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APπ2
){1,...,k},{1,...,k}

13- � JU�
��1(J X�J 0�%+0+�7-,1(0�)"X�' �"!�-$X�2�J �g4H!$1��
%"&

Pπ1
APπ2

�
-,%
A{π1(1),...,π1(k)},{π2(1),...,π2(k)}

1(-I� JU�
��1(J9X�J 0�%+0+� -$1(0�)+X�' �B!9-$X�2�J �g4H!$1�� %B&
A
V

� ��� ��� 	�� � � � � � ��� ?
@ J R =
n × n

5 JP @�L �
A
� P � ; �KJ B�L B ? �

ker A
N J R � ; ��? 1 R�A2L R P L�5 ;

O(n3)
1 B�L R�� � J#1 BKB�L J R-; H L�5<L R JP LQ?
R �

� @K? ? � � 8 %+0�-$13=�#*! 4H:�# &^�"?c4H%+!,1 (N�g4H1(%"0 P1AP2 = LDU
�"��:�#Q!$#

D = diag(a1, . . . , ak, 0, 0, . . .)�"0�=
ai 6= 0

&�%+!
i ≤ k

VI #O:��FE"#

ker A = ker(LDUP−1
2 ) = ker(DUP−1

2 ) = (UP−1
2 )−1(ker D) = (P2U

−1)(ker D).

dK1(0�?Q#OE"#*?Q4$%+!$-
ek+1, ek+2, . . . , en

&�%+!$J � 2A�"-,1(-`%B&
ker D

� 4H:�#O?*%+'3X�J 0�-�0<X�J92P#Q!$#*=
k +

1, k + 2, . . . , n
%"&

P2U
−1
&�%"!$J �I2A�B-$1(-�%"&

ker A
V

� %"4H13?*#I4H:��B49130 %"!$=�#Q! 4$% ?Q%+JU.�X�4H#
det A

�
rank A

%+! �A0�= �RJ ����13J X�J 0�%+0+� -$1(0�)+X�' �B!
-$X�2�J �B4$!$1�� %"&

A
�+� #�=�% 0�%"4C0�#Q#*=>4H:�#

L
�"0�=

U
JU�B4$!$1(?Q#*-QVG #@%+0�'36 0�#Q#*=>4H:�#�./#*!$J9X�4S�B4$1(%+0

J �g4H!$13?*#Q- � �B0�=�4H:�# .�13E+%B4bEB�"'(X�#Q-b1(0 ?N�"-,# %"& det A
����1 VZ#"V�4H:�# 1(0�&�%+!,J �g4H1(%"0 %+0 :�% � 4H:�#

#*'31(J 1(0A�B4$1(%+0U.�!$%K?*#Q#*=�#Q=LV
a :�1(- -$13JU.�'31$�A#Q= /O�BX�-$-,1 �"0 #*'31(J 1(0A�g4H1(%"0 �Q��154H:�%+X�4;?Q%+0�-e4H!$X�?Q4H130�)�4H:�#

LDU
&^�"?c4H%+!,1 (*�B4H13%+0 �

2�X�4�%+0�'569.��"1(!,1(0�)`4$:�#�!$%F��-C�"0�= ?*%"'(X�J 0�-5�"1(-C�"'3'�� #G0�#*#*= J %+-,4
%B&P4$:�# 4H13JU#BV S %+!�-,1(J .�'(13?*13476
%"&C.�!,#*-$#Q0M4S�B4$1(%+0 �P4H:�13- 1(-G4H:�# %"0�'36 &�%+!,J %"& / �"X�-,-$1(�"0 #*'31(J 1(0A�g4H1(%"0b� #I?Q%+0�-$13=�#*!�&�!$%+J 0�%F�
%+0LV

 # 0�%F� .�!$#Q-$#Q0<4 4$:�#I-$13JU.�'31$�A#Q= &�%+!,J %"&
4$:�#I2A�"-,1(? / �"X�-,-$1(�"0 #*'31(J 1(0A�B4$1(%+0R�"'3)+%+!,134H:�J

� ��'()+%+!,134$:�J !��cV
� ��: Y��	 �%8 � � /O�BX�-$-,1 �"0 #*'31(J 1(0A�g4H1(%"0
/ � 2`d�d�87� � � , %�8 6 8 � � a 8 " � � A � �

� ��
i := 1

�+
n
� 

	 � 4H:�#Q!$# #���1(-e4H-
j
-,X�?S: 4$:A�B4

Ai,j 6= 0
��8 �,�

?S:�%K%+-$#O�"0M6 -,X�?S:
j#*'31(J 1(0A�g4H#�4$:�#

i
� 4H: !$%F� �B0�=R4$:�#

j
� 4H: ?Q%+'(X�J 0

a :�#O0�#��K4�4H:�#Q%+!$#QJ =�#*-,?*!$132P#Q-@4H:�# -,4$!$X�?c4HX�!,# %B&��I.A�"!e4H1(�"'('56U#Q'(13JU130A�B4H#Q=bJU�B4H!,1��PV

� 8 � ������ � � � � � � ; P
A
� ; J R

n × n
5 JP @�L � � J R�A H ; P
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A =

(
AS,S AS,T

AT,S AT,T

)
,

> � ;�@ ;
S = {1, . . . , k} � 	 � � J#1 BKB�L J R ; H L�5<L R JP LQ?
R ? � P � ;4M @ B P

k
@ ?
>�B J R�A NK? H21 5<R B ? �

AAX? ;KB R ? P @ ;�� 1 L @ ; � L % ? P L R�� � P � ;�R2L P �L % ;KB P � ; ��? H H ?
> L R��'� J N P ?
@�L 3 JP LQ?
R ? �
A

A =

(
L 0

AT,SU−1D−1 In−k

) (
D 0
0 AT,T − AT,SA−1

S,SAS,T

)(
U D−1L−1AS,T

0 In−k

)
,

> � ;�@ ;
LDU

L B P � ;'� J N P ?
@�L 3 JP LQ?
R @K;KB 1XH P L R�� ��@K?�5 � ;�@���?
@ 5<L R�� � J#1 BKB�L J R ; H L�5<L R JP LQ?
R ?
R
AS,S �
� @ ? ? � � ��& 4$#*!�#*'31(J 1(0A�g4H1(0�)O4$:�# �A!$-e4 k

!,% ��-G�"0�= ?Q%+'(X�J 0�-@%"&
A
��� #O:A�NE+#

A =

(
L 0

L̂ In−k

) (
D 0

0 Â

) (
U Û
0 In−k

)
,

��:�#Q!$#
AS,S = LDU

V � 6T?*�"!$!e6K1(0�)>%+X�4�4$:�# J �B4$!$1��bJ X�'34H13.�'(13?N�B4$1(%+0�-C� #O)+#Q4

A =

(
LD 0

L̂D Â

) (
U Û
0 In−k

)
=

(
LDU LDÛ

L̂DU L̂DÛ + Â

)

a :<X�-

L̂ = AT,SU−1D−1, Û = D−1L−1AS,T ,

Â = AT,T − L̂DÛ = AT,T − L̂DU(U−1D−1L−1)LDÛ = AT,T − AT,SA−1
S,SAS,T ,

�"-�?*'(�"1(J #*=�V

� ���-	��! � � �  � � � ; ��?
@65 1XH�J �L % ;�R L R � � ;K?
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J @�L JP LQ?
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R > �XLQN�� JH H ?
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B ; % ;�@ JH @ ?
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� 8 � Y����� � � � 	 � �  � � � ��� � 	 �%8�������  :����?� !� ����� n × n ���! �"$#&%('()*� % '$"+�,"-#�. � %��!.
� '+�*/102 3# � 02#&'�45#�.6 3#��7' O(nω)

� � � '$"8' 2 ≤ ω < 2.376 �
9;:,<>=@?A?�B�:$CD:EBGF�HIF8JK:MLN?AO�H�BP=@F�JKQRO�=@S!:ETU=@TUVWJK:EH�BP:EQYX[Z\XN]IL!^_F8J`:,� �a)$ b���! 3"-# � �*/[02 �# �� 02#&%��! �#&�a. L!?AO�H!B�=@F�JKQcZdVWJK=@^eLN?AO�H�BP=@F�JKQgfEL!T6hi:kj`^�:ElmF8H7ni:EBoCDH�B�QqprL!jK^P^�=AL!Tm:s?A=@Q5=@TtLNF8=@H�T,=@T

