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Abstract

In this paper we study an optimal server allocation problem, where a single server is shared among multiple queues
based on the queue backlog information. Due to the physical nature of the system this information is delayed, in that
when the allocation decision is made, the server only has the backlog information from an earlier time. This results in
imperfect and partial state observation. Queues have different arrival processes as well as different buffering/holding
costs to differentiate heterogeneous classes of traffic/service. The objective of the dynamic server allocation is to
minimize the expected total discounted holding cost over a finite or infinite horizon. We introduce an index policy
where the index of a queue is a function of the state of the queue. More specifically, an index is defined as the one
step reward of serving the queue. Our primary interest in this paper is to characterize conditions under which this
index policy is optimal. We present a fairly general method bounding the reward of serving one queue instead of
another. Using this result, sufficient conditions on the optimality of the index policy can be derived for a variety of
arrival processes and packet holding costs (limited to convex functions). These conditions are in general in the form
of sufficient separation among indices, and they characterize the part of the state space where the index policy is
optimal. We also provide some examples and derive the indices and illustrate the region where the index policy is
optimal. Although in this paper we consider the specific scenario of delayed observations, the method itself is quite
general and can be extended to many different scenarios as discussed in the paper.

Index Terms

Optimal server allocation, resource allocation, optimization, index policy, delayed state observation, differentiated
services, restless bandit, sufficient separation

I. INTRODUCTION

The optimal use of available resources is a key element to ensure the efficiency of any system, wireless networks
in particular, as resources (e.g., bandwidth) are shared and tend to be rare. A simple way of sharing bandwidth
between users is to assign a fixed portion to each user according to some criteria [1]. Although this might be a
good solution for constant bit rate systems, it cannot respond to the time-dependent nature of different services [2].
Dynamic bandwidth allocation is therefore preferred as it can adjust allocated resources to each user according to
their needs and the amount of resources available at each instant of time, thus increasing the system utilization and
quality of service.

In this paper we study a class of bandwidth/resource allocation problems, where allocation decisions are based on
partial and delayed information of the system state. Consider the problem of N users/queues competing for shares of
a common channel to transmit packets. The channel consists of time frames of a fixed number of M time slots. Each
slot is equivalent to one packet transmission time. A bandwidth allocation policy determines which slot to assign to



which user within a frame, as shown in Fig. 1. The allocation decision is made once per frame based on backlog
information, i.e., instantaneous queue occupancy, given by the users/queues at the beginning of each frame. Due to
non-negligible delay (e.g., propagation delay), such information reaches the server only in time for the allocation
decision to be made for the next frame, by which time the queue occupancies likely have changed due to packet
arrivals within the current frame. In other words, the state information is delayed and partially obsolete. This results
in possible over-allocation or under-allocation. Thus in this case the allocation needs to take into account unknown
random arrivals that occur in between observations or state information updates. Every queued packet incurs a cost
at the beginning of each frame, known as the buffering or holding cost. This cost may depend on the gqueue-size
and may vary from one queue to another, allowing us to consider differentiated service classes, i.e., some queues are
more expensive or of a higher priority than others. The objective of the problem is to minimize the total expected
discounted cost over a finite or an infinite horizon. While in general reducing holding cost has the effect of reducing
packet delay, different forms of the cost function lead to different performance criteria. For example, under a linear
cost function equal to all queues (i.e., each packet incurs a constant unit cost) minimizing the cost is equivalent to
maximizing system throughput. Similarly, a linear cost function with different unit costs for different queues leads
to a weighted throughput criterion.
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Fig. 1. The bandwidth allocation problem

This optimal bandwidth allocation problem is primarily motivated by wireless communication systems that either
have large propagation delay (e.g., in satellite data communication), or where resource allocation is done relatively
infrequently compared to packet transmission time, due to cost or design constraint such as energy (e.g., under the
IEEE 802.15.4 standard for low-power indoor wireless networks). In the case of a satellite network, users/terminals
transmitting to the satellite are assumed to follow a dynamic TDMA schedule, each assigned a certain number of
slots within a TDMA frame that consists of a fixed number of slots. Users also inform the satellite their current
backlog, carried in packet headers. The assignment is made based on the backlog information and broadcast to the
users over a non-interfering channel. An allocation specifies which slot in the upcoming frame is reserved for/to
be used by which user. Due to the long propagation delay of the satellite channel (250ms one way), the allocation
decision for a particular frame is made based on the backlog information collected during the previous frame, which
is partially obsolete by the time the allocation is used since by that time the backlog situation may have changed.

In this paper, we will largely focus on a class of policies known as index policies. Under an index policy, each
user is assigned an index, which is a function of its own backlog and/or channel state, and does not depend on other



users’ states. The index is also updated as the user’s state changes.

Definition 1: An index policy is defined as the policy that serves the user with the highest index at each instance
of time.

If the indices are chosen properly, the index policy can be shown to be optimal in certain scenarios or under certain
conditions [3].

Optimal resource allocation problems under various scenarios have been extensively and intensively studied in
the literature. Here we review those most relevant to the one under consideration in this paper. In [4], [5], [6] the
problem of assigning a single server to parallel queues with different holding costs was considered, where packet
transmissions are successful with a certain probability (or equivalently the transmission time follows a geometric
distribution) and that the state information on queue backlogs are perfectly observed. It was shown that the cu rule
was optimal, where ¢ is the unit holding cost and . is the probability of transmission success. This can be viewed as
an index policy in that the server is always allocated to the non-empty queue with the highest cu value, the index.
[7], [8], [9] considered the server allocation problem to multiple queues with varying connectivity probability but
of the same service class. In each of these papers policies that maximize throughput over an infinite horizon were
determined. In particular, [7] derived the sufficient condition for stability and showed that the Longest Connected
Queue (LCQ) policy stabilizes the system if the system is stabilizable and that the same policy minimizes the delay
in the special case of symmetric queues. The LCQ policy can also be viewed as an index policy in that the index
of a queue is defined as the queue size if it is connected and O otherwise. [10] further considered a similar problem
but with differentiated service classes where different queues have different holding costs, with the objective being
to minimize total discounted holding cost over a finite horizon. An interesting result is that the optimality of an
index policy does not hold in general, but holds when the indices are sufficiently separated. The intuition, as pointed
out in [10] is that due to different holding costs, allocation to shorter but more costly queues (which runs the risk
of emptying the queue) is only justified (or compensated) if it is sufficiently more expensive than a longer but less
costly queue. [11], [12] studied the stability of power allocation policies. In all of the above work the state of the
system, i.e., connectivity and the number of packets in each queue, is precisely known before server allocation is
made. This is a major difference between the above cited work and the problem considered here.

[13], [14] considered a server allocation problem with the assumption that the transmission times are asynchronous.
[15] considered the problem of routing arriving packets to a set of queues each having its own server. The structures
of these problems are quite different from the one examined in this paper and they lead to different solutions.

