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Several linear-time approximation algorithms for the minimum-weight perfect match-
ing in a plane are proposed, and their worst- and average-case behaviors are analyzed
theoretically as well as experimentally. A linear-time approximation algorithm, named
the “‘spiral-rack algorithm (with preprocess and with tour),” is recommended for prac-
tical purposes. This algorithm is successfully applied to the drawing of road maps such
as that of the Tokyo city area.

. INTRODUCTION

Consider n (an even number) pointsin a plane. The problem of finding the minimum-
weight perfect matching, i.e., determining how to match the n points in pairs so as to
minimize the sum of the distances between the matched points, as well as Euler’s
problem of unicursal traversing on a graph, is of fundamental importance for optimiz-
ing the sequence of drawing lines by a mechanical plotter ([2-5, 8]; details are dis-
cussed in Sec. V).

The algorithm which exactly solves this problem in O(r®) time [6] seems to be too
complicated from the practical point of view. Even approximation algorithms of O(n?)
or O(n log n) [10] would not be satisfactory or need some improvement for the appli-
cation to real-world problems of a size, say, n greater than 10%. In contrast with the
matching problem, an Eulerian path can be found in linear time in the’ number of
edges.

In this paper, linear-time* approximation algorithms are proposed for the matching
problem in a unit square; their worst-case performances are analyzed theoretically;
their average-case performances are investigated both theoretically and experimentally
for the case where n points are uniformly distributed on the unit square; and an appli-
cation to the drawing of a road map is shown. The quality of an approximate solu-
tion is measured by the absolute cost of the matching, i.e., the sum of the distances

*We adopt the RAM model of computation which executes an arithmetic operation
such as addition, multiplication, or integer division (hence, the “floor” operation) in a
unit time [1].
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between the paired points, and not by the ratio of the cost to that of the exact opti-
mal solution. For the distance, not only the L, distance (Euclidean distance) but also
the L., distance (maximum norm) is considered, the latter being more appropriate
when the running time of a mechanical plotter is in question.

I1. ALGORITHMS
A. Straightforward Algorithms

We partition the unit square into k? square cells by dividing each side into k equal
parts. Each point belongs to one of the k? cells. We determine the cell to which a
point belongs by multiplying the coordinates (abscissa and ordinate) of the point by k
and then truncating off the fractional parts. The cells are ordered in a prescribed order
(see below). We number the n points to form a sequence which is consistent with the
order of the cells they belong to; i.e., points in one and the same cell may arbitrarily
be ordered among themselves, but points in different cells must be ordered consistently
with the order of the cells. For the approximate solution we adopt the matching con-
sisting of pairs of the (2/ - 1)st point and the (2i)th (i=1, 2, ..., 1n). Two types of
cell orders are considered here—serpentine and spiral rack (see Fig. 1). The straight-
forward algorithm with the serpentine order will be called the serpentine algorithm,
and that with the spiral rack order, the spiral-rack algorithm.

The following variants of the algorithms are also considered:

(i) Preprocess. First arbitrarily match as many pairs of points as possible within
each cell separately, and then apply one of the above algerithms to the remaining
points.

(ii) Tour. Make the matching {(2i,2i+1)li=1,2,..., %n, (n+1=1)} in addi-
tion to the matching {(2i - 1, 2i)}, and adopt the one with less cost for the solution.*

[
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(i) serpentine cell arder {(ii) soiral rack cell order (k: odd)

FIG. 1. Typical cell orders.

*The idea of constructing a tour and taking the shorter is found in {10]. The basic
idea of straightforward algorithms with tour is proposed in [2].
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Provided k is taken as large in order as n'/2 it is evident that the complexity of these
algorithms is O(n) both in time and in space.

In the following, the cell distance of two cells with respect to a prescribed cell order
will mean the difference of the cell numbers in that ordering; e.g., two consecutive
cells are at cell distance 1.

