
Lecture 8: Optimization
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• Section this week: neural nets and optimization 
• Reading:  
- Szeliski 5.3.5 
- Lecture notes by Roger Grosse (basis for much of 

this lecture) 
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Recall: neural nets and gradient descent

3
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f(x) = fL(. . . f2(f1(x)))

Recall: deep nets

4Source: Isola, Torralba, Freeman
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Recall: Learn parameters using gradient descent

✓1
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5Source: Isola, Torralba, Freeman
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Recall: learning parameters
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L =
1
2

(y − σ(wx + b))2

L =
1
2

( f(x) − y)2

Squared loss with single-variable network:

Example source: Roger Grosse



Recall: computing derivatives with the chain rule

7 Example source: Roger Grosse

∂L
∂w

=
∂

∂w [ 1
2

(y − σ(wx + b))2]
= (y − σ(wx + b))

∂
∂w

(y − σ(wx + b))

= − (y − σ(wx + b))σ′ (wx + b)
∂

∂w
(wx + b)

= − (y − σ(wx + b))σ′ (wx + b)x

∂L
∂b

=
∂

∂b [ 1
2

(y − σ(wx + b))2]
= (y − σ(wx + b))

∂
∂b

(y − σ(wx + b))

= − (y − σ(wx + b))σ′ (wx + b)
∂
∂b

(wx + b)

= − (y − σ(wx + b))σ′ (wx + b)

Inefficient and time-consuming (for us to write out)



Learning parameters
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Writing out the layers: 
 

 
 

 

z = wx + b

t = σ(z)

L =
1
2

(y − t)2

Example source: Roger Grosse

linear (affine) layer

nonlinearity

loss



Learning parameters
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Writing out the layers: 
 

 
 

 

z = wx + b

t = σ(z)

L =
1
2

(y − t)2

Example source: Roger Grosse

Another way to write derivatives:

∂L
∂t

= t − y

∂L
∂z

=
∂L
∂t

∂t
∂z

=
∂L
∂t

σ′ (z)

∂L
∂w

=
∂L
∂z

x
∂L
∂b

=
∂L
∂z

Each step is easy to compute, 
and we can reuse computation.
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Computation graph: loss

z t L
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w

x

b Computation

Adapted from: Roger Grosse



11

Computation graph: derivatives

t L
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w

x

b

z

Computation

Adapted from: Roger Grosse
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One subtlety: nodes with multiple outputs

z t L

y

w

x

b

Adapted from: Roger Grosse

L = (y − t)2 + ∥w∥2
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Chain rule

 

∂
∂x

f(g(x)) =
∂f
∂g

∂g
∂x

 

∂
∂x

f(g(x), h(x)) =
∂f
∂g

∂g
∂x

+
∂f
∂h

∂h
∂x

Single-variable chain rule: Multivariable chain rule:
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Multivariable chain rule: example

f(g(x), h(x)) = g(x) + g(x)h(x)

g(x) = x2

h(x) = exp(x)
<latexit sha1_base64="GIYlbwZK6Pzb6mt974DORE4SJ0I="></latexit>

f(g(x), h(x)) = g(x) + g(x)h(x)

g(x) = x2

h(x) = exp(x)
<latexit sha1_base64="GIYlbwZK6Pzb6mt974DORE4SJ0I="></latexit>

@f

@x
f(g(x), h(x)) =

@

@x
[g(x) + g(x)h(x)]

= [1 + h(x)]g0(x) + g(x)h0(x)

= (1 + exp(x))(2x) + x2 exp(x)

= 2x+ 2x exp(x) + x2 exp(x)
<latexit sha1_base64="G7T2zM2BVEGelIgQx6BzCai3Gxs="></latexit>

@f

@x
f(g(x), h(x)) =

@

@x
[g(x) + g(x)h(x)]

= [1 + h(x)]g0(x) + g(x)h0(x)

= (1 + exp(x))(2x) + x2 exp(x)

= 2x+ 2x exp(x) + x2 exp(x)
<latexit sha1_base64="G7T2zM2BVEGelIgQx6BzCai3Gxs="></latexit>

@f

@x
f(g(x), h(x)) =

@

@x
[g(x) + g(x)h(x)]