The problem studied in this paper (in the case of an infinite horizon) can also be cast as a special case of the
restless bandit problem [16], [17], [18], [19], where projects undergo state transitions even when they are not played
or selected. This is because in our case the backlog of each queue continues to change as packets arrive. [16] and
[17] studied the asymptotic behavior of this class of problems when the number of projects (queues in this case) and
servers (slots in a frame in this case) go to infinity with a fixed ratio. A general optimal solution is not known for this
class of problems. However, an index policy can be defined based on the Whittle’s heuristic, which is sub-optimal
in the finite (number of servers and projects) case and asymptotically optimal in the infinite case.

In [20] we considered a special case of the problem studied here, with single slot allocation (M = 1) and the



simplification that the holding costs are linear (but differentiated), and that the arrival processes are Bernoulli. We
introduced an index policy and showed that similar in spirit to [10], under sufficient separation of the indices the index
policy is optimal. We also showed examples where the policy is not optimal when the conditions are not satisfied.
Given this prior work, a question naturally arises as to whether a method exists so that similar index policies along
with their sufficient optimality conditions may be derived for cases of more general holding cost functions and arrival
processes. Motivated by this question, our primary interest in this paper is to develop such a method. We will limit
our attention to the special case of allocating frames consisting of a single slot (i.e., M = 1) in this paper, resulting
in a single server allocation scenario for every allocation period. Further discussion on batch assignment (M > 1)
can be found in [21].

Remark 1: In this paper we use the term index policy to denote all the policies that satisfy Definition 1. With
this definition a greedy policy can be considered as an index policy as will be shown later. In [20], for linear cost
functions, we have shown the relation between the greedy policy and Whittle’s heuristic indices defined in [16]. For
more discussion on the relation between these policies see [3], [20].

In subsequent sections we present a fairly general method that achieves the above goal. We start by bounding the
reward of serving one queue instead of another. We then introduce an index policy where the index of a queue is
defined as the one step immediate reward of serving the queue, and depends only on its state and arrival statistics.
The resulting index policy is greedy or myopic in nature.

Using those bounds, sufficient conditions on the optimality of the index policy are derived for a variety of arrival
processes and packet holding costs (limited to convex functions). These sufficient conditions are in the form of
sufficient separation among indices, and they characterize the part of the state space where the index policy is
optimal. We emphasis that although we have considered a very specific problem scenario in this paper (delayed state
information) the method itself is quite general and can be applied in a broader class of server allocation problems (for
example it can be used to extend the results in [10] to the more general case of convex cost functions and arbitrary
arrival and channel state processes).

The rest of the paper is organized as follows. In the next section we formulate the problem and state our assumptions.
Section 111 summarizes some preliminary results from earlier work. In Section IV we derive the sufficient conditions
on the optimality of serving one queue versus another, and apply these conditions to specific examples in Section V.
We study these cases for both finite and infinite horizon. In Section VI we introduce an index based on the one step
reward and show by using the results from the previous sections that if the indices are sufficiently separated, then
the corresponding index policy is optimal. Section VII concludes the paper.

Il. PROBLEM FORMULATION AND ASSUMPTIONS

In this section we present the network model used as an abstraction of the bandwidth allocation problem described
in the previous section, and formally formulate the optimization problem along with a summary of assumptions and
notations.



A. Problem Formulation

Consider a set of N/ = {1,2,---, N} queues that need to transmit packets to a single server/receiver and compete
for shares of a common channel. Time is slotted, and packets are of equal length and one packet transmission time
equals one slot time. Transmissions are assumed to be always successful.

M consecutive slots constitute a frame, The bandwidth allocation decision is based on the backlog information of
each queue (number of packets waiting/existing in the queue) provided by the queues at the beginning of a frame.
We will ignore the transmission time of such information. This is reasonable since one can always increase the frame
length with dedicated fixed number of slots at the beginning for the transmission of such information, which does not
affect our discussion of optimal allocation. Based on this information an allocation decision is made by the server
and broadcast to all queues over a non-interfering channel. This broadcast is received by the queues at the end of
that frame, in time to be used for the next frame. The same procedure then repeats, as shown in Fig. 2.

Each user advertises to the server its buffer size at the beginning of the ¢! frame, denoted by the N-vector by,
with b; ;,i € N being the queue size of queue i at time ¢. The server allocates slots to be used for transmission in the
next time frame, denoted by the N-vector x;,, with ;1 being the allocation to queue 7. 0 < z; ;41 < M,i € N
and Ef\il x;1+1 = M. This procedure starts from ¢ = 0 and ends at ¢ = 7" (7' can be infinite). Note that in this
scenario queues do not transmit during the first frame and only start transmitting in the second frame (starting ¢ = 1).
Similarly, the state information update is not shown for the last frame (starting ¢t = 7" — 1) since the horizon ends at
t = T for the finite horizon case.

Decision? Decision?
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Fig. 2. The bandwidth allocation dynamics

As mentioned before, for the rest of this paper we will only consider the special case where each frame consists
of exactly one slot, i.e., M = 1, and the allocation decision is made once for every slot. Consequently, z; ;1 €
{0,1},7 € N and Zfil x;1+1 = 1. For more discussion of multiple slot assignment, see [21].

Let b;; denote the number of packets in queue ¢ at time ¢, incurring a cost c;(b; ;) for that time slot, with the
total cost of the system being the summation over all queues, i.e., ¢(b;) = Zi]L ci(bi+). We will further assume
that functions ¢;(.) are non-decreasing and convex. The objective is to find an allocation policy 7 that minimizes the
following cost function:

Jr = ET[C|Fo; )
T

N
C = Zﬂtlz;ci(bi,t)a

t=1



where Fy summarizes all the information available at time ¢t = 0, and 0 < 3 < 1 is the discount factor.

B. Assumptions
Below we summarize important assumptions underlying our network model.

1) We assume that each user has an infinite buffer. Without this assumption we need to introduce penalty for
packet dropping/blocking. This is an important extension to work presented here but is out of the scope of this
paper and will be considered in a separate study.

2) We assume that if for some ¢ and ¢ we have x;; > b;; (which implies b;; = 0 and x;; = 1), then the one
slot allocation cannot be used to transmit packets that may have arrived during the ¢! frame/slot, i.e., within
[t,t+ 1). This is because the exact arrival time of this packet is random, and unless it arrives right before ¢ it
cannot be transmitted during that slot.

3) We assume that the arrivals to each queue are mutually independent and they are also independent and identically
distributed in each frame. The arrival process statistics are assumed known to the server.

4) The server recalls the latest allocation it has made.

5) We will also adopt the trivial assumption that x, = 0 for simplicity of discussion. It does not affect our results
on optimal policy and can be easily relaxed in a straightforward way.