B. Bottom-Up Four-Square Algorithm

As above, we divide the unit square into k2 cells of size 1/k, where k is taken to be a
power of 2, say, k=2". After determining which point belongs to which cell, we
match the points in pairs as far as possible within the cells. Then, we aggregate the
neighboring four cells into a cell of size 2/k, to have }k’ larger square cells. Within
each of these larger cells, we match the remaining points as far as possible. We repeat
a similar process m times. This algorithm, with k = O(n"/?), can be implemented to
run in O(n) time by the use of carefully designed data structure. {The four-square
algorithm has been proposed in [10]. The simple-minded top-down recursion for it
would seem to require O (n log n) time.}

C. Strip-with-Bucket Algorithm

We apply the serpentine algorithm (with tour and without preprocess) once to the
original pattern and then to the pattern shifted by 1/2k horizontally. We adopt the
matching with less cost for the solution. This algorithm may be viewed as a linear-
time variant of the strip algorithm in [10] in which the sorting, whose time complex-
ity is O(n log n), is approximated by the distribution into buckets.

11l. WORST-CASE ANALYSIS

For a fixed algorithm with k2 cells, let Jl?,,(k) be the supremum of the costs of solu-
tions over all possible configurations of n points in the unit square, and put

fi=R)= lim My(en*?)n'’?,  fiy = (@) = min A(a).

The following analysis shows that the spiral-rack algorithm with tour is the best
among the linear-time algorithms considered here so long as the worst-case behavior is
concerned.

A. Straightforward Algorithms

An upper bound for A?,,(k) of a straightforward algorithm can be obtained by means
of linear programming.* The primal variable n; denotes the number of edges in a
matching (or in a tour in the analysis of the algorithms with tour) connecting points in
two cells at cell distance j~ 1; in particular, n; is the number of pairs within the same
cells.

*A referee kindly informed the authors that the idea of using the duality of linear
programs was also thought of by Papadimitriou (unpublished) to analyze the minimum-
spanning-tree heuristics described in [10].
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We shall first illustrate the idea of using linear programs for the analysis of the ser-
pentine algorithm without preprocess and without tour for the L., distance. Let us
consider the

Primal program:
maximize =2 cny
j=1
. n
subject to E n; = o

/=1

> G-Dm<k®-1,
j=1

n,>0,

where ¢; = j/k is an upper bound for the L., distance between two points contained in
two cells at cell distance j— 1. The first constraint comes from the fact that the total
number of pairs in a perfect matching is one-half of the number of points, and the sec-
ond from the fact that the cell distance between the “first” point and the “last,” i.e.,
the left-hand side, dogs not exceed the cell distance between the first cell and the last.
Obviously, the value f of the objective function for the optimal solution of the primal
program gives an upper bound for Jﬁ,,(k).
The dual program is then

Dual program:

minimize g=inx+(k*-1)y,
subject to x+(j-Dy=¢ (i=1,2,..),
y=0.

As is well known, the value g of the d,gal objective function for any feasible solution of
the dual program is not smaller than f, i.e.,

My <f<g,
so that g can be used as an upper bound for Iﬁ,,(k). In particular, the minimum value
£ of the dual program gives a good upper bound, which often, as in this case, turns out
to be asymptotically tight.
The optimal solution of the dual program is easily shown to be (X,9)=(1/k, 1/k),
for which £+ (j~ 1)y =¢;forallj=1,2,...,andg=n/2k +k - 1/k. Hence we have
My(k)<nj2k + k- 1]k. 6))

The optimal solution of the primal program is degenerate; for example, we have

Ai=in-k-1, Ag=k+l,

#i; =0 for the other j,
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which gives
f=n2k+k-1/k=8 2)

Since the variables n; represent the number of points so that they are to be integers,
there is not in general a distribution of »n points in the square such that the serpentine
algorithm (without preprocess and without tour) will yield a matching with the cost
equal to (2). However, it is readily seen that there is a distribution (Fig. 2) for which
the algorithm will yield a matching with cost asymptotically equal to (2). Therefore,
the upper bound (2) is asymptotically attainable; i.e., we have

g@=12ataq,
hence

ﬁo=\/i- for a():l/‘\/i.

The worst-case costs of the other straightforward algorithms and their variants can
be analyzed by slightly modifying the constraints and/or the expressions for ¢;, as is
sketched below, where, for the sake of simplicity, we shall consider asymptotic proper-
ties only, e.g., we shall replace the right-hand side k? -1 of the constraint of the
primal program by k2. It is interesting to note that, in the worst-case analysis, a
straightforward algorithm with tour and without preprocess has the same linear pro-
gram as the corresponding algorithm with tour and with preprocess. The results are
summarized in Table 1.