= [1 + h(x)]g0(x) + g(x)h0(x)

= (1 + exp(x))(2x) + x2 exp(x)

= 2x+ 2x exp(x) + x2 exp(x)
<latexit sha1_base64="G7T2zM2BVEGelIgQx6BzCai3Gxs="></latexit>

@f

@x
f(g(x), h(x)) =

@

@x
[g(x) + g(x)h(x)]

= [1 + h(x)]g0(x) + g(x)h0(x)

= (1 + exp(x))(2x) + x2 exp(x)

= 2x+ 2x exp(x) + x2 exp(x)
<latexit sha1_base64="G7T2zM2BVEGelIgQx6BzCai3Gxs="></latexit>

 

∂f
∂h

∂h
∂x

 

∂f
∂g

∂g
∂x

<latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> { <latexit sha1_base64="Q3ZFHU8Hsd5v0kzobS0LsgWpHuE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh17WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtC6q3mW1dl+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB55yjW4=</latexit> {

f(g(x), h(x)) = g(x) + g(x)h(x)

g(x) = x2

h(x) = exp(x)
<latexit sha1_base64="GIYlbwZK6Pzb6mt974DORE4SJ0I="></latexit>

f(g(x), h(x)) = g(x) + g(x)h(x)

g(x) = x2

h(x) = exp(x)
<latexit sha1_base64="GIYlbwZK6Pzb6mt974DORE4SJ0I="></latexit>

f(g(x), h(x)) = g(x) + g(x)h(x)

g(x) = x2

h(x) = exp(x)
<latexit sha1_base64="GIYlbwZK6Pzb6mt974DORE4SJ0I="></latexit>

∂
∂x

f(g(x), h(x)) =
∂f
∂g

∂g
∂x

+
∂f
∂h

∂h
∂x
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Backpropagation

z t L

y

w

x

b

 Forward pass: 
   for i = 0 … N: 

 
 

Adapted from: Roger Grosse

Step #1: Compute loss and every value in computation graph.

compute each node value  using 
values from previous nodes

vi

where N nodes  are ordered topographically (i.e. inputs 
always come before outputs).

v0, v1, . . . vn
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Backpropagation

Adapted from: Roger Grosse

z t L

y

w

x

b

 Backward pass: 
    
   for i = N-1 .. 0: 

vN = 1

Step #2: Compute derivatives.

∂L
∂vi

= ∑
j∈Outputs(vi)

∂L
∂vj

∂vj

∂vi

Starting from the loss, work your way to the inputs. Compute the 
derivative of the loss w.r.t. each value.
Summary: compute derivatives efficiently using the chain rule.
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What about vector-valued functions?

z3
t L

z2w1

x1

x2

w3

w2

w4

y
Softmax regression

Can use the same algorithm, but messy…
Adapted from: Roger Grosse
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Handling vectors

Vector-valued functions: 

[z1
z2] = [2w1 + 3w2

5w1 − 2w2]
z2

z1w1

w2

Computation graph:

∂L
∂wi

= ∑
j

∂L
∂zj

∂zj

∂wi

Multivariable chain rule: In matrix form:

∂L
∂w

=
∂z
∂w

⊤ ∂L
∂z

Adapted from: Roger Grosse

Jacobian matrix:
∂z1

∂w1

∂z1

∂w2

∂z2

∂w1

∂z2

∂w2
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Backward step (with vectors)

Adapted from: Roger Grosse

 Backward pass: 
    
   for i = N-1 .. 0: 

vN = 1

Recall step #2: Computing derivatives.