C. Notations

We consider time evolution in discrete time steps indexed by ¢ = 0,1,--- T, with each increment representing a
frame length. Frame ¢ refers to the frame defined by the time interval [¢,¢ + 1). In subsequent discussion we will
use terms frames, slots, steps and stages interchangeably.

As a general rule, boldface letters represent column vectors and normal letters represent scalars/random variables.
Whenever we need to distinguish between two policies, we show the policy as a superscript. For example b7, means
the buffer size of the i-th queue at time ¢ under policy . If w is a scalar, [w]* takes value w or 0, whichever is
greater. For a vector w, we define [w]* in the same way for each component.

A list of notations are as follows.

bt = [b1t, b2y, - - - ba]": The column vector of all queue occupancies at time ¢.

Xt = [T14, T2, -+ ,xny)t The number of slots (amount of bandwidth) allocated to users, z;(¢t) € {0,1},i =
l,--- ,N,t=1,---,T —1.

d; = [by—1 — x¢—1]". This value is completely determined from the buffer occupancy and allocation information
of the (¢t — 1) frame. We will call this amount the existing backlog since this is the amount carried over from the
previous slot due to under-allocation (as opposed to new arrivals occurred during the previous slot). Alternatively we
will also call this value the amount of deterministic packets to be distinguished from the random arrivals occurred
during that frame.

a; = [a14,a2¢,---any]’s The number of packet arrivals during frame ¢. We sometimes use the notation a; to
denote the random arrivals in queue i during a time frame whenever it does not cause any confusion.

pi(k) =Pla;; = k], Vt (note that the arrivals are independent and identically distributed in each frame).



df;* :=d; + e; where e; is an N-dimensional vector with all entries zero except for a 1 in the i-th position.

di” = [d; — ;"

¢i(b;): The holding cost function for having b; packets in queue i.

Cy =T 3=t S°N  ¢i(bi.u): The cost to go, from time ¢ on (note that C; = C).

Fi: The o-field of the information available up to time ¢.

Remark 2: The information available for making the allocation at time ¢ is the queue occupancy of the previous
frame b;_; and the allocation made earlier, x;_1. This will determine the number of deterministic packets in the
buffer at time ¢, d;. The total number of packets in the queue at time ¢ is the sum of this deterministic part plus the
random arrival during slot ¢t — 1, i.e.,

b; =d;+a;1 . 2

Separating the queue size into deterministic part and random part will prove convenient in our analysis of the optimal
policy.

Given that the server knows the arrival statistics and that the server recalls its last allocation decision, the state of
a queue at time ¢ is completely described by its deterministic part, d; ;.

I1l. PRELIMINARIES
In [20] we studied the problem outlined above with the following simplifying assumptions.
(i) The cost is linear for all users, i.e. ¢;(bi:) = c;b;s for some ¢; > 0, Vi € NV.
(ii) Arrivals are Bernoulli. At each time frame there is one arrival to queue ¢ with probability p; and no arrival with
probability 1 — p;.

An index for user i is defined as follows:

Iy = { "din >0, ()
ci-pi if diy=0.

The index defined in (3) is essentially the expected one-step gain obtained by serving queue <. The index policy
then allocates the slot to the highest-indexed queue. This policy is myopic/greedy in nature, and is not always optimal
in minimizing the objective cost function (1). However, if the indices are sufficiently separated, then this policy is
guaranteed to be optimal, as proved in [20] cited below:

Theorem 1: (From [20]) Let the time horizon be T'. Suppose that at time ¢ (1 < ¢ < T — 1) for some queue i,
Iiy > Iy, Vi #i. We have

1) if T'=2, then it is optimal to allocate the slot at time ¢ to queue i;

2) for arbitrary T, if d;; > 0, then it is optimal to allocate the slot at time ¢ to queue ¢;

3) for arbitrary 7', if d;; = 0, then it is optimal to allocate the slot at time ¢ to queue ¢ if for all j # ¢ we have:

1— : T—t 1— T—t
L s @

The intuition behind this sufficient condition is that due to the randomness in packet arrivals, which is unobservable
at the time of decision making, assigning the slot to an empty queue, rather than another non-empty or empty queue,



can be optimal if this queue is sufficiently “costly”, so that the gain sufficiently compensates the loss due to potential
over-allocating (i.e., a wasted slot if there is no packet arrival and the deterministic part is also zero).

The above intuition is obviously not limited to the specific linear cost and Bernoulli arrival assumptions, as it
simply illustrates the assurance one needs in order for a myopic policy to be optimal in minimizing the total cost
over a period. Rather it should hold for a more generally defined index policy that aims at minimizing/maximizing
the immediate cost/reward.

This motivated us to look for a unifying method with which similar sufficient conditions on an index policy may
be derived for more general assumptions on the cost functions and arrival processes *. In this paper we relax both
assumptions made in [20] and consider general separable convex functions and arbitrary arrival processes. We will
also derive the sufficient condition in Theorem 1 as a result of applying this method to the special case of linear cost

and Bernoulli arrivals.

IV. SUFFICIENT CONDITIONS ON OPTIMALITY

In this section we derive a sufficient condition under which serving a particular queue ¢ is optimal. We start by
introducing an upper and lower bound on the cost difference in assigning the slot to different queues. We then show
how these bounds may be calculated to produce the desired sufficient condition.

A. SQufficient Conditions

We are interested in sufficient conditions under which it is optimal to assign the slot to one queue instead of
another. Therefore the key is to find bounds on the cost difference between the two allocations. The following
definition characterizes these bounds.

Definition 2: Let «, 7' be the optimal policies given the states dt+1,d§jrl respectively. Suppose there exist
functions S;(d,«) and R;(d,u) such that

B'Si(de1, T —t) < E™[Cypr|des1, Fryn] — BT [Crialdiy . Fiia] < B'Ri(dis1, T — t) as, (5)

where T is the time horizon. We call function .S; the lower bound on cost increase for having one more packet in
queue ¢ or in short the lower bound on queue i. We call function R; the upper bound on cost increase for having
one more packet in queue ¢ or in short the upper bound on queue .

Functions R; and .S; are not unique. We will focus on those that only depend on the state of queue ¢, i.e d;. This
is possible, as we will show later via Lemmas 2 and 3.

Suppose at time ¢ we want to allocate the slot to one of the queues. The following lemma compares the allocation
to two different queues.