1. Serpentine Algorithm

For the serpentine cell order, we have

L, distance: ¢;=(1+j)Y%k  (j=1,2,..),

L., distance: c;=jlk (i=1,2,..).
12 3 K
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FIG. 2. Worst configuration for the serpentine algorithm without tour.
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The linear programs for the four variants of the serpentine algorithm as well as the re-
sulting upper bounds are as follows.

a. Without Preprocess and Without Tour"

Primal program:
maximize = ciny
j=1
subject to n; = ﬁ,
- 2
j=1
( = l)n] <k
i=1
Dual program:
minimize g=inx+k?
subject to x+(j-Dy=2¢ (i=1,2,..)
y=0.

L, distance: fi(a)=1/4/2a+a, =234=1682, @Q,=2"Y450.841;

L. distance: f(a)=1/2a+a, ﬁ,, =/251414, &,=1/4/2%0.707.

The upper bound in either distance is asymptotically attained by the configuration
glven in Figure 2, where we have k pairs at L, (or L. )dlstance 1,ie., ng =k and
1n - k pairs at L, distance V2 /k (or L., distance 1/k), ie.,ny = —n k

b. With Preprocess and Without Tour

Primal program:

maximize =2 cjn;
i=1
subject to h; = 1
1=1
jn <k,
/=2
l’l/> 0

Dual program:

minimize gE%nx+ky

*The case for the L. distance is already explained above.
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subject to X2y,
xtjyzeg (7j=2,3,..),
y=0.

Here it should be noted that, owing to preprocessing, the first point of a pair in a
matching cannot lie in the same cell that the second point of the preceding pair lies
in, so that we have the coefficient j, instead of j - 1, in the inequality constraint of
the primal program.
L, distance: fi(@)=1/v2a+a, fi,=2¥%=1682, @&,=2"Y*4%0.841;
L. distance: fi(a)=1/2a+a, Go=vV2 51414, &y=1/4/2 =0.707.

The bound in either distance is asymptotically attainable again by the configuration
of Figure 2.

c. With/Without Preprocess and With Tour

Primal program:
on;
maximize = —12—’-
/=1
subject to > nj=n,

i=1
I.Z (]' 1)n,<k2,
=1

n;= 0.
Dual program:
minimize g=nx+kly
subject to x+(j-Dy=2iq (i=1,2,..),
y=20.

Here, n; denotes the number of edges whose vertices are at cell distance j - 1 in a tour.
Obviously, one-half of the tour length gives an upper bound for the better matching in
the tour. Note also that the coefficient j - 1 in the inequality constraint of the primal
program here remains unaltered for the case with preprocess.

L, distance: f(e)=1/v2a+La, fip=2Y451.189, & =2Y%51.189;

N

L.. distance: fi()=1/2a+le, fo=1, a=1.

The configuration of Figure 3 asymptotically attains the upper bound in either case.
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FIG. 3. Worst configuration for the serpentine algorithm with tour.

2. Spiral-Rack Algorithm

Upper bounds for Ii?,,(k) of the spiral-rack algorithm which are obtained from the
three linear programs outlined above with appropriately defined values ¢;, are not
asymptotically tight. Therefore we should resort to a more elaborate linear program-
ming formulation.

Consider, for example, tl;{e edges connecting points in two cells at cell distance 2
with respect to the spiral-rack cell order. Some of those edges can have bound 3/k in
L. length, but the L.. distance for the rest of them can be at most 2/k. With this
observation, we introduce c} (j=3,5,7,...)in addition to ¢;. The former takes care
of exceptions and the latter is an upper bound valid for the majority. We set

L, distance: ¢, = v/2/k,

U+ BG+1M 4k (7=2,6,10,..)
@RGP (=3,7,11,..),
" {a+ 3G+ (7=4,8,12,..)
{1+ 3G+ DM (j=5,9,13,..))
, [+ G E (7=3,7,11,..),
T @+ B IIE (=5,9,13,..),

L. distance: ¢;=[3(i+2))/k  (j=1,2,3,..),

c,'-=5(j+3)/k (i=3,5,7,..)),

where |x] denotes the largest integer not exceeding x.