∂L
∂vi

= ∑
j∈Outputs(vi)

∂vj

∂vi

⊤ ∂L
∂vj

Forward pass is the same as it was before.
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Example: multi-layer regression

L =
1

2
kW1 tanh(W0x0)� yk2

<latexit sha1_base64="E+zonAvGDgicLAb/z4HKDsaFOCI="></latexit>

Elementwise nonlinearityLinear transformation Squared  normL2

x1 x2

y

W1

x0

x3 t

W1

L =
1

2
kW1 tanh(W0x0)� yk2

<latexit sha1_base64="E+zonAvGDgicLAb/z4HKDsaFOCI="></latexit>



W0x0
<latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit>

x0
<latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit>

x1
<latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit>

x2
<latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit>

x3
<latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit>W1x2

<latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit>

tanh(x1)
<latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit>

1

2
kx2 � yk22

<latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit>

y
<latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit>

L =
<latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit>

@L
@x3

<latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit>

@L
@x2

<latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit>

@L
@x1

<latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit>

@W1x2

@x2
<latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit>

@W0x0

@x0
<latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit>

@W0x0

@W0
<latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit>

@W2x2

@W1
<latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit><latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit><latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit><latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit>

@ tanh(x1)

@x1
<latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit>

@L
@W0

<latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit>

@L
@W1

<latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit>

Rewrite as layers to reuse common operations

Source: Torralba, Isola, Freeman21
linear layer linear layer



Pointwise function

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

@L
@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit>

@L
@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit>

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

Example #1: 
xouti = tanh(xini)

<latexit sha1_base64="6QtazS2ZPXO5LC+l1bv/jLGaG7A=">AAACPHicbVBNSwMxFMz6WetX1aOXYBHqpeyqoBeh1IvHCrYV2rJk06wNJtkleSuWZf+Pv8Kf4FU96028ejbbVrDVgcAwM4/3MkEsuAHXfXXm5hcWl5YLK8XVtfWNzdLWdstEiaasSSMR6euAGCa4Yk3gINh1rBmRgWDt4PY899t3TBseqSsYxqwnyY3iIacErOSX6mlXEhgEIb7P/DHXMo0SyHye4TPcBaIGlanQTwpzlYcO/FLZrboj4L/Em5AymqDhl966/YgmkimgghjT8dwYeinRwKlgWbGbGBYTektuWMdSRSQzvXT01wzvW6WPw0jbpwCP1N8TKZHGDGVgk/mZZtbLxX+9IJAzqyE87aVcxQkwRcebw0RgiHDeJO5zzSiIoSWEam6Px3RANKFg+y7aVrzZDv6S1mHVO6q6l8flWn3STwHtoj1UQR46QTV0gRqoiSh6QE/oGb04j8678+F8jqNzzmRmB03B+foGP2mwJw==</latexit>

@L
@xini

=
@L

@xouti

(1� tanh2(xini))
<latexit sha1_base64="LSHG6t+5npNgevE3UBUcJH0Hdfw="></latexit>

Source: Torralba, Isola, Freeman

Example #2: 
xouti = max(0,xini)

<latexit sha1_base64="Tvehk8zuuJBPp56sOElNZ5v6GVg=">AAACPnicbVDLSgMxFM34rPU16tJNsAgVpMyooBuhqAuXFewD2jJk0kwbmmSGJCMtw/yQX+EnuK1bwZ24dWmmrWBbDwQO55zLvTl+xKjSjjOylpZXVtfWcxv5za3tnV17b7+mwlhiUsUhC2XDR4owKkhVU81II5IEcZ+Rut+/zfz6E5GKhuJRDyPS5qgraEAx0kby7LukxZHu+QEcpN6ES56EsU49msJraJRB0TmFM7HfHKQii514dsEpOWPAReJOSQFMUfHs91YnxDEnQmOGlGq6TqTbCZKaYkbSfCtWJEK4j7qkaahAnKh2Mv5tCo+N0oFBKM0TGo7VvxMJ4koNuW+S2Zlq3svEfz3f53OrdXDVTqiIYk0EnmwOYgZ1CLMuYYdKgjUbGoKwpOZ4iHtIIqxN43nTijvfwSKpnZXc85LzcFEo30z7yYFDcASKwAWXoAzuQQVUAQbP4BWMwJv1Yn1Yn9bXJLpkTWcOwAys7x/Ny7BS</latexit>

What’s the backward pass?
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Implementation

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

@L
@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit>

@L
@xini

=
@L

@xouti

· h0(xini + bi)
<latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit><latexit sha1_base64="QLF5X/UJgxyOr5ltJx6e+MSq97s="></latexit>

xouti = h(xini + bi)
<latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit><latexit sha1_base64="KICnzeZ9U/3uZSlWl8s8XsldPo8="></latexit>