Lemma 1: Let T be the time horizon and suppose d; is the state at time ¢. Let = be the policy that assigns the
slot at time ¢ to queue 7 and assigns optimally thereafter. Let 7’ be the policy that assigns the slot at ¢ to queue j
and assigns optimally thereafter. Suppose there exist functions R;(.,.), Si(.,.),7 € N that satisfy (5). If the following
condition holds:

Ea, ,[Rj(d¢ +a4—1,T —t) — Si(d¢ +a,—1, T — t)] <0, (6)

1The techniques used to prove Theorem 1 in [20] took advantage of the simplifying assumptions of linear cost and Bernoulli arrivals.



then we have:
E™[Cy|dy, Fi] < E™'[Cy|ds, Fi] as.
The proof of this lemma can be found in Appendix A. This lemma immediately leads to the following theorem.
Theorem 2: Suppose the state at time ¢ is d;. Then it is optimal to allocate the slot at ¢ to queue i if the following
condition holds:

Eat_l[Rj(dt"i'atflaT_t) — Si(dt+at,1,T—t)] <0 Vj 75 7. (7)

Proof: This is a direct result of Lemma 1, by comparing allocation to queue 4 with allocation to all other queues.

B. Calculating The Bounds

In this part we present a general method for finding functions S;(.,.), R;(.,.) for an arbitrary arrival process. We
make the following assumption on the cost function.

Assumption 1: The cost function ¢;(b;) is non-decreasing and convex in b;.

Definition 3: For any user 7 and deterministic queue size d;, define the cost ¢;(.) to be

éi(di) =) pi(a)ei(di +a) .
a=0

¢; is essentially the expected holding cost of queue ¢ given that the deterministic part is d;. This definition connects
cost as a function of the deterministic queue and cost as a function of the actual buffer occupancy. Note that by
Assumption 1, function ¢; is also non-decreasing and convex in d;.

Definition 4: For any user 7 and b;, d; > 0 define «;(b;) and &;(d;) to be:

ai(bi) = inf{a S R\a Z O, (Cz(bz + 1) — Ci(bi)) S (1 + Oé)(CZ(bZ) — Ci(bi — 1))} s
di(d;) = inf{a& € Rla >0, (&(d; +1) — ¢(di)) < (1 +a)(ei(d;) — éi(di — 1))} . (8)
The above definitions are introduced primarily for technical reasons. Note that if ¢;(b;) is linear in b;, then ¢;(d;)
is linear in d; (from Definition 3). In this case (linear cost functions) we have «;(b;) = &;(d;) = 0, Vb;,d; > 1.
When ¢; is strictly convex, then from the above definition we have the following relation between «; and &;:

Yoo opila)ai(di + a)lci(d; + a) — ¢i(d; + a — 1)] ©)
Do Pi(a)lci(di + a) — ci(di + a — 1)]
For simplicity of our discussion in the next few lemmas, we further introduce the following random processes.

&;(d;) =

Let {X;.} be a Markov chain taking values in the set Z* = {0,1,2,-- -} with transition probabilities
P(Xipr = 1| Xip = k) = pi(l — k), (10)

where p;(l — k) = 0 for all [ < k. Note that if X;; = d;,, then X;, represents the number of deterministic packets
in queue ¢ at time ¢ > ¢t if it is never served or allocated a dlot.
Let {Y;.} be a Markov chain taking values in the set Z" with transition probabilities

PYiiri =lYie=k)=pi(l—-k+1), VE#O0, (11)
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where p;(I—k+1)=0forall [ < k—1, and P(Y; 41 = 0[Y;; = 0) = 1 so that 0 is an absorbing state. Note that if
Yit, = di,, then Y;, represents the number of deterministic packets in queue ¢ at time ¢ > ¢, if queue 7 is assigned
every slot until its deterministic part becomes zero.

Note that the transition probabilities of both processes X ; and Y; ; are functions of the i-th queue’s arrival process.

When d; = 0, then it is easy to see that R;(d, u) = S;(d, u) = 0 satisfies (5). In the following lemmas we calculate
these bounds when d; > 0.

Lemma 2: Let = be the optimal policy given d;;; where d; ;1 > 0 and let 7’ be the optimal policy given dt+1
Then we have

E™[Cyia|dit1, Fia] — E™ [Coqald ], Fria]
T—t-1

> B (Gk) = ai(k—1)) Y BUP(Yiu=k|Yip=dits1) - (12)

k=1 u=0
Proof of this lemma can be found in Appendix B. This result shows that we can find function .S; that satisfies (5)

and is a function of the state of queue 7, d; rather than the whole vector d.

Remark 3: Although Lemma 2 gives a good lower bound for the cost difference of starting from state d rather
than d*—, we will use the following bound instead. It is not as tight as that given in Lemma 2, but has a more explicit
expression and will be more useful in the examples presented in the next section. Since d; ;1 > 0, we have:

[e') T—t—1
ﬁtZ(éz(k) —éi(k—1)) Z BP(Yiw = klYio = dit+1)
k=1 u=0
00 T—t—1
> g (Ek)—ek—1) > BUP(Yiu = k|Yip = disr1)
k’:di’t+1 u=0
T—t—1 o)
> BYe(dis) = éi(diga — 1)) Z B Y P(Yiw = k[Yio =dis1)
k=d; ¢ 11
T—t—1
= BA(dig1) Y BPYViw > digr1|Yio = digr1)
u=0
T—t—1
> B'AG(digp1) Y BUPlaiy >0t <t <t+wu)
u=0
T—t—1
= B'A¢(dig) Y, 81— pi0)"
u=0

1— (B(1—ps(0)) "
1—p6(1—pi(0)

where Aé;(d;) = ¢;(d;) — ¢;([d; — 1]T). Note that the first and the second inequalities result from the convexity of

= B'Aéi(dis11)

(13)

¢; as a consequence of Assumption 1. The third inequality is due to the fact that {a;, >0, t <’ <t +u} is only
one of the events resulting in Y; , > d;+11 given Y; o = d; ¢141.

Next we want to find function R;(d,T"). We consider non-decreasing and convex cost functions that also satisfy
the following assumption.

Assumption 2: &;(d;) is a non-increasing function of d; for d; > 0 for any queue .
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Fig. 3. The effect of cost function and arrival processes on & (the Y'-axis in both figures is ¢&;). (a) K = 1 fixed, n variable; (b) n = 2 fixed,
K variable

A few comments are needed on this additional assumption before we proceed. Firstly, as long as ¢é; does not
grow faster than exponential in d; then Assumption 2 is true. In fact under many commonly used cost functions &;
decreases with d;, e.g., when the cost function is a polynomial of any degree and arrivals in each time frame are
finite with probability one. For instance, consider ¢;(b;) = ¢;b}' where n is a positive integer and assume that packets
arrive in batches of K packets. During each frame a batch of K packets arrive with probability p; and there will be
no arrivals with probability 1 — p;. In this case we have ¢;(d;) = ¢;(1 — p;)d? + cipi(d; + K)". If we let ¢; =1 and
p; = 0.2, Figure 3-a plots &; as a function of d; for different values of n where K =1 is fixed. Figure 3-b plots &;
as a function of d; for different values of K where n = 2 is fixed. It can be seen from these figures that &; decays
rapidly and approaches zero. Therefore we will also try to find simpler expressions from time to time for a class of
convex cost functions where &;(d;) — 0 as d; — oo.