The modified linear programs, with variables n; (/=1,2,3,...) and n; (7=3,5,
7,...), for the four variants of the spiral-rack algorithm, are shown below, together
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with the resulting upper bounds for (). In the following, £° denotes summation
over odd integers.

a. Without Preprocess and Without Tour

Primal program:
maximize =Y g+ 3° cinf
i=1 j=3
subject to 2on+ Zo nj = 8
=t =3 2
S G-Dn+ X7 G- D)n<i?,
j=1 j=3
> ni<k,
j=3
n,> 0,
nj > 0.
Dual program:
minimize g=inx+ Ky +kz
subject to x+(j-Dy=2¢ (7=1,2,3,...),
x+(j-Dy+z=c¢ (j=3,5,7,...),
y=0,
z20.
L, distance:
2 3 - 4/13 V13 -
=min([——+(\/§— \/2—)(!, \/g + (/13 \/_5_)11), a<l,
2 2a 4o 2
H(a
 (3V5-V1I3  (V13-45)a 2413 -3 «
< min P + 2 y v + 5 , a>1.

Though the upper bound for & > 1 is not tight, we have the inequality

flo <13 - 32 5 1.451.

A sharper bound

o < [(2V5 - DNWI3 +1-+/5)]1V?2% 1.434
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may be obtained by refining the linear program in a way similar to that outlined later
in Subsection d. We have also a lower bound

fo=>(/5 - HY2=1318
which is asymptotically realized by a configuration with

ny = (o - 262 - 1)2(jo - Dln,  m, ~ [2e? - 1)/2(jo - 2)]n,
n]'=0 (]¢2’]o)s

where j, is a sufficiently large integer.

L. distance:

Y S L i a 5 o=4/3 = Gn=+32 =
u(a)—mm(2a+a,4a+2), Bo=v2 51225, &=+3 51225,

The supremum #i(a) in the L., distance is asymptotically attained by a configura-
tion with

A~@G-d)n, fAy=dn, #A=0 (j#1,2) for a<1N2;
fiy = [Uo - 20% - )/2(jo - Dln, Ay, = [(2e? - 1)/2(j, - Dln,
Ai=0  (j#2,4,) fora>1//2,

where j, is an even integer greater than 4a?.

b. With Preprocess and Without Tour

Primal program:
. - — o r
maximize =Y gmt > cony
j=t j=3
0 n
subject to np+ Y njp= >
=1 j=3
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Dual program:
minimize g=inx+kly+kz
subject to x2Zcy,
xtiyzeg (j=2,3,..)),
xtjy+z2ze (j=3,5,..)),
y=0,
z20.
L, distance:

. (1 (B-yDe vB-2 _ a
“(“)—mm(\/ia+ 4 ' 2a +2)’

flo =132 - N2 51.245, &,=2/(/26 - 2)Y* = 1.136.

For a < v/2, the asymptotic supremum fi(a) in the L, distance is attained by a con-
figuration with

Ay~3Q2-a*)n, Ra~}e?n, A;=0 (j#1,4).

For a>+/2, the constraints for j =4 and j = in the dual program are active. The
supremum fi(a) is attained by the configuration shown in Figure 4, where the shaded
core, consisting of 2n - 4(a~ \/2) n"/? cells, contains fiy = 1n - (@ - \/2Z)n"/? pairs
at L, distance +/13/k and the outer shell contains fi., ~ (a- v/2)n"? pairs at L, dis-
tance 1 - é/k [i=1,2,...,(a- \/2)n"?], the total length in the outer shell amount-
ing to (Ao - 1/a)n*/2.

7

.

¢ | [

FIG. 4. Worst configuration for the spiral-rack algorithm with preprocess and without
tour in the L, distance.
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L. distance: ﬁ(a): 1/2a+%a’ ﬁ0= 1, ao= L.

The asymptotic supremum #(a) in the L.. distance is attained by a configuration with
h\l ~ [(jo - 2a2)/2jo]n’ ﬁ]o =~ (azljo)n! h\] = 0 (i #* l’ jo),

where j, is an even integer greater than 2a?.

c. With/Without Preprocess and With Tour

Primal program:
maximize fE%( Som+ 3° c}n,'-)
j=1 /=3
subject to nj+ °nj=n,
j=1 j=3
T G-+ 30 G- D <k?,
i=1 j=3
Zon,'-<k,
j=3
n,->0,
n;>0.
Dual program:
minimize g=nx+k*y+kz
subject to x+(j-Dy>1qg (7=1,2,..)),
x+(j-Dy+z24¢q (=3,5,..)),
y=0,
z20.
L, distance:
(1 (\/E-\/‘)a 3v5 - V13 + W13 \/_)a)
= <
h@ mm(\/—a 2 4a » a<V2,
(e
.3\/—\/ L W13-V5)a 2V/13-3 @
4 4 af a>V2,