See https://pytorch.org/tutorials/beginner/pytorch_with_examples.html for functioning code.23
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Squared cost layer

L =
1

2
kxin � yk22

<latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit><latexit sha1_base64="0WF6zAZD/q19txYKbHZcBIXV60Q="></latexit>

@L
@xin

= xin � y
<latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit><latexit sha1_base64="oNw5fLtvArnUqEExU9fsdl2rmzE="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

L
<latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit><latexit sha1_base64="rSdSHFd2CpN+yBrFt4sNljKoCMk="></latexit>

y
<latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit><latexit sha1_base64="3cDxYccP9DGPrcHCynaPTt+x8Xc="></latexit>

@L
@L = 1

<latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit><latexit sha1_base64="CzMYPxo6ivRQeXsHY7xeeibS6zY="></latexit>

Source: Torralba, Isola, Freeman
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Linear layer

With W is a  
matrix of size  
|xout|×|xin|

• Forward pass: xout = f(xin,W) = Wxin
<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

• Backprop to input: 
@L
@xin

=
@L

@xout
· @f(xin,W)

@xin
=

@L
@xout

· @xout

@xin
<latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit><latexit sha1_base64="Tvb4TIMXBUfoy5rvrcf6k6LMBSM="></latexit>

If we look at the i component of output xout, with respect to component j of the input, xin:
@xouti

@xinj

= Wij
<latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit><latexit sha1_base64="5Lcd3D42kFKRzmuHSReW/gEJnIs="></latexit>

@f(xin,W)

@xin
= W

<latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit><latexit sha1_base64="1TikNKCAqeplvOQbMVcTlFpOlzc="></latexit>

Therefore:
@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

Source: Torralba, Isola, Freeman
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• Backprop to weights: 

If we look at how the parameter Wij changes the loss, only the i component of 
the output will change, therefore:

Linear layer
• Forward propagation: xout = f(xin,W) = Wxin

<latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit><latexit sha1_base64="Xc/Rtb1Pm3zsa4Wq2fcwq5QgRo8="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

f(xin,W)
<latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit><latexit sha1_base64="jMlYtvDfg60eyA74W6Hpj482ivk="></latexit>

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

=
@L

@xout
· @f(xin,W)

@W
=

@L
@xout

· @xout

@W
<latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit><latexit sha1_base64="rOuYlNm6NXS5aummyKr4uammWXE="></latexit>

@L
@Wij

=
@L

@xouti

· @xouti

@Wij
<latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit><latexit sha1_base64="qNJtryCII4yRQlxFnZkmTz79MjU="></latexit>

=
@L

@xouti

· xinj
<latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit><latexit sha1_base64="9H2GUje2RMobc8AAUCC/RgGjxik="></latexit>

@xouti

@Wij
= xinj

<latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit><latexit sha1_base64="BRZvPbdAXB/w97q3RX4F9bti4BM="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

Source: Torralba, Isola, Freeman26



Linear layer

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

xout = Wxin
<latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit>

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

Source: Torralba, Isola, Freeman27



W0x0
<latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit><latexit sha1_base64="nwmO/d+Rd5W0H5SNhy8LYsbPylU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQ5hMJ+3QySTMTMQSiht/xY0LRdz6Fe78GydtBG09MHDuOfcy954g4Uxpx/mySkvLK6tr5fXKxubW9o69u9dScSoJbZKYx7ITYEU5E7Spmea0k0iKo4DTdjC6yv32HZWKxeJWjxPqRXggWMgI1kby7YNehPUwCLP2xHfQT3FvCt+uOjVnCrRI3IJUoUDDtz97/ZikERWacKxU13US7WVYakY4nVR6qaIJJiM8oF1DBY6o8rLpCRN0bJQ+CmNpntBoqv6eyHCk1DgKTGe+o5r3cvE/r5vq8MLLmEhSTQWZfRSmHOkY5XmgPpOUaD42BBPJzK6IDLHERJvUKiYEd/7kRdI6rblOzb05q9YvizjKcAhHcAIunEMdrqEBTSDwAE/wAq/Wo/VsvVnvs9aSVczswx9YH98hwpc+</latexit>