Lemma 3: Let = be the optimal policy given d;;; where d; ;1 > 0 and let 7’ be the optimal policy given dt+1
If Assumptions 1 and 2 hold, then we have:

E™[Cyr|dis1, Fre1] — BT [Coan|dyy, Fisa]
T—t—1

< B'é(dig) — éildiga — 1)) Z ﬁ“ZIP’ i =UXi0 =00 (14 ai(di 1)) - (14)

Proof of this lemma can be found in Appendix C. Agaln we see from this lemma that there exist function R; that
satisfies (5) and is only a function of the state of queue i, d; rather than d.
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A = A~

We can find an approximation to the above expression for the case where & is small. As @ — 0 we have
(14 @&)! =~ 1 + la. Therefore when « is close to zero we can write:

T—t—1 00

B(ei(dis1) — éi(digr1 — 1)) Z 5”Z]P’ iw=1Xi0=0]-(1+d&(dis1))
u=0

T—t—1 o)
~ B'Aé(di1) Z ﬁ“{zp i = UXi0 = 0] + &;(di41) ZZP[Xi,u =[|X;0=0]}
1=0
1— ﬁT_t T—t—1
= B'Aé(di1)[———— + dildir1) Z BYE(XiulXio =0)] . (15)
1- ﬁ u=0

To summarize, in this section we derived a sufficient condition under which serving a particular queue i is optimal.
This sufficient condition is characterized by upper and lower bounds on the cost difference between serving one of
two queues. In the next section we derive these bounds in specific example scenarios.

V. APPLICATIONS IN SPECIFIC SCENARIOS

In the previous section we proved that it is optimal to allocate the slot at time ¢ to queue ¢ if (7) holds. Using
Lemmas 2 and 3 we can define functions S; and R; that satisfy (5) when d; > 0 as follows (note that we have used
the bound defined in Remark 3 to calculate S;):

Ri(d,u) = Ac(d Zﬂ“ ZIP’ i =1 X0 =0] (1+ a(d))", (16)
u'=0
Si(d,u) = Aci(di)ll__(%((ll__};((g;)) 7 (17)

and when d; = 0 we have R;(d,u) = S;(d,u) =0
Remark 4: Note that in this case both functions depend on d; rather than the whole vector d, i.e. we have
Si(d,u) = Si(di,w) and R;(d,u) = R;(d;,u). In this case condition (7) reduces to:

sz Ht+kat>ij Ri(djy+1,T—1) Vj#i. (18)
=0

Therefore for the rest of thls paper we will use functions R; and S; defined above and use (18) as the sufficient
condition for the optimality of allocating to queue i at time ¢.

For finite T the sufficient condition in (18) depends on T'. In this section we apply these results to two scenarios
to derive more specific sufficient conditions for the optimality of assigning the slot to a certain queue.

A. Batch and Bernoulli Arrivals

Suppose that the arrivals occur in batches of K packets. During each time frame, with probability p; there are
K arrivals in queue ¢ and with probability 1 — p; there are no arrivals in queue 7. Note that K = 1 represents the
Bernoulli arrival process.
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We denote by SZ(d;) and RZ(d;) the lower and upper bounds satisfying (5). We have that p;(0) = 1 —p;, therefore
we can calculate SZ(d;, ) (for d; > 0) using (17) as follows:

B  aagn L= (Bp)
S7(di,u) = Acz(dl)il_ﬂpi . (19)

RB(d;,u) can be calculated (for d; > 0) using (16). We have

u—1 00
RP(diyu) = Aéi(di) Y B Y PXiw =1 Xi0=0]- (1 + di(d;))"
u'=0 =0
u—1 u’
= Aé(di) D B P[Xiw = h- K| X0 = 0] (1+ didy)" "
u'=0 h=0

w

u—1 /
= ) X (5 )ttt

h=0
u—1
= A¢(di) Y B [(1—pi) + pall + @) <]
u'=0
— A 1—[B((1 = pi) + pa(1 + d4(dy)) ™))" . (20)

1= B[(1 = pi) +pi(1 + ds(d;)) K]
Using Theorem 2 for Batch arrivals as defined above we have the following result. It is optimal to allocate the

packet at time slot ¢ to queue 7 if

piRP (djy + K, T —t)+ (1 — p;)RP (djs, T — t)
< piSP(dig+ K, T —t)+ (1 —p)SP(di, T—1),  VjieN. (21)

By replacing the expressions for SZ and RJB for this special case we get the following result.

Theorem 3: Let T be the time horizon. Consider batch arrivals where during each time frame queue i has K
arrivals with probability p; and no arrivals with probability 1 — p;. Suppose the state at time ¢ is d, then it is optimal
to allocate the slot at time ¢ to queue 1 if the following two conditions hold.

i) For all j # i where d;; > 0 we have,

1— i T—t . A
%{piAci(di,t + K) + (1 — pi)Aéi(di+)}
pi(1 = 5j(dju + KT AG(dje + K) (1= pj))(L = (dje) "")AE (d)e)

> ifd:i; >0.
1 —7;(djs + K) 1 —;(djt) 7t

(22)

i) For all j # 7 where d;; = 0 we have,

1-— Yj (dj,t + K)Tﬁt
1-— 'Yj(dj,t -+ K)

1—(Bp)"!
1 - Bpi
where v;(dj¢) = B[(1 = pj) + pj(1 + a;(d;s))"].
Theorem 3 holds true for all values of 7". Therefore one can let 7' — oo to get the following result.

piléi(diy + K) >

piA&(dje + K)
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Theorem 4: Consider an infinite horizon and batch arrivals where during each time frame queue 7 has K arrivals
with probability p; and no arrivals with probability 1 — p;. Suppose the state at time ¢ is d;. It is optimal to allocate
the slot at time ¢ to queue 1 if the following two conditions hold.

i) For all j # i such that d;; > 0 we have v;(d;;) < 1 and,

——{piAéi(diy + K) + (1 — pi) Aéi(dit)}

S pjA&i(dj + K) N (1 —p;j)Ac(djq)
— 1Bl = py) +pi(1+ (e + K)E] 1= B[(1—pj) +pj(1+&;(dje))X]

l_ﬁz

(23)

i) For all j # i such that d;; = 0 we have v;(K) < 1 and,

pi D .
A&i(dip + K ; Aéi(di s+ K) .
1 — Opi (di )z 1 —B[(1 —pj) +pi(1+ a;(dj + K))F] (s )

B. Poisson Arrivals

Suppose that arrivals occur according to a Poisson distribution with rate \; packets per frame, i.e. we have

