate in certain situations.  The reasons for 
the inaccuracy in these situations were discussed using Cramer’s expansion, equation 
(3.9), and a way to assess the accuracy in using stochastic linearization was provided 
for the closed-loop environment considered. 
 
    Stochastic linearization has been accurate in predicting the behavior of feedback 
systems with nonlinear actuators [1], [24].  However, there is no rigorous theorem to 
prove this.  Equation (3.9) was very helpful in explaining the inaccuracy of using 
stochastic linearization in predicting the system behaviors in this paper.  Equation 
(3.9) might be helpful in developing a theory for proving the accuracy of stochastic 
linearization in [1] and [24].  This might be a possible direction for further research. 
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