x0
<latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit><latexit sha1_base64="1o0INi8kmZtFgGT6KAB7vqHI5Bo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G7qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5Ayjckb8=</latexit>

x1
<latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit><latexit sha1_base64="2HhTHyaEJkkJenBTAOB/h38YNco=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AypgkcA=</latexit>

x2
<latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit><latexit sha1_base64="/xhoKoWR751dxO/nYLz15N6jlLs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQIuiy6cVnBPqApZTK9aYdOJmFmIpbQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OIyrNY/lgpgn2IzqSPOSMGiv5fkTNOAizp9mgPqhU3Zo7B1klXkGqUKA5qHz5w5ilEUrDBNW657mJ6WdUGc4Ezsp+qjGhbEJH2LNU0gh1P5tnnpFzqwxJGCv7pCFz9fdGRiOtp1FgJ/OMetnLxf+8XmrC637GZZIalGxxKEwFMTHJCyBDrpAZMbWEMsVtVsLGVFFmbE1lW4K3/OVV0q7XPLfm3V9WGzdFHSU4hTO4AA+uoAF30IQWMEjgGV7hzUmdF+fd+ViMrjnFzgn8gfP5AyvkkcE=</latexit>

x3
<latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit><latexit sha1_base64="7sikxe2TJ1ePgYWw26lqNsE8Uck=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KooMeiF48VbC00pWy2L+3SzSbsbsQS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4JvcfHlFpHst7M0mwF9Gh5CFn1FjJ9yNqRkGYPU375/1qza27M5Bl4hWkBgWa/eqXP4hZGqE0TFCtu56bmF5GleFM4LTipxoTysZ0iF1LJY1Q97JZ5ik5scqAhLGyTxoyU39vZDTSehIFdjLPqBe9XPzP66YmvOplXCapQcnmh8JUEBOTvAAy4AqZERNLKFPcZiVsRBVlxtZUsSV4i19eJu2zuufWvbuLWuO6qKMMR3AMp+DBJTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifPy1okcI=</latexit>W1x2

<latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit><latexit sha1_base64="6V3Eqv+I9+1d0y1roVDQwUW6Sp0=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJiqDLohuXFewF2hIm00k7dDIJMxOxhLjxVdy4UMStb+HOt3HSRtDWHwY+/nMOc87vx5wp7Thf1tLyyuraemmjvLm1vbNr7+23VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr/J6+45KxSJxqycx7Yd4KFjACNbG8uzDXoj1yA/Sdua5P3yfeTXPrjhVZyq0CG4BFSjU8OzP3iAiSUiFJhwr1XWdWPdTLDUjnGblXqJojMkYD2nXoMAhVf10ekGGTowzQEEkzRMaTd3fEykOlZqEvunMd1Tztdz8r9ZNdHDRT5mIE00FmX0UJBzpCOVxoAGTlGg+MYCJZGZXREZYYqJNaGUTgjt/8iK0alXXqbo3Z5X6ZRFHCY7gGE7BhXOowzU0oAkEHuAJXuDVerSerTfrfda6ZBUzB/BH1sc3ym6XFw==</latexit>

tanh(x1)
<latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit><latexit sha1_base64="YCb5iZlW0Pu2lKFYJKJqvi7cDQo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBItQNyURQZdFNy4r2Ac0IUymk3boZBJmJmII9VfcuFDErR/izr9x0mahrQcGDufcyz1zgoRRqWz726isrW9sblW3azu7e/sH5uFRT8apwKSLYxaLQYAkYZSTrqKKkUEiCIoCRvrB9Kbw+w9ESBrze5UlxIvQmNOQYqS05Jt1VyE+aboRUpMgzB9nvnPmmw27Zc9hrRKnJA0o0fHNL3cU4zQiXGGGpBw6dqK8HAlFMSOzmptKkiA8RWMy1JSjiEgvn4efWadaGVlhLPTjypqrvzdyFEmZRYGeLELKZa8Q//OGqQqvvJzyJFWE48WhMGWWiq2iCWtEBcGKZZogLKjOauEJEggr3VdNl+Asf3mV9M5bjt1y7i4a7euyjiocwwk0wYFLaMMtdKALGDJ4hld4M56MF+Pd+FiMVoxypw5/YHz+AFpwlI8=</latexit>

