
Group Assignment 5 Solutions

1. We prove the statement. Let a, b ∈ N and let x1, x2, . . . , xab+1 be a sequence of ab+1 distinct integers.
Assume by means of contradition that there is no strictly increasing subsequence of length a + 1 and
no strictly decreasing subsequence of length b + 1.

To each xj in our original sequence, associate an ordered pair (ij , dj) where ij is the length of the
longest increasing subsequence starting with xj and dj is the length of the longest decreasing subse-
quence starting with xj . Note that ik, dk ≥ 1 for all k (because there is always at least a length one
increasing/decreasing subsquence starting at xj – name just length one sequence {xj}). Furthermore,
by our assumption, each ij must be less than or equal to a and each dj must be less than or equal
to b for all j ∈ {1, . . . , ab + 1}. Therefore, looking at all possible ordered pairs (ij , dj), the number
of possible distinct pairs is a · b. But note that we have ab + 1 pairs (one associated to each xj) and
therefore by the pigeonhole principle, some pair must be the same. That is, there exist distinct m,n
such that (im, dm) = (in, dn). We will show that this gives us a contradiction.

Assume without loss of generality that m < n. Now consider xm and xn. Since each of our original
integers is distinct, either xm < xn or xm > xn. First assume that xm < xn. Then we have an
increasing subsequence of length in which starts at xn. However, we can take this exact subsequence
and prepend xm to it, giving us a subsequence of length xn + 1 = xm + 1 starting at xm. This
contradicts the fact that im is the length of the longest increasing subsequence starting with xm. On
the other hand, if xm > xn, we have a decreasing subsequence of length dn starting at xn. Again, if
we prepend xm to that sequence, we get a decreasing subsequence of length dn + 1 = dm + 1 starting
at xm – a contradiction.

Therefore, we have shown that we have a strictly increasing subsequence of length a + 1 or a strictly
decreasing subsequence of length b + 1.

2. Theorem: We show that for x, y ∈ R, n ∈ Z+,

(x + y)n =

n∑
j=0

(
n

k

)
xn−kyk.

Proof: Let x, y ∈ R. Let P (n) denote the statement that

(x + y)n =

n∑
k=0

(
n

k

)
xn−kyk.

We will show that P (n) is true for arbitrary n.

Base case: If n = 1, we have that
(x + y)1 = x + y

and
1∑

k=0

(
n

k

)
xn−kyk = x + y.
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Induction step: Let n ∈ Z+. We assume that P (n) is true and show that P (n + 1) is true. We have
that

(x + y)n+1 = (x + y)n(x + y)

=

(
n∑

k=0

(
n

k

)
xn−kyk

)
(x + y)

=

n∑
k=0

(
n

k

)
xn−k+1yk +

n∑
k=0

(
n

k

)
xn−kyk+1

=

(
n

0

)
xn+1y0 +

n∑
k=1

(
n

k

)
xn−k+1yk +

n−1∑
k=0

(
n

k

)
xn−kyk+1 +

(
n

n

)
x0yn+1.

Now by Pascal’s identity, grouping like terms in the middle two sums, the coefficient in front of
xn−k+1yk is (

n

k

)
+

(
n

k − 1

)
=

(
n + 1

k

)
and so after reindexing our sums, we have that

(x + y)n+1 =

(
n

0

)
xn+1y0 +

n∑
k=1

(
n + 1

k

)
x(n+1)−kyk +

(
n

n

)
x0yn+1.

But note that
(
n
0

)
=
(
n+1
0

)
and

(
n
n

)
=
(
n+1
n+1

)
and thus we finally gett hat

(x + y)n+1 =

n+1∑
k=0

(
n + 1

k

)
x(n+1)−kyk

as desired.

3. Let’s first consider Problem 1a. There are five possibilities, and for any one given possibility, there
are two options: correct (that is, circled if it should be circled and not circled if shouldn’t be) and
incorrect (the opposite), where each one is equally likely. Therefore, the number of different ways to
answer the question is 25 = 32, which each one equally likely. There is exactly one way to answer the
question correctly, which results in 4 points, so

P (4 pts) = 1/32.