We denote by S7(d;) and R (d;) the lower and upper bounds satisfying (5). We have that p;(0) = 1 — e,
therefore we can calculate S¥(d;,u) using (17) as follows:

L— (81—

Pea — Aé(d: 24
S@ (dZ7u) CZ(dZ) 1 o 6(1 _ e_)\l) ( )
A lower bound for the right hand side of (18) can be calculated as follows. First assume that d; > 0.
Ze_’\ ZSP di +k,T —t)
_ 1—(ﬁ(1—e“))“°° A
N 1—6(1—e ) kZOACZ (di + ke k!
L= (B =)
> Aé;(d; 2
S e CICOR (25)
where the inequality is due to the fact that A¢; is non-decreasing as ¢; is convex.
Similarly when d; = 0 it can be shown that:
1— 1— —Xi\\T—t
Ze_”\7 A TS (di+ kT =) > BAZe ) 7 ey | (26)

1—6(1—e M)
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On the other hand, Rf(., .) can be calculated using (16) as follows:
Rf(dj,u) = Zﬁ“ Z]P’ i =1 X0 =0]- (1+ d;(d)))
= 2oy 3 e ) (1 g,y
= Acla; Z Ze 1 + d&;(d;)

_ ACJ Zﬁu i’ é;(dy)

uw'=0

1— (ﬁeA 36 ( J))u
1 — pBeridi(ds) - 27)

Now the left hand side of Equation (18) can be upper bounded as follows, again considering the two cases d; > 0

= Ag(dy)

and d; = 0 separately.
In the case of d; > 0:

ij (d; +1,T —t)

= ZG_AJZ—'JRj(dj + l,T — t)
l—O ’
1 — (BeNid(d+))\T—t
= Ze J'— i(dj +1) (Be - )
1 — Berids(di+l)

A 1— (ﬁeAJ@j(dj))T*t s AL
¢;(d;) 1 — Beraa(d;) Ze ’ l'](l + a(dy))!
=0
L= (BMO DT )\ a@)
1 — ﬁekada‘ (dj)

where the second equality is due to the calculation given in (27), and the inequality is due to the definition of &

IN

9

= Ag(dy)

given in Definition 4, and the assumption that & is non-increasing.

In the case of d; = 0:

ij i(dj +1,T — 1)

o0

:Ze JRdJrlT t)

o0 1 — (Beridi (Tt

_ N ]
= Z e o AG 1— Beras)

1-—- (ﬁe)‘J%(l))T—t e AL

< AT 35Em ;ele_ﬂ(lmj(l))ll
(L (BASWT ) hs) o)
= 2 R e

The above derivation leads to the following result.
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Theorem 5: Let T' be the time horizon. Consider Poisson arrivals where during each time frame the number of
arrivals to queue ¢ follows a Poisson distribution with mean ;. Suppose the state at time ¢ is dg, then it is optimal
to allocate the slot at time ¢ to queue ¢ if the following two conditions hold.

i) For all j # 4 such that d;; > 0 we have,

1— (B —e )™
L= Bl—e™)

ii) For all j # ¢ such that d;; = 0 we have,

L= (B0 — e )T (1= (BN )Tt (des) — &)
1—B(1—e ) (1 — Bera M) (14 a;(1))
Since Theorem 5 holds true for all T" we can let T" go to infinity and get the following result.

1— (ﬁ@&'d]‘ (dj))T*

t
NG () A AL (.
1— ﬁekjdj(dj) € ch (dj) ’

Aéi(d;) >

(1—e)A&(1) >

A&(1) .

Theorem 6: Consider an infinite horizon and Poisson arrivals where during each time frame the number of arrivals
to queue 4 follows a Poisson distribution with mean A;. Suppose the state at time ¢ is d, then it is optimal to allocate
the slot at time ¢ to queue 1 if the following two conditions hold:

i) For all j # i such that d;; > 0 we have Be*%i(4) < 1 and,

Aél(dz) 6>\-7d-7 (dJ)Aéj(d])
> -
1—B(1—e M) ™ 1— perdld)
ii) For all j # i such that d;, = 0 we have 3e*% (1) < 1 and,
(L= Maa)  Ag1)(e Ajas (1) _ ey
1=pB1—e?) = (1—BeduW)(1+a;(1))
In this section we considered two specific examples and derived the upper and lower bound gain for allocating to a

queue. Using these bounds we were able to find sufficient conditions for the optimality of a policy. These conditions
although easy to verify, are not simple to interpret. Therefore in the next section we derive alternative sufficient
conditions that appear as separation between the one step gain of allocating to a queue.

V1. OPTIMALITY OF AN INDEX PoLICY AND EXAMPLES

In this section we will use the sufficient conditions derived in previous sections to study the optimality of an index
policy that is myopic/greedy in nature defined as follows.

Definition 5: The index of queue 7 at state d; is defined as the immediate expected reward from assigning the
slot to the queue:

sz [6i(d; + k) — &i([ds + k — 1] sz A(di + k) . (28)

Note that Aé;(d;) = 0 when d; = 0. The corresponding index policy is defined as one that assigns the slot to the
gueue with the highest index at each step.

This index policy is a natural one in that it compares the benefit in allocating the next slot to a user based on the
expected reward gained in the next time slot. Results from previous sections can be utilized in the following way in
the context of this index policy. Theorem 2 gives the sufficient condition under which it is optimal to assign a slot
to queue 7. By deriving appropriate functions R and S for given arrival process and cost functions, as shown in the
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previous section, we can obtain sufficient conditions under which the above index policy is optimal. We shall see
that this sufficient condition appears as a separation condition in that the index policy is optimal when the highest
index is sufficiently larger than the other indices.

Remark 5: The required separation exists only if the loss from not allocating to queue j is bounded for all j # i.
Assumption 2 can be viewed as the condition required for this loss to be bounded.

In the remainder of this section we derive the sufficient conditions under which this index policy is optimal for
the two special cases of batch and Poisson arrivals.

A. Batch and Bernoulli Arrivals

Consider the model of batch arrivals. The index in this case is reduced to

Using Theorem 3 and the above index definition, we immediately obtain the following result.