1

2
kx2 � yk22

<latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit><latexit sha1_base64="NixnQWKBsu/NT4mdREzVKFvg+sY="></latexit>

y
<latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit><latexit sha1_base64="8hiwHZkbjf7hfR4LWdaV9YU8PQ4=">AAACPnicbZDLSgMxFIaTeqv11urSzWBRXJUZEXRZdOOyir1AZyiZTKYNTTJDktEOw7yBW30eX8MXcCduXZpeoLb1QODn/87hnPx+zKjStv0BC2vrG5tbxe3Szu7e/kG5cthSUSIxaeKIRbLjI0UYFaSpqWakE0uCuM9I2x/ejnn7iUhFI/Go05h4HPUFDSlG2lgPbtorV+2aPSlrVTgzUQWzavQq8MwNIpxwIjRmSKmuY8fay5DUFDOSl9xEkRjhIeqTrpECcaK8bHJqbp0aJ7DCSJontDVx/05kiCuVct90cqQHapmNzf9YN9HhtZdRESeaCDxdFCbM0pE1/rcVUEmwZqkRCEtqbrXwAEmEtUmnVHIFecYR50gEmTvKM3e8wQ+zUZ4vsnTO0mXWnrN2nptkneUcV0XroubYNef+slq/mWVcBMfgBJwDB1yBOrgDDdAEGITgBbyCN/gOP+EX/J62FuBs5ggsFPz5BU24sNU=</latexit>

L =
<latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit><latexit sha1_base64="5QG50wh26Scfr/cDEGqGqhpw45o="></latexit>

@L
@x3

<latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit><latexit sha1_base64="u/fgAFxKntFgMwQtCdPVYxvAicI="></latexit>

@L
@x2

<latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit><latexit sha1_base64="Rq7BPAzRt4+5tdi/6pFi5r42W6E="></latexit>

@L
@x1

<latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit><latexit sha1_base64="tKhjduSG/onw/q7Lsz9G3vRYSjE="></latexit>

@W1x2

@x2
<latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit><latexit sha1_base64="ODFwF9MOGuFw+1tSKvO6jTgSJmI="></latexit>

@W0x0

@x0
<latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit><latexit sha1_base64="kibKzgsqPph+CRVYC9XWRt4lkNs="></latexit>

@W0x0

@W0
<latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit><latexit sha1_base64="/LUD+ZWwyky9pKo+bTHIPSBvNcU="></latexit>

@W2x2

@W1
<latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit><latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit><latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit><latexit sha1_base64="NgcP1VyAwbv9Q5UGnT1ayd4Qems="></latexit>

@ tanh(x1)

@x1
<latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit><latexit sha1_base64="Nya47tt/gIHpu+u3NdslHxsC9KI="></latexit>

@L
@W0

<latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit><latexit sha1_base64="pJHSEwLMZZ5okSpIGpvOOOAva+w="></latexit>

@L
@W1

<latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit><latexit sha1_base64="0vCwuzzvEynFdmvnuK0viRzUf5M="></latexit>

We need to compute all these terms so that we can find the gradients at the bottom.

Recall: multilayer model

Source: Torralba, Isola, Freeman28



Automatic differentiation

• Backpropagation: algorithm for computing derivatives 

• Also known as reverse-mode autodifferentiation 

• Usually implement backprop using autodifferentiation (“autodiff”) software 

package. 

• Build your program out of primitive operations, similar to numpy operations  
• Behind the scenes, the autodiff package builds the computation graph for 

you! 
• It’s not finite difference. Computes exact gradients using backprop!

29



Automatic differentiation

30
Figure source: Roger Grosse



Deep learning libraries

• In this class, we’ll use a popular library called PyTorch. 
• Common alternatives: JAX and TensorFlow 
• Designed to use GPUs (graphics processing unit). 
• Requires writing vectorized code. Each vectorized op 

runs efficiently on GPU (e.g., matrix multiplication may 
be 100x faster). 