Ho < (V65 - NY?=1.031.
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For a <+/2, the bound is tight, since it is attained by a configuration with

iy ~(1-a*)n, n, ~a’n, =0 (j#1,2) fora<l,;

A, ~1@3-o)n, FAy~i@-1n, =0 (j#2,4) forl<a<+2.
On the other hand, the bound is not tight for &> +/2. In fact, in the optimal solu-
tion of the primal program:

Ay~3@-1)n, #A;=0 (j#2,4) forvV2 <a<+/3;
-0, fl.=0Mn'?), Ai=0 (j#4,) fora=>+/3;
where %= 0(n'/?), the fi, edges should have L, length +/13/k, which is easily seen

to be impossible. The bound can be improved to fi, < 1.014 by modifying the linear
program (see refined analysis below). A lower bound

fio > 1(2V5 - 1)V2 50932
may be obtained by considering a configuration with
ny = [(o- o - Dllo-2In,  nmy=[@-Di(io-Dln, =0 (j#2,jo),
where j, is a sufficiently large even integer.

L. distance:
fi(@) = min 1,23 ,¢a fo=+3/250866, @&,=+/3 =1.732
2 2’ 4a 4 P Fhiee

The asymptotic supremum fi(c) in the L., distance is attained, e.g., by a configuration
with
Ay=(1-a*)n, fHy=~a’n, #=0 (j#1,2) fora<l;
Ay~ [(o- & - Do~ Dln, A, = [(&® - 1)I(jo - 2]n,
B=0 (j#2,j,) fora>1,

where j, is an even integer greater than 2a?.

d. With/Without Preprocess and With Tour (Refinement)

To get a sharper bound for fi(@) in the L, distance, let uslook into the cases of j = 4,
6, 8, ..., more closely. It is readily noted that there are two different configurations
of j consecutive cells in the spiral-rack cell order, as illustrated in Figure 5 forj=6. In
correspondence with the two different configurations, we redefine two bounds ¢; and
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FIG. 5. Two equiprobable configurations for j = 6 in the spiral-rack cell order.

cjforj=4,6,8,...,as follows:

{[1+(%f)’]"’/k (i=4,8,12,...),
C; = .

T+ ANV (=6,10,14,.. ),

, {{4+ LG+ e (=4,8,12,..),
c.:
Tla+BG+21 e (7=6,10,14,.. ).

Note that the c; defined here are the ¢; defined at the beginning of this section. The
modified linear program involves variables n; (j=1,2,3,...) and n,'- (7=3,4,5,
...) and contains one additional constraint, where ¢ denotes summation over even
integers.

Primal program:
maximize f= %(Z cimp+ 2 c,'-n,')
i=1 j=3
subject to 2onit > n=n,
I=1 j=3

S U-Dm+ X (-np<k?,
j=1 j=3

3% n <k,
j=3

i+ X0 (- <k
i=4 j=3
n =0,
n;>0.
Dual program:

minimize g=nx+k*y+kz+ k3w
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subject to x=1e,

x+(j-Dr=2iqg (i=2,4,6,..),
x+(j-Dy+(-Dw2ig (7=3,57,..)),
x+(j-Ny+z=2iq (7=3,57,..),
x+(j-NDy+jw2ie (j=4,6,8,..),
y=20,
z20,
w=0.
L, distance:
(\2/; W5 2x/‘)az 3s/'4a~/— (\/_4\/‘)a)’ e <3,
i (2/5-1 WIB3+1-+/5)a 2/i3-3 «
<mm( ia + 3 : o +Z)’ a>4/2,

o <[§(2V5 - DWT3 +1- V5)]Y2=1.014.

Thus the upper bound has been improved from 1.031 to 1.014, though it is still non-

tight. (The corresponding e value is & = [2(2v/5 - 1)/(VI3 +1-/5)]Y251.712)
The optimal primal solution is

Ay ~(1-fa)n-n;, #,~Ge-0)n/(j.-2), Hi~jo’n,
=0 (J#27e) Rj=0 (j#4) for V2 <a<2;
A, A, =[jo(e® - 4)+41n/(joje - 5ip +4),

Aj, = (o= & - 1)n/(joje - Sio+4),  Aj=0 (i #je,jo)
=0 (j#4) for a>2,

n4==$n-n,e—

where j, and j, are, respectively, sufficiently large even and odd integers.