The next highest point value is 2.5 points (so one thing incorrect). There are
(
5
1

)
= 5 different ways to

choose the one incorrect options, giving that

P (2.5 pts) = 5/32.

Next, getting two incorrect answers can occur in
(
5
2

)
= 10 different ways, giving that

P (1 pt) = 10/32.

All of the rest options result in 0 points. (Note that it doesn’t matter what the probability of 0 points
is because we’re looking for an expected value of points, so that probability will get multiplied by 0
anyway.) From this, we see that our expected number of points for problem 1a is 4 · (1/32) + 2.5 ·
(5/32) + 1 · (10/32) ≈ 0.828.

The other four parts of problem 1 also have 5 different possibilities to circle, so the expected number
of points for each of those is the same as 1a. Thus, the expected number of points on problem 1 is
5 · 0.828 = 4.14.
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For Problem 2, there are three parts worth 2 points each, each with 4 possible options to circle.
Therefore, there are 24 = 16 possible answers for any given part. There is exactly one way to answer
the question correctly, so

P (2 pts) = 1/16.

If there is one incorrect option, this results in 1 point off. This can happen in
(
4
1

)
= 4 ways, so

P (1 pt) = 4/16.

The rest of the answers result in 0 points. So the expected number of points for each part of problem
2 is 2 · (1/16) + 1 · (4/16) = 0.375. Since there are three parts, this results in an expected value of
3 · 0.375 = 1.125 points.

For problem 3, there are two possible answers to this question, depending on whether you assume that
this test-taker circles only one answer for parts d and e or circles any number.

Assuming only one answer:

For each of parts a, b, and c we have 23 = 8 possible ways to circle, one of which results in 1 point
(and the rest in 0). So for any given part, the expected number of points is 1/8, resulting in 3/8 points
expected for the first three parts. For the last 2 parts, there are 3 possible ways to circle, one of which
results in one point, so for each part the expected number of points is 1/3; the total expected points
for parts d and e is 2/3. Therefore, the total points for the problem is 3/8 + 2/3 ≈ 1.042.

Assuming any number of answers:

As argued above, for any of the 5 parts the expected number of points is 1/8, and so the expected
number of points for the whole problem is 5/8.

Looking at problem 4, there were technically two correct (accepted) answers for part c. Depending on
whether or not that was accounted for, we get different answers.

Assuming only one correct answer to part c:

For parts a and b, there are 25 = 32 possible ways to circle answers, one of which results in 2 points
(and the rest in 0), so the expected number of points for each of these is 2/32. For part c, there are
24 = 16 possible ways to circle answers, one of which results in 2 point, so the expected number of
points is 2/16. Therefore, the total number of points is 4/32 + 2/16 = 0.25.

Assuming both correct answers to part c:

Parts a and b remain the same, but the expected points for part c is 2 · 2/16, giving a total expected
value of 4/32 + 4/16 = 0.375.

4. First note that the total number of possible poker hands is
(
52
5

)
= 2, 598, 960. We count the number

of ways to get a hand as good as or higher than three threes.

High 3 of a kind: (
12

1

)(
4

3

)(
12

2

)(
4

1

)(
4

1

)
= 50, 688

Straight (no straight flush or royal flush):(
10

1

)(
4

1

)5

−
(

10

1

)(
4

1

)
= 10, 200

Flush (no royal flush or straight flush):(
13

5

)(
4

1

)
−
(

10

1

)(
4

1

)
= 5, 108
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Full House: (
13

1

)(
4

3

)(
12

1

)(
4

2

)
= 3, 744

Four of a kind: (
13

1

)(
4

4

)(
12

1

)(
4

1

)
= 624

Straight flush (no royal flush): (
10

1

)(
4

1

)
−
(

4

1

)
= 36

Royal flush: (
4

1

)
= 4

and therefore the probability is

50, 688 + 10, 200 + 5, 108 + 3, 744 + 624 + 36 + 4

2, 598, 960
≈ 0.027.
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