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Today

1. Linear algebra review
2. Fourier transforms

• Continuous and Discrete Fourier transforms
• Example with number
• Intuitions behind Fourier transforms



Linear Independence

• Is the set {a,b,c} linearly independent?
• Is the set {a,b,x} linearly independent?

A set of vectors are linearly independent if you can’t write 
one as a linear combination of the others.

Slide Adapted from David Fouhey 3

Suppose:



Span: all linear 
combinations of a 
set of vectors

Is blue in {red}’s span?
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Span



Span
Span: all linear 
combinations of a 
set of vectors

Span({ , }) = ?
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Basis
• Consider all vectors in (3D Plane)
• A set of linearly independent vectors whose span 

is the whole 3D Plane, are called the basis for 
the 3D Plane

• Can you think of a basis for the 3D Plane?
• How many vectors are required to span the 3D 

Plane?
• Remember, a set of basis vectors should span 

the subspace and also be linearly independent.
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Using Basis for expressing vectors

• So any vector in 3D can be written as a linear 
combination of the basis vectors.

• We could decompose the vector in terms of
some other basis as well.
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Slide Adapted from David Fouhey

● Given y = Ax, y is a linear combination of 
columns of A proportional to x. If A is full-rank, 
we should be able to invert this mapping.

● Given some y (output) and A, what x (inputs) 
produced it?

● x = A-1y

Inverses



Rectangular Signal as Sum of Sines
Any univariate function can be rewritten as a weighted 
sum of sines and cosines of different frequencies.

Source: A.Efros



Rectangular signal as Sum of Sines continued...

Source: A.Efros



Rectangular signal as Sum of Sines continued...

Source: A.Efros



Frequency and Fourier TransformCS 4495 Computer Vision – A. Bobick

Adapted from CS 4495 Computer Vision – A. Bobick



Frequency and Fourier TransformCS 4495 Computer Vision – A. Bobick

We want to understand the frequency ω of our signal. So, let’s reparametrize the signal by ω instead of t:

f(t) F(𝜔)
𝐴sin(𝜔𝑡 + 𝜙)

A: amplitude
𝜙: phase
ω: frequency in radians

Sinusoids

λ: Wavelength

Time/Spatial domain frequency domain

Adapted from CS 4495 Computer Vision – A. Bobick

For every ω from 0 to inf (actually –inf to inf), F(ω) holds the 
amplitude A and phase φ of the corresponding sine

• How can F hold both? Complex number trick!



Background: Complex Numbers

Image adapted from Wikipedia, Oleg Alexandrov - Vectorized version of http://ja.wikipedia.org/wiki/画像:Complex.p2ng5

(Complex Conjugate)

https://en.wikipedia.org/wiki/Complex_plane


Fourier Transform- Continuous Signal

Fourier Transform

Inverse Fourier Transform



The Discrete Fourier Transform

● Output F is a weighted sum of Sines and Cosines with the 
weights governed by input f.

● We can think of the exponentials as basis functions, and
the function F is expressed in terms of those basis.
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Fourier Transform Examples

Adapted from CS 4495 Computer Vision – A. Bobick



Examples

a = np.array([1,0,0,0])
np.fft.fft(a)

array([1.+0.j, 1.+0.j,
1.+0.j, 1.+0.j]

a = np.ones(4)
np.fft.fft(a)

array([4.+0.j, 0.+0.j,
0.+0.j, 0.+0.j]



•Consider 3D space:
•A set of linearly independent vectors whose span is the whole 3D space, are 
called the basis for the 3D Plane
•Can you think of a basis for the 3D Plane?
•How many vectors are required to span the 3D Plane?

Intuition behind Fourier Transform— Change of basis



For N =3:

Intuition behind Fourier Transform— Change of basis



Intuition behind Fourier Transform— Change of basis