• They also provide other utilities, like data loading. 
• More on these in next week’s section.
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Optimization
Gradient descent:

Wk+1  Wk + ⌘

✓
@J

@W

◆T

<latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit><latexit sha1_base64="tEv2ufs9Uvi+jyrVzXQKnOzNFrQ="></latexit>

Sum over N training pairs

Loss:

xin
<latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit><latexit sha1_base64="KZPWy/kXBbRWZNeh68eI2o64dhE="></latexit>

xout
<latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit><latexit sha1_base64="e5mRyZQ8Kp/zuVFgEbufFZwMSLc="></latexit>

@L
@W

= xin ·
@L

@xout
<latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit><latexit sha1_base64="k/FoOBQBjtyZ8XY0mWaEVqQMlv4="></latexit>

xout = Wxin
<latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit><latexit sha1_base64="1QtGRMyng5UWLcEiM2GZWspXofI="></latexit>

@L
@xin

=
@L

@xout
·W

<latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit><latexit sha1_base64="/1Ohz/itKzXMcaA1BcIDO6AMhAA="></latexit>

@L
@xin

<latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit><latexit sha1_base64="bi/cMKTumXpm1XxgDNe2paw4ggg="></latexit>

@L
@xout

<latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit><latexit sha1_base64="YjWnf5VZKfnQYrzOshukhsDMsQI="></latexit>

For example, linear layer:

J =
1

N

NX

i=1

L(xi,yi)
<latexit sha1_base64="3sKFz7C9sp1ZPmOAjhH6eHOEYwU="></latexit>

@J

@W
=

NX

i=1

xin ·
@L

@xout

����
xi,yi

<latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit>

J =
1

N

NX

i=1

L(xi,yi)
<latexit sha1_base64="3sKFz7C9sp1ZPmOAjhH6eHOEYwU="></latexit>

@J

@W
=

NX

i=1

xin ·
@L

@xout

����
xi,yi

<latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit><latexit sha1_base64="RskjJqJ9UkLuAWdI0nfVex9+izg="></latexit>

Average over examples:
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SGD extensions

β = 0

33



Dealing with oscillations

Source: https://distill.pub/2017/momentum 

β = 0

34

https://distill.pub/2017/momentum


Momentum
• Also known as the “heavy ball momentum” 

• Remember previous gradients and “build up speed”, setting  

• If , equivalent to vanilla gradient descent 

• Why not ? 

• Reduces oscillations in high curvature regions, and picks up speed in 
when the loss surface is nearly flat.

0 ≤ β < 1
β = 0

β = 1

35

<latexit sha1_base64="RRovIl8pvz7GksLjmTRDDeQIFa4="></latexit>

v(k+1)  �v(k) � ⌘
@J

@W
(W(k))

<latexit sha1_base64="5Q7DdEA8atKfYMqV4fqd8czAL8A=">AAACL3icbVBbS8MwGE29znmr+uhLcAiTwWhlqI9DQXyc4C6w1pFm6RaWpiVJJ6PsH/niX9mLiCK++i9Mt+Jl80DgcM53yPcdL2JUKst6MZaWV1bX1nMb+c2t7Z1dc2+/IcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcJX6zSERkob8To0i4gaox6lPMVJa6pjXiRMg1fd82BzfJ8VByT4ZQ4cRXyEhwgc4Z2uz9KMNvyMds2CVrSngIrEzUgAZah1z4nRDHAeEK8yQlG3bipSbIKEoZmScd2JJIoQHqEfamnIUEOkm03vH8FgrXeiHQj+u4FT9nUhQIOUo8PRkuqmc91LxP68dK//CTSiPYkU4nn3kxwyqEKblwS4VBCs20gRhQfWuEPeRQFjpivO6BHv+5EXSOC3bZ+XKbaVQvczqyIFDcASKwAbnoApuQA3UAQaPYAJewZvxZDwb78bHbHTJyDIH4A+Mzy9wvagR</latexit>

W(k+1)  W(k) + v(k+1)



Dealing with oscillations (no momentum)

Source: https://distill.pub/2017/momentum 

β = 0

36

https://distill.pub/2017/momentum


Source: https://distill.pub/2017/momentum 

β = 0.99

37

Dealing with oscillations (with momentum)

https://distill.pub/2017/momentum


Adaptive gradient methods

38

• Scale each gradient component using a running average of its magnitude. 
 