B. Bottom-Up Four-Square Algorithm

We shall confine our analysis to the case of the L, distance only. The case of the
L. distance is quite similar. Let n; (j=1,2,...) be the number of points remain-
ing unmatched at the beginning of the jth stage. At the very beginning of the algo-
rithm, n - n; points are matched and the sum M} () of the distances of those pairs are
bounded as

MO < 1V2(n- n)ik.



PERFECT MATCHINGS 83

At the jth stage where the cells are of size 2k, n;j - nj,y points are matched into pairs.
The sum M of the distances of those pairs satisfies

MDD <IVZD (- m)le (7=1,2,..).
Therefore we have
o) =D + 3 1P
j=1

1 N
<V (" t L ATyt 2”2f))' )
j=

Since each cell contains at most four points forj =1, 2, ..., we have the inequality
nyjy +2ny;<20KY4Y (j=1,2,..),

which is substituted into {3) to yield

o 1 (n 5k
M,k < 75—(7‘-+-3—) 4)

The right-hand side of (4) takes the minimum when & is a power of 2 lying between
V3n'/? and \/%_n”’, so that we have

M (k) < L1/T5nY2 5193602,

On the other hand, the configuration of # points shown in Figure 6, which is con-
structed recursively as follows, will give the asymptotic lower bound 1.789nY2 for
M, (k). Initiaily, we put four points in the corners of the unit square. The points in the
diagonally opposite corners are to be matched. At a general step, we divide every cell

FIG. 6. Configuration which gives a lower bound on 1i for the bottom-up four-square
algorithm.
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FIG. 7. Configuration which gives a lower bound on i for the strip-with-bucket
algorithm,

into four cells, for each of which we put four or two points according as it contains no
point or one point: (i) if it contains no point, we put four points in the four corners
(the points in the diagonally opposite corners are to be matched); (ii) if it contains one
point, we put two points in the diagonally opposite empty corners.

C. Strip-with-Bucket Algorithm

An upper bound for the serpentine algorithm with tour and without preprocess is
also an upper bound for the strip-with-bucket algorithm. A lower bound for A"\IS,") is
obtained by considering the configuration shown in Figure 7, where two points are
distributed in each of the left half of the strips, one in the middle and the other at an
end, the remaining n - 2k points being laid in the left half of a cell in the corner. The
horizontal shift has no effect on the resulting tours, which, in the asymptotic sense,
may possibly contain 2k edges of L, or L. length % and n - 2k edges of L, length
V5/2k (L. length 1/k). Thus we have

Ma() = /312k)(En - k) + 1k >1.057nY2 - 1/3/2
for the L,-distance, and
Mp(k)= (1K) A0 - k) + Lk =n'l2 - )
for the L ..-distance.

1V. AVERAGE-CASE ANALYSIS

Throughout this section, we shall assume that n points are randomly distributed uni-
formly in a unit square. Let us denote by M,, the random variable representing the
cost of a matching, by u = u(a) the asymptotic expectation of M, /n'/?, and by o =
u(ao) = min, u(a) the optimal value of .
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A. Theoretical Estimates

It is known [7, 9] that the minimum cost in the Euclidean distance of the perfect
matchings of n points, when divided by n'/2, converges in probability to a constant
which lies between 0.25 and 0.401. We shall evaluate the expected costs of the ap-
proximate solutions obtained by means of the algorithms proposed in Sec. II.

Elementary probability calculation will yield the following relations. The probabil-
ity for a cell to contain j points is

or, as n - o with k = an'/?,

1 1 2 .
I~ ol exp(-1/a®) (j=0,1,...).
Thus, the expected number m,, of cells containing at least one point is
mp ~ K*[1 - exp(-1/a?)],
and the expected number m,, of cells containing an odd number of points is
my ~ Lk*[1 - exp(-2/a?)].