F8=@Q5:
O(nω)

Z�VWJK:*utB�^oF
O(nω)

=AQ�nK?A:sQ5:sTvF8LNF8=@H�TIH!CwprL!jK^�^P=xL!Ty:E?@=AQ�=ATtLaF8=AH!Tc<�L!^+O�=@S!:ETyh 6
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hKj`F>F�JK:rnKB�:s^�:ET�F8LNF8=@H�Tm=@^WlK=@�|:EBP:ET�F�Z
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� H!TK^�=@lK:EBwni:EBoCDH�B�Q�=AT`O p+LNjK^�^P=xL!T,:s?A=@Q5=@TtLNF8=@H�T H�TcL_Q7LaF8B�=��
M

j`^�=AT`O��e?AO!H�B�=�F8JKQ �rL!T`l
?A:$F

MA,B

fsH�TK^�=@^PFbHNCdBPH <>^rL!TKl�fEH!?AjKQ�TK^eHNC
M

F�JtLNFrLNB�:_TKHNFb:E?@=AQ�=ATtLNF�:El�CDH�B�^P:sS�:sB8L!? =@F8:sBo�
LNF8=@H�TK^sZ

MA,B

=A^{jKniltLNF8:sl�=ATI:$S�:EB 6 =�F8:EB�LNF8=@H�T �ihKj`F�F�JK:_BP:E^�j`?@F8^bHNC�F8JK:s^�:*jKniltLNF�:E^rL!BP:GTKH!F
jK^�:sl�jKT�F8=@?�^PH�Q�:GB�H < =@T

A
H�B{^PH�Q�:GfEH!?AjKQ�Tm=@T

B
=A^�:E?@=AQ�=ATtLNF�:El Z"!�LNf(J�jKn|lKLNF8:+F8H

MA,BL!Q�H�jKT�F8^�F8H�^�jKh`^PF8B�L!fsF�=ATKOeL�Q5LNF�B�=#��H!C`F�JK:�CDH�B�Q
cuvT CDB�H!Q MA,B

Z�$ :sF
c1u1v

T
1 , . . . , ckukv

T
kh|:+L*^�:&%vjK:ETKfs:GH!C ^�jKf(JcjKniltLNF�:E^EZ�VWJK:+L!fsfEjKQ_j`?xLNF�:El�jKniltLNF8:bF�H

MA,B

=@^

�&X[Z('��
c1u1v

T
1 + . . . + ckukv

T
k =

(
c1u1 · · · ckuk

)
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� H�Q�nKj`F8=@TKO7F�JK:_?A:$C�F�^P=AlK:_BP:)%vjK=@B�:E^
k|A||B| H!n|:sB8LNF�=AH�TK^&� hKj[F�F8JK:GB�=AO!JvFe^�=@lK:_f�LNT�h|:_fsH�Q*�nKj`F�:El6QGjKf(JcC�LN^PF8:sBWjK^�=@TKO C�L!^PF>Q5LNF8BP=#�7Q_jK?�F8=An`?A=AfELNF8=@H�T Z

VWJ`:bhtL!^�=@fb=AlK:EL_=A^wF�H L!fEfsjKQ_jK?ALNF8:bjKniltLNF�:E^wF�H F�JK:bntL!BoF8^WH!C
M

F8JtLaF�L!B�:b:s?A=AQ�=ATKLNF8:sl7=AT
?xLNF�:EBW^oF(L!O�:s^eLNTKl6H�T`? 6 ni:EBoCDH�B�QgjKn|lKLNF8:s^{=@Tm?AL!B�O�:bhKLNF8f(JK:s^EZ�$ :$F{j`^{^oF(L!BoF�<>=�F8J�F8JK:+^�=@Q5n`?A:
f�L!^P:+<>J`:EB�:rTKH�nK=�S�H!F�=ATKO*=@^WB�:)%vjK=@B�:sl Z*�e?AO!H�B�=�F8JKQgX_^�JKH <>^�JKH < F8J`=A^Wf�LNTmhi:rlKH�TK:NZ
+-,/.10��a�32�4�5 6�7 L!^PF{prL!jK^P^�=xLNTc:s?A=@Q5=@TtLNF8=@H�T <>=@F8JcTKH nK=�S�H!F�=ATKO
7 �98[V��:!*$<;>=�;:?@��V�;>AB?W�:?9A{�DC*;FE@A�V�;:?ep5�

A
��G

!*$<;>=�;:?H��V
! �DI�A>9J8��D�9?@K�� � AB$ML9=�?98 �
A, 1, n

�

!*$M;>=N;:?@��V
! �:I�AW9J8v�D��?�K�� � AB$�L�=�?98 �
A, p, q

��G
�3O

p = q
2P4MQ1�

?ALSRE=@? 6 :E?@=AQ�=ATtLNF�:{F�JK:
p
� F�J�B�H < L!T`l�F�JK:

p
� F�J�fEH�?@jKQ5T

Q�,/T)Q
m := bp+q

2
c!*$<;>=�;:?@��V
! �DI�A>9J8v�F�9?@K�� � AB$ML9=�?�8 �

A, p, m
�

jKniltLNF�:
A{m+1,...,q},{m+1,...,n}jKniltLNF�:
A{q+1,...,n},{m+1,...,q}!*$<;>=�;:?@��V
! �DI�A>9J8v�F�9?@K�� � AB$ML9=�?�8 �

A, m + 1, q
�

z�:EBP:S�VU�?xLSR 6 :s?A=@Q5=@TtLNF8=@H�TXW Q5:EL!TK^ ^oF8H�BP=ATKO{F8JK:w:Y�[nKB�:s^�^�=@H�T H!CtF8J`:�CDH�B�Q
uvT/c

lK:E^PfEB�=@hK=AT`O
F8JK:�f(JtLNTKO�:E^*F�H�F�JK:MB�H <>^�L!TKl fEH!?AjKQ�TK^_TKHNF 6 :sF�:s?A=AQ�=ATKLNF8:sl Z�VWJK:E^P:mf(JtLNTKO�:E^�L!BP:MF8JK:sT
n|:sBPCDH�BPQ5:sl�=AT�htLNF�f(JK:E^�lKjKBP=ATKO*F8J`:+j`n|ltLaF8:E^&�tjK^�=@TKO*F8JK:r=@lK:ET�F8=�F 6 �&X[Z('��(Z
Z 4MQ[0i�PQ�5\6 ]^6<_1]a` 0cb1�a"-#� 3d1� �@e '$"gf��a"$�G) � �!/v)()$#��!.c'$02#��*#�.i�! 3#&�a.���#� 3d*. � e #gh!�a 3#�.�br#�.7 �#��7'
O(nω) i
j "(� �:f&i 7 =ABP^PF*H!C{L!?@?k� T`H!F8=@fE:,F8JKLNFl�e?@O�H�B�=�F8JKQ X6=@TKlK:E:sl ni:EBoCDH�B�Q�^ prL!jK^P^�=xLNTU:E?A=@Q5=@TtLNF�=AH�T Z
VWJK=A^>=@^Wh|:sf�L!jK^P:+F�JK:r:E?@=AQ�=ATtLNF�:El,BPH <>^{LNTKlmfsH�?Aj`Q5TK^wL!B�:+L!?�<wL 6 ^>jKn[� F�HN��lKLNF8:NZ

$ :$F7jK^5TKH <qL!TtL!? 6 RE:mF�JK:�F8=AQ�:�fEH�Q�nK?@:��[=@F 6 H!CeF8JK=@^7L!?@O�H�BP=@F8J`QmZ � H�TK^�=@lK:EB7L�fEL!?A?WF8H
!*$M;>=N;:?@��V
! �:I�AW9J8v�D��?�K�� � AB$�L�=�?98 �

X, p, q
����L!T`lI?A:$F

x = q − m
ZeVWJ`:_fEH�^oF�H!C�F�JK:

jKniltLNF8:s^�=ATcF8JK=@^{fEL!?A?�=A^�nKBPH�n|H!BPF8=@H�TtL!? F�H7F8J`:GfEH!^PF�HNC�Q_jK?@F�=AnK? 6 =ATKO_F�JK:
x × x

Q5LNF8BP=#�ch 6 L
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x× n
Q5LNF8BP=#�|Z VWJ`=A^�fEL!T,hi:elKH!TK:�=AT�F8=@Q5:

n/xxω = nxω−1 h 6 ^PnK?A=�F�F�=ATKObF8J`: x×n
Q5LNF8BP=#�

=AT�F�H
n/x

^ %vjtL!BP:
x × x

Q5LNF�B�=Afs:E^sZ�$ :sF�jK^�L!^P^�jKQ�:S�|<>=@F8J`H�j`F{?AH�^P^eH!C�O�:sTK:EB�L!?A=�F 6 ��F8JtLaF
n
=@^

L n|H <d:EB�H!C
2
ZdVWJ`:ETmCDH!BW:sS�:sB 6

j ∈ {0, . . . , log n} �KF�JK:+SNL!?@jK: x = 2j L!nKni:�LNB�^ n/2j F8=AQ�:E^F8J`B�H�jKO!JKH�j`F{F8JK:+<>JKH�?A:+:��[:sfEj`F�=AH�T�H!C F8JK:*LN?AO�H�BP=@F�JKQmZd9;:kO�:sF{F8JK:+F8H!F8L!? F8=AQ�:+fEH�Q�nK?A:Y�[=@F 6
H!C

log n∑

j=0

n/2jn(2j)ω−1 = n2

log n∑

j=0

(2ω−2)j ≤ n2(2ω−2)log n+1 = O(nω).
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+-,3. 0��a�g2P4�5 /�7 L!^PF{prL!jK^P^�=AL!T�:E?A=@Q5=@TtLNF�=AH�T6�DF�JK:+z{H�nifEBPH!C�FP��}�jKTKf(JmL!?AO!H�B�=�F8JKQ7�
7 �98[V��:!*$<;>=�;:?H��V�;>A ?G�

A
��G

!*$M;>=N;:?@��V
! � � AB$ML9=�?�8 �
A, 1, n

�

!*$<;>=�;:?@��V
! � � AB$ML9=�?98 �
A, p, q

�YG
�/O

p = q
2�4�Q1�

uKTKl6LNTcj`TK:E?@=AQ�=ATtLNF�:El,BPH <
r
^PjKf(JmF�JtLNF

Ar,p 6= 0?ALSRE=@? 6 :E?@=AQ�=ATtLaF8:{F�JK:
r
�&F8JMBPH�< L!TKl�F8JK:

p
� F8J�fsH�?AjKQ�T

Q�, T)Q
m := bp+q

2
c!*$<;>=�;:?H��V
! � � AB$�L�=�?98 �

A, p, m
�

j`n|ltLaF8:�F8J`:+j`TK:E?@=AQ�=ATtLNF�:ElMBPH�<>^>=@TcfsH�?Aj`Q5TK^
m + 1, . . . , q!*$<;>=�;:?H��V
! � � AB$�L�=�?98 �

A, m + 1, q
�

Z 4MQ[0��VQ�5 6 ]^60/ ]"` 0cb1�a"$#� gd1�1) e '$"gf��a"-�G) � �!/�)()$#��!.;'$02#��*#�.i�! 3#&�a.m#�.� 3#��7' O(nω) i
j "8� �:f&i VWJK:�nKB�H1H!C|H!CiF8JK=@^ F8JK:sH�B�:sQ =A^�:s^�^�:sT�F8=xLN?A? 6 =AlK:sTvF�=AfEL!?[F�H+F�JK:>nKB�H1H!C|H!C VWJ`:EH�BP:EQ X[Z�X[��Z
VWJK:sB�:+=A^WJKH <d:sS�:sBeH�T`:�F8JK=@TKO*<�:+JtL�S�:rF8H*F(L2%!:rf�L!BP:rH!C Z

� H�TK^P=AlK:sB L>f�L!?@?[! $<;>=�;:?H��V
! � � AB$ML9=�?�8 �
A
�
p
�
q
�$Z�VWJK:dB�:sfEjKBP^�=@S!:�fEL!?A?�!*$<;>=�;:?@��V
! �

� AB$ML9=�?�8 �
A
�
p
�
m
�G?ALSRE=@? 6 :s?A=AQ�=ATKLNF8:s^+fsH�?Aj`Q5TK^

p, . . . , m
Z 7 H�B

i = p, . . . , m
��?A:$F

ri

hi:
F8J`:mBPH�< :E?A=@Q5=@TtLNF�:El <>=@F�J F�JK:

i
� F�J fsH�?AjKQ�T Z �{C�F�:EB�:E?A=@Q5=@TtLNF�=ATKOmfEH�?@jKQ5T`^

p, . . . , m
F�JK:

^�j`hKQ7LaF8B�=��
A{rp,...,rm},{m+1,...,q}

^PF8=@?A?�JtL!^_F�JK:7SNL!?Aj`:E^GCDBPH�Q hi:sCDH!B�:7F�JK:M:E?@=AQ�=ATtLNF�=AH�T Z6}�j[F
F8J`=A^>^�jKh`Q7LNF�B�=���JtL!^>F8H�h|:+jKn[�&F8HN� ltLNF�:+hi:sCDH!B�:r<�:k^PF(LNBPF�jKniltLNF8=@TKO F8JK:+jKTK:s?A=AQ�=ATKLNF8:slMB�H <>^
=AT7fEH�?@jKQ5T`^

m + 1, . . . , q
Z VWJK=@^wf�L!TMhi:�lKH!TK:�=AT

O((m− p)ω)
F�=AQ�:S�1L!O�L!=@T,jK^P=ATKOGF�JK:�?ALSR 6

jKniltLNF�=ATKOKZ
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� Q�5;�K��� 6 ]^6��M]   dt' %(�a.`)$ 3"-/t%$ 3#&�a. �:f+ gdt' LDU fs�1%$ ��a"$# � �! �#&�a. %��!. "$'G#�. %$02/`41'�47#�. ` 0cb1� �
"-#� 3d1� )*�!.i4+��' b1'$ �!.c�!0cb1�a"-#� gd1� ' � /1#gha�!0A'$.t � �+ gdt'b%$0��a)()$#&%��!0��+� e %$"8�:f- ���>/1. % d5�!0cb1�a"-#� gd1� i
�k�a��'�h!'$" �� gd1#A)r#�� e "8�Vh!'$�7'$.t ���� ��'()b gdt'k�!0cb1�a"-#� gd1�$���a)r��'$0�0��a)b#� D)k�!.i�!0�� )$#A)�� )$##b!.t# �w%��!.t �0��
�7�a"8'_%(�a� e 0A'��[i

} 6 B�:Eni:�LaF8=AT`OkF8J`:eB�:EL!^�H!TK=ATKO+CDB�H�Q � H!B�H�?@?xL!BP=A:E^�X1Z@�
	��`X1Z@���kL!TKl,X[Z@��r<d:eO�:$F�F8J`:�CDH�?@?AH <w�
=ATKO`Z
� 0i�P0 ,/,��K��� 6 ]^6�� ] �gf A #A)b�!. n× n ���! �"-#��2�  gdt'$. det A � rank A � ker A �!.i4�� ���
��#��*/1�
. �a. �&)$#�.�b!/[0��!"�)$/ "E���! �"-#����:f A %��!.M�!0�0 "$'Mf��a/[.i4+#�., 3#��7' O(nω) /�)$#�.�bG gdt'��k� e %$"8�:f- ���>/1. % d
�!0cb1�a"-#� 3d1� i

�gf A #A)b. �a. �&)$#�.�b!/[0��!" �� gdt'$. A−1 %��!.��!0�) � "$'*f��a/[.i4�#�.� 3#��7' O(nω) i
?�H!F8:wF�JtLNF�F�JK:WC�L!fsF�H�B�=^R�LNF�=AH�T*H!C

A
=A^�H!TK? 6 TK:E:slK:El�CDH�B F8JK:>=@TvS!:EBP^�:{L!TKl F8JK: %!:sB�TK:s?&Z VWJK:

lK:sF�:EBPQ5=@TtL!T�F ��F�JK:>B8L!T %GL!TKl5LbQ7LV�[=@Q_jKQ TKH�T[� ^�=AT`O�jK?xLNB ^�j`hKQ7LaF8B�=��*fEL!T�L!?A?Khi:wCDH�jKT`l5jK^P=ATKO
�e?@O�H�B�=�F