 
 
 
 
 
 
where  is a small constant 

• After scaling, each update to the network parameters has approximately a magnitude of . 

• Can be viewed as a very rough approximation to 2nd-order optimization.

ϵ
η

• A very common method is Adam (also AdamW), which is essentially RMSProp + 
momentum.

<latexit sha1_base64="EkLtOEJWRMY51Dst4W396ZxfzW0="></latexit>

W(k+1)  W(k) � ⌘
1p

s(k+1) + ✏
� g(k+1)

<latexit sha1_base64="45yQbP+x/SZIQ1GqAKrxPoCAsDc="></latexit>

g(k+1)  @J

@W
(W(k))

<latexit sha1_base64="C1Wj1lIdvfGFKFBBing78k9vsME="></latexit>

s(k+1)  �s(k) + (1� �)(g(k+1))2

RMSProp:



Other uses for backprop
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Unit visualization via backprop

…

dolphin
cat
grizzly bear
angel fish
chameleon

iguana
elephant

clown fish

x(0)
<latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit><latexit sha1_base64="NzD/WGTnF8Ltex6HfQaOdh1Ebis="></latexit>

x(L)
<latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit><latexit sha1_base64="6FsiqyRXLMRkfTfaVa6ZKaHFOjQ="></latexit>

@x(L)
j

@x(0)
<latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit><latexit sha1_base64="8GS6yytpHMNL3oOnjitHg/cVkEc="></latexit>

=
@x(L)

j

@x(L�1)
· @x

(L�1)

@x(L�2)
· · · @x

(2)

@x(1)
· @x

(1)

@x(0)
<latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit><latexit sha1_base64="aaM9zx2ck1bE2Nmi6ckfefbYWFE="></latexit>

How much the “chameleon” score is increased or decreased by 
changing the image pixels.

Source: Torralba, Isola, Freeman40



Unit visualization via backprop

argmax
x(0)

x(L)
j

<latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit><latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit><latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit><latexit sha1_base64="ymAAU4jewoOLJFN/Yxo2emjARP8="></latexit>

x(0)k+1

 x(0)k + ⌘
@x(L)

j

@x(0)
<latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="raQpPe+YVB+cNmlLOAsjCzLtPm8="></latexit><latexit sha1_base64="pUN5V1g4xVzkQsKPzwUl28twew4="></latexit><latexit sha1_base64="pUN5V1g4xVzkQsKPzwUl28twew4="></latexit><latexit sha1_base64="JViqK3NCywNe20qbtUKcwYpLGmA="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit><latexit sha1_base64="aNfSvfAVysCSbnZmV3o1ArVhcDQ="></latexit>

Source: Torralba, Isola, Freeman41



Unit visualization via backprop

argmax
x(0)

x(L)
j + �R(x(0))

<latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit>

x(0)k+1

 x(0)k + ⌘
@(x(L)

j + �R(x(0)))

@x(0)
<latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit>

Make an image that maximizes the “cat”  
output neuron:

[https://distill.pub/2017/feature-visualization/]

Source: Torralba, Isola, Freeman42



Unit visualization via backprop

[https://distill.pub/2017/feature-visualization/]

Make an image that maximizes the 
value of a random neuron in the middle 

of the network:
argmax

x(0)

x(L)
j + �R(x(0))

<latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit><latexit sha1_base64="hZ4EihKHaPtjR3ltJkPWvcByZFY="></latexit>

x(0)k+1

 x(0)k + ⌘
@(x(L)

j + �R(x(0)))

@x(0)
<latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit><latexit sha1_base64="6HC5+LUuecghLjWIOjkPSQOrt/g="></latexit>

Source: Torralba, Isola, Freeman43



“Deep dream” [https://ai.googleblog.com/2015/06/inceptionism-going-deeper-into-neural.html]

Source: Torralba, Isola, Freeman
44



Next class: convolutional neural networks
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