Theorem 7: Let T be the time horizon. Consider batch arrivals where during each time frame queue i has K
arrivals with probability p; and no arrivals with probability 1 — p;. Suppose the state at time ¢ is d, then it is optimal
to allocate the slot at time ¢ to queue ¢ if both of the following conditions hold.

i) For all j # i such that d;; > 0 we have,

1— (Bp)T1 1—7i(dje + K)T78) (1 —~;(dj)Tt
&Iz(dz,t) > max{( ’YJ( it ) )’ ( 7]( J7t) )}Ij(dj,t) :
1 — Ap; 1 —;(dje + K) 1 —;(dje)
i) For all j # ¢ such that d;; = 0 we have,
1— (Bp)T " 1—;(dje + K)T!
ﬂlz’(di,t) > ( ’YJ( gt T+ ) )Ij(dj,t) .
1 — fp 1—;(djy + K)

Remark 6: Note that for a;; = 0 (e.g., when the costs are linear) and K = 1 (Bernoulli arrival), v(-) reduces to
(. Thus the condition in Theorem 7 reduces to the following. It is optimal to allocate to queue  at time ¢ if for all
j # i we have:

— (p; )Tt _ 3Tt
e E b=ty (30)

This is the same condition derived in [20] for linear cost and Bernoulli arrivals (when d;; = 0) as presented in

Li(die)(

Section I11. In this case with linear cost function ¢;(b;) = ¢;b;, the index for queue 7 reduces to ¢; when d; # 0, and
the index is p;c; when d; = 0. Note that when d; ; > 0 the above condition is stronger than the one derived in [20],
but the weaker sufficient condition there cannot be applied to the more general case of strictly convex cost functions.
Using Theorem 4 and the index definition, we obtain the following result, noting that &;(d;: + K) < &;(d; ).
Theorem 8: Consider an infinite horizon and batch arrivals where during each time frame queue 7 has K arrivals
with probability p; and no arrivals with probability 1 — p;. Suppose the state at time ¢ is d;. It is optimal to allocate
the slot at time ¢ to queue ¢ if the following two conditions hold.
i) For all j # 4 such that d;; > 0 we have v;(d;;) < 1 and:
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Fig. 4. Required separation between the indices of two queues (a) 5 = 0.8, (b) 8 = 0.6

1 1
Ii(dit) > _ Ii(di)
1 — Bp; (die) 2 1— 311 —pj) +pi(1 4+ &;(dje)) K] i (djir)
(31)
ii) For all j # i such that d;; = 0 we have ~;(K) < 1:
1 1
= A ) 2 T ) (1 g + R)R] )
(32)

Example 1: Consider two queues i,j and let p; = 0.5,p2 = 0.3,¢; = 1,c2 = 2 and let ¢(b) = ¢1b? + c2b3.
Figure 4 illustrates the separation discussed above with two values of 3 = 0.6 and 8 = 0.8. Below the dot-dash line
is the region where it is optimal to allocate the slot to queue 1 and to the left of the dash line is the region where it
is optimal to allocate to the second queue. The solid line shows the boundary determined by the index policy (above
the boundary allocate to queue 2 and below the boundary allocate to queue 1).

B. Poisson Arrivals

Consider the case where queue ¢ has a Poisson arrival process with parameter \;. The index in this case is
[e'e) R [ee] )\f R
Ii(di) =) pi(k)Aéi(di + k) =) e TG (di + ) - (33)
k=0 k=0

Theorem 9: Let T be the time horizon. Consider Poisson arrivals where during each time frame, arrivals to queue
¢ follow a Poisson distribution with rate A;. Suppose the state at time ¢ is d;, then it is optimal to allocate the slot
at time t to queue s if for all j # i we have

1 — (Beri% (dj,t+5j,t))T*t

1—(B(1 - ef/\i))Tft
- ﬁeAfd.i(dj,tJrﬁj,t) Ij(dj’t) ’

1—08(1—e )

0, ifdi;>0
where §j,t:{ Lif djizo :

Ii(diy) > (34)
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Proof: Let SF and R? be the functions satisfying (5), then by Theorem 2 it is optimal to allocate the next slot to

queue i if we have

ij Pdj+ kT =) <> piDS (dig +1,T —1), Vj#i. (35)
=0

As derived in the previous section we have for d; > 0,

1— (ﬁeAJdJ(dj))u
1 — Beridid;) 7

1— (B(1— ™))"
1—38(1—e M)

Therefore by considering both cases where d;; > 0 and d;; = 0 we have the following results, noting that é;(-)

Ry (dj,u) = A&(dy)

is non-increasing (note also that since R;(d;,u) = 0 whenever d; = 0, the summation starts from k£ = 1).

1 — (Beri®(diet&i))T=t
Zp] jt + kT — t) < 1_ /Be)\ydj(dj.t+§j,t) Ij(dj,t) , (36)

1—(B(1—e )l
sz S (dig +1,T ~1) 1(53;(1—(13)

Therefore if (34) holds, then (35) holds, thus completing the proof. N
Letting 7" go to infinity we immediately obtain the next result.

Ii(d;y) . (37)

Theorem 10: Let T be the time horizon. Consider Poisson arrivals where during each time frame, arrivals to
queue 4 follow a Poisson distribution with rate \;. Suppose the state at time ¢ is d;, then it is optimal to allocate the
slot at time ¢ to queue 4 if for all j # i we have Be% (4 +860) < 1 and,

Li(diz) S Li(dj1)
1— 81 —e ) = 1 — Berid(dsetse)
where &;; is the same as defined in Theorem 9.

The above theorems illustrate the required separation between the indices to ensure the optimality of the index
policy. It’s worth mentioning that even when the index cannot be explicitly derived, the results obtained in previous
section (Theorems 5 and 6) can still be applied to find the region where it is optimal to allocate to any of the queues.

We next illustrate the separation between indices via an example in the case of Poisson arrivals. Finding a closed
form expression for the index for all cost functions does not seem straightforward. We therefore consider a special
cost function.

Example 2: Consider the cost function c;(b;) = ¢;b?. We have:

&i(dy) = c,ZpZ (d; + k)?

= ¢ [df + 2Xid; + (A2 + \)] (38)
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Fig. 5. Required separation between the indices of two queues for Poisson arrivals (a) 5 = 0.8, (b) 3 = 0.6

The index can be derived as follows. For d; > 1 we have

Li(d) = Zpl Véi(di + k) — éi(d; + k —1)]
= CiZPi(k)(% +2d; +2)\ — 1)

= szpz (2d; + 2X\; — 1)]
= Z(4AZ+2dl —1). (39)

For d; = 0 we have

Li(dy) = sz Véi(di + k) — &(di + k — 1))

= ¢ sz<k)(2k + 2d; +2); — 1)

= ZZk‘pZ (2d; + 2\ — 1) Zpl

k=1
= ci[2)\i +(2d; + 22X\ — 1)(1 — e )] . (40)

Ci[4)\i + 2d; — 1], if d; 7& 0
Gil2hi + (2di + 20 — 1)(1 —e ™)), ifdi=0"

Figure 5 illustrates the separation condition given by Theorem 10 in the infinite horizon case. We have assumed
that c;(by) = b? and ca(bs) = 2b3. Other parameters are \; = 0.5, A = 0.3, and results are shown for 3 = 0.6 and
8 = 0.8, respectively. Below the dot-dash line is the region where it is optimal to allocate the slot to queue 1 and to

Therefore an index can be defined as I;(d;) = {

the left of the dash line is the region where it is optimal to allocate to the second queue. The solid line shows the
boundary determined by the index policy (above the boundary allocate to queue 2 and below the boundary allocate
to queue 1).
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The results presented in this section can be summarized as follows. If the one step reward for serving a queue is
sufficiently larger than the one step reward of the other queues, then it is optimal to serve the former. Note that this
separation is sufficient but not necessary. However characterizing the tightness of these bounds can be very complex,
since they depend on the specific cost functions, arrival processes and time horizon considered. For the case of linear
cost functions, Bernoulli arrivals and infinite horizon the tightness of such bounds has been discussed in [20].