The expected cost of a straightforward algorithm without preprocess is asymptoti-
cally

i-2
~ . M Mp MpY "~
c1+——z——<l——) & (5)
2 5B\ K

n-mp
E[M,] ~

where the ¢; are the expected distances between two points contained in cells at cell
distance j - 1 (see Appendix). The straightforward algorithms with preprocess can be
treated quite similarly; the above expression (5) remains valid if m,, is replaced by m,,.

The results of our Monte Carlo experiment suggest that the cost of an n-point match-
ing constructed by an approximation algorithm, when divided by n/2, will converge
in probability to a constant as n tends to infinity, just as the exact minimum cost does.
If that is the case, employing a tour will lead us to no substantial improvement on the
resulting cost when n is sufficiently large, since, for n large enough, the cost of the two
matchings contained in a tour cannot be significantly different. The optimal values
a, of a minimizing the expected costs are calculated on the basis of the above formula
(5) and are given in Table I. The theoretical estimates of ug and aq for the bottom-up
four-square and the strip-with-bucket algorithms are also given.

The spiral-rack algorithm with preprocess (with or without tour) seems to be the
best in average performance among the linear-time algorithms proposed in the present
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article. Taking into account also the worst-case behavior, it may be recommended to
use, for the actual application to the plotter problem, the spiral-rack algorithm with
preprocess and with tour, where we may set = 1.29 for the L, distance problem and
a=1.26 for the L., distance problem. Then we have u = 0.490 and i < 1.05 for the
L, distance and u=0.449 and i €0.91 for the L., distance, these u and & both re-
maining within a few percent increase compared with the optimal values. The tour
requires more computation, but, for n small, it yields a better solution.

B. Experimental Resuits

The algorithms have been implemented on the HITAC M-200H system at the Com-
puter Centre of the University of Tokyo. Data are given in two real arrays of size n
in terms of the coordinates of n points. The program (subroutine) returns the match-
ing in an integer array of size n, the jth element of which represents the number of its
partner point. A straightforward algorithm uses for the working area only an integer
array of size k X k as well as several simple variables.

In the Monte Carlo experiment with 200 samples for each n, it is observed that (i)
the expectation of the normalized cost M,,/n"/? tends to the theoretical estimate and
the variance of M,,/n"/? diminishes as O(1/n) (Fig. 8), (ii) the algorithms with tour
require 1.1 ~ 2.6 times as much computing time as the algorithms without tour do, and
(iii) the strip algorithm does not run in linear time even on the average (Fig. 9). The
recommended algorithm seems superior in the light of the tradeoff between the
(average- and worstcase) cost and the computing time (Figs. 10, 11). In Figure 12
the ratio of the cost of the approximate solution by the recommended algorithm to
that of the exact solution is shown for n =16, 32, 64, 128, 256 (20 samples for
each n), where it is observed that the former is about 1.5 times larger than the latter.

V. APPLICATION TO THE DRAWING OF A ROAD MAP
BY A MECHANICAL PLOTTER

When drawing a connected graph by a mechanical plotter, the wasted plotter-pen
movement is minimized by finding a minimum-weight perfect matching of the vertices

g
L

o) -
= theoretical limit
05 Bly-l--4- % - b 3 40090
theoretical limit
“f- %— F- &- #0200
a
B

T T Ll T L}
32 64 128 256 5121024 2048
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n

M/

0.4

cast of the approximate

solution

FIG. 8. Expected values and standard deviations of the costs of the matchings con-
structed by the recommended approximation algorithm.
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(i) Map drawn (i1) Wasted pen movement when odd-degree
vertices are paired as they are input

(i11) Wasted pen movement by the spiral (iv) Wasted pen movment by the exact
r@ck algorithm with preprocess and algorithm {I -distance)
with tour (L_-distance) ®

FIG. 13. Drawing the road map of the Tokyo city area.

of odd degrees, adding them to the original graph, and traversing the Eulerian path on
the extended graph, where the added edges are to be traversed with the pen off the
paper [2, 3,4, 5,8]. We applied this technique to drawing the road map of the Tokyo
city area [Fig. 13(i)]. The computing time and the lengths of pen movement are
shown in Table II. The wasted pen movement is depicted in Figures 13(ii)-13(iv) for
some of the different plotting strategies when the L.. distance is adopted as the dis-
tance measure. In [3], unconnected graphs are also considered and an experiment on
a graph with about 2 X 10* vertices and as many edges is shown.
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TABLE II. An application: Drawing the road map of the Tokyo city area [5], 850
edges, 513 vertices (including 254 vertices of odd degree).

