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Today
Fourier transforms
• Continuous and Discrete Fourier transforms
• Example with number
• Intuitions behind Fourier transforms
• Matching Game



Fourier Transform- Continuous Signal

Fourier Transform

Inverse Fourier Transform

• Fourier Transform decomposes a signal 𝑥𝑥 𝑡𝑡 into sinusoids of the form 𝑒𝑒𝑗𝑗𝜔𝜔𝑡𝑡, with associated magnitude 𝑋𝑋(𝜔𝜔)



Examples

From Szeliski 3.4



The Discrete Fourier transform



Examples

a = np.array([1,0,0,0])
np.fft.fft(a)

array([1.+0.j, 1.+0.j,
1.+0.j, 1.+0.j]

𝐹𝐹 𝑘𝑘 = 𝑓𝑓 0 exp(−2𝜋𝜋𝜋𝜋 𝑘𝑘∗0
4

) + 𝑓𝑓[1] exp(−2𝜋𝜋𝜋𝜋 𝑘𝑘∗1
4

) + 𝑓𝑓[2] exp(−2𝜋𝜋𝜋𝜋 𝑘𝑘∗2
4

) + 𝑓𝑓 3 exp −2𝜋𝜋𝜋𝜋 𝑘𝑘∗3
4

= 𝑓𝑓 0 exp −2𝜋𝜋𝜋𝜋 𝑘𝑘∗0
4

= 𝑓𝑓 0 = 1

Example

a = np.ones(4)  
np.fft.fft(a)

array([4.+0.j, 0.+0.j,
0.+0.j, 0.+0.j]



Intuition behind Fourier Transform—
Measure of similarity by inner product

Fourier 
Transform

Inverse Fourier 
Transform

Q: How to measure the similarity of two functions? 



Intuition behind Fourier Transform—
Measure of similarity by inner product

Fourier 
Transform

Inverse Fourier 
Transform

Q: How to measure the similarity of two functions? 
Answer: One way: Inner product!
We have seen this idea used correlation in previous discussion section.
Q: How to measure how similar a function is to a function single frequency component, i.e., exp(𝜋𝜋𝜔𝜔𝑡𝑡) ? 
Answer: Inner product!
• So Fourier transform is just comparing the function 𝑥𝑥 𝑡𝑡 to every single frequency function 

exp(𝜋𝜋𝜔𝜔𝑡𝑡), and gives you a similarity measure for each 𝜔𝜔, as X(𝜔𝜔). 



Intuition behind Fourier Transform—
Change of basis
•Consider 3D space:
•A set of linearly independent vectors whose span is the whole 3D space, are 
called the basis for the 3D Plane
•Can you think of a basis for the 3D Plane?
•How many vectors are required to span the 3D Plane?



Intuition behind Fourier Transform—
Change of basis

For N = 3:



Intuition behind Fourier Transform—
Change of basis

Bottom Line:
• Fourier coefficients are coordinates in the Fourier basis defined by                    !
• Calculating Fourier coefficients is just about finding the projection of the vector 𝑓𝑓 𝑛𝑛

along the basis.



Intuition behind Fourier Transform—
Change of basis

To find the coordinate value of the vector along each basis vector, use the inner product:

Here a is the function 𝒇𝒇(𝒏𝒏) we want to decompose
and b is any one of the Fourier basis vector.
For N = 3:

Take away:
• Fourier transform is finding its coordinate values 𝑭𝑭(𝒌𝒌) in the Fourier basis             .
• Inverse Fourier transform is synthesizing back the original vector 𝒇𝒇(𝒏𝒏) using the 

Fourier basis and corresponding coordinate values 𝑭𝑭(𝒌𝒌)



2D Discrete Fourier Transform



Examples

What is the 2D FFT of a line?



Fourier transform in x direction

+v-v



+v-v

Full 2D Fourier transform
-u

+u



Convolution Theorem



Diffraction in optics is just Fourier Transform!


	Fourier Transform�EECS 442�Fall 2020, University of Michigan
	Today
	Fourier Transform- Continuous Signal
	Examples
	The	Discrete	Fourier	transform
	Examples
	Intuition behind Fourier Transform—Measure of similarity by inner product
	Intuition behind Fourier Transform—Measure of similarity by inner product
	Intuition behind Fourier Transform—Change of basis
	Intuition behind Fourier Transform—Change of basis
	Intuition behind Fourier Transform—Change of basis
	Intuition behind Fourier Transform—Change of basis
	2D Discrete Fourier Transform
	Examples
	Fourier	transform	in	x	direction
	Full	2D	Fourier	transform-u
	Convolution Theorem
	Diffraction in optics is just Fourier Transform!