VI1I. DiscussioN AND CONCLUSION

In this paper we considered the problem of sharing a single server among multiple queues when the queue backlog
information is one step delayed. The goal for the optimal policy is to minimize the total discounted holding cost
over a finite or infinite horizon.

We introduced an index policy that is myopic in nature, and derived sufficient conditions under which it is optimal.
This is done by bounding the difference in reward/cost between serving one or the other of any two queues. It is
shown that the sufficient condition corresponds to having sufficient separation among the indices. This result is then
applied to two specific cases where the arrivals are of the batch and Poisson types.

The frame work established here is fairly general and can be applied to a broad range of queueing systems. For
example consider the following server allocation problem. N users compete for a single server. If the server is
allocated to the i-th user it can transmit with success probability ;. Each user may be connected or disconnected
at each instant of time. If the user is disconnected it cannot be served. The queue size and the connectivity of each
queue is perfectly observed at any time instant. The objective is to minimize the total discounted cost over a finite
horizon. This problem has been studied in [10] for the case of linear cost functions (c;(b;) = ¢;b;) and it has been
shown that in this case the policy that serves the non-empty queue with the highest cu is optimal if its index (cu)
is sufficiently larger than the index of all other non-empty queues. In [3] the same problem has been solved using
the idea of bounding the rewards (but taking advantage of the linearity of the cost function). We can use the method
introduced in this paper to further extend those results to the case of non-linear convex cost functions.

As an extension, it would be interesting to derive similar results for the more general case of restless bandit
problems. The results would then help characterize sufficient conditions for the existence of an index policy where
the index of each queue is based solely on the property and state of that queue.

APPENDIX - A

Proof of Lemma 1: We can write,

ET[Cy|dy, Fi] — E™ [Cy|dy, Fi]
= Ea {ET[Crpaldi1 = [de + a1 — €], Frpd]
— B [Chya|dyy1 = [di + a1 — €], Fria]}
< Ea AET[Ciualdiyr = di + a1, Fey1] — Si(de +ag1, T — 1)
+ Rj(di+a;1,T —t) — E™ [Crya|dipr = dy + a1, Fraa]}
= Fa_[Rj(di+ a1, T —t) — Si(d¢ + a1, T — )] .
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Note that in deriving the inequality, we have used Definition 2. For the last equality we have used the fact that
both 7 and =’ are optimal from time ¢ + 1 on.
Therefore if (7) holds then we have,

E™[C|ds, /] < E™[C|dy, 7] as.,

thus proving the lemma. R

APPENDIX - B

Proof of Lemma 2: Let = be the optimal policy from time ¢ 4+ 1 on given d;;;. Define policy 7 for the starting
condition di;l as follows. Policy 7 assigns slots to the same queue as policy = does under the starting condition
d;,, for every slot. The “best case”, in the sense of minimizing the difference in cost between the two policies, is
if both policies assign to queue 4 until (the deterministic part of the queue is) empty. If the slot is assigned to queue
i in all the subsequent time intervals (starting with d; 1 + 1 deterministic packets in the queue), the number of
deterministic packets in queue 7 at any time ¢’ > ¢ + 1 will have the same distribution as the random process Y; ¢,
conditioned on Y; ;41 = d; 41 + 1. This is true until the deterministic part of the queue hits zero. From that point
on both policies 7 and & will have the same performance and are both optimal (since 7 is optimal). Therefore we
can write:

E™[Cry1ldigr, Fra] = E7 [Coa|diiy, Frar] = ET[Copaldigr, Foa] — E™ [Crpaldiyy, Fipa]

v

T 00
> BTN P(Yiw = klYie = digpr +1) - (@) — ik — 1))
t'=t+1 k=1

T
(@i(k) — ek —1)) > BPYiy = kY1 =digp1 + 1)

M T

t'=t+1
T—t—1
= (@i(k) = éi(k—1)) > BVMPYipqurt = k[Vigyr = digr + 1)
k=1 u=0
[ee) T—t—1
= B (@k) =k =1)) > BP(Yiw=k|Yip = digs1 +1) . (B-1)
k=1 u=0

The first inequality is due to the fact that the policy 7 is not necessarily optimal for the initial state df;rl and the
second inequality results from the evolution of the random process Y as the best case. The rest of the equalities are
simple algebra, thus proving the lemma. &

APPENDIX - C

Proof of Lemma 3; Let 7/ be the optimal policy given df;l. Define policy 7 for the initial state d;,, as follows.
Policy 7 assigns the slot to the same queue as policy 7’ does under the starting condition dijr1 at time ¢t + 1. The
“worst case”, in the sense of maximizing the difference between the cost of two policies, is that queue ¢ is never
served again. Therefore the process for the number of packets in queue 7 at any time ¢' > ¢ + 1 (given the initial
deterministic packets d; ;41 + 1) has the same distribution as X ;» given that X ;11 = d; ;1. Therefore we can write:
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E™[Cysr|dis1, Frpa) — BT [Crpa|diyy, Fera] < ET[Crya|disr, Fepa] — BT [Crpa|diL, Frpa]

T 9]
< > B8N Y Py = kX1 =dig] - (6(k) — é(k — 1))
t'=t+1 k=d; ++1
T 00
= > BT Py = L+ dipn | Xigrr = digra] - (B + dipgr) — 60+ dign — 1))
t'=t+1 =0
T [e'e)
< Y BT PXap = UK = 0] (14 @i(dig)) (i(dig) — é(dipn — 1))
t'=t+1 =0
T [e'e)
< A&(digyr) Y BTN PXiw =X = 0] (1+ di(digyr))!
t'=t+1 =0
T—t—-1 [e%S)
= BA(dig1) Y. B> PXiw=1X50=0]- (14 &(dizr1)) . (C-1)
u=0 =0

The first inequality is obtained since 7 is not necessarily the optimal policy. The second inequality is due to the fact

that we are considering the worst case when policy 7 is being used. The next equality is just a change of variables
l = k—d,. The third inequality is obtained by using the definition of &;, by which we have: ¢;(d; +1) — ¢ (d;+1—1) <
(1 + @Z(dz))l(é(dz> — é(dZ — 1)) for di,t-i—l >0. [ |
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