CPU Time (ms) Pen Movement (¢cm)
For
For For Finding Wasted with Drawing
Making a an Eulerian Pen Off Real
Plotting Strategy Matching Path Total (pb) Edges
Most primitive L, 0 0 0 1614 (2.89) 896
way of drawing Lo 0 0 0 1519 (2.72) 817
(drawing edges
as they are
input)
Making pairs L, 0.2 15 15 576 (1.03) 896
in the order of L. 0.2 15 15 566 (1.01) 817
appearance
Serpentine L, 3.1 15 18 238 (0.43) 896
algorithm L. 2.3 15 18 206 (0.37) 817
(tour) No. 3
Spiral-rack L, 3.0 15 18 227 (0.41) 896
algorithm L, 1.9 15 17 214 (0.39) 817
(preprocess,
tour) No. 8
Strip algorithm L, 12 15 27 183 (0.33) 896
No. 11 L. 9 15 24 164 (0.30) 817
Exact algorithm® L, 34 X 103 15 34 X103 128 (0.23) 896
No. 12 L. 31 X103 15 31X10°% 114 (0.20) 817

8Coded in PASCAL; others are coded in VOS2/VOS3 optimizing FORTRAN 77
(OPT=2) on the HITAC M-200H.

b(Total length of the wasted pen movement scaled to a unit square)/n'/2.

Vi{. CONCLUSION

We proposed linear-time approximation algorithms for finding the minimum-weight
perfect matching on a plane and investigated their performances theoretically and
experimentally. The spiral-rack algorithm with preprocess and with tour is recom-
mended for practical purposes. It was seen that a considerable improvement in the
efficiency of drawing graphs by a mechanical plotter is realized by using the recom-
mended algorithm in combination with a linear-time (exact) algorithm for Euler’s
problem.

The authors thank Professor Z. Galil of Tel-Aviv University and Professor D. Avis of
McGill University for valuable information concerning the subject and for stimulating
discussions. They are indebted to Dr. A. Taguchi of Yamanashi University for the
road-map data as well as for valuable suggestions. Thanks are due also to Mr. H. Imai
for a program of the exact algorithm for the minimum-weight matching and for col-
laboration in calculating the expected performance.
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APPENDIX. CALCULATION OF EXPECTED LENGTHS ¢;

The expected length ¢; of an edge connecting two points in cells at cell distance
j -1 in the serpentine and the spiral-rack cell order may be calculated by elementary
methods in probability (see [4] for details).

To begin with, we calculate the expected distance D(x, y) between two points dis-
tributed uniformly in a rectangle of sides x and y to get

L, distance:
20 log {[x + (2 + y7)'/%]/y} + x%y log {[y + (x* + )"} /x}
6x2y2 ’
x y oy
L. distance: D(x,»)= 3 + 6 3002 x=y).

In particular, we put

D(x,0)= lim D(x,y)=%x (in either distance).
y—>0

Then we define forj =2
d;=%j*D(1,j)- (j-1)*D(1,j - 1)+ 3(j - 2*D(1,j - 2).
Serpentine Cell Order
The expected length ¢; in the serpentine cell order is given by
¢ =D, Dk, ¢&=difk (=2,3,..),
which may be simplified, in the case of the L., distance, to
¢y =17/15k, ©,=61/60k, &=(-1/k (j=3,4,...).

Spiral-Rack Cell Order

Obviously we have

El =D(1, 1)/k, Ez =d2/k.

For even j= 4, two types of the configuration, as shown in Figure 5 forj=6, are
equiprobable and the desired expectation ¢; is the average of the expected distances
corresponding to the two configurations. Specifically, we have forj=1,2,...,
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Z"4;‘-1 = ez//k,
24" = (dzi + 32i+1)/2k,
E4j+1 = d2i+l /k,

Z:41'+2 = (e2j+1 + d2]+2)/2k,

where ¢; is defined as

¢;=j*D(2,/)- 2(j- 1)’D(2,j- 1) +(j - 2)’D(2,j - 2) - 4;.

For the L.. distance, the above expressions are reduced to

¢, =17/15k, ¢, =61/60k, ¢3=37/30k, ¢,=121/80k,
Cs=2/k, ©e=601/240k, &=(j-12k (j=17,8,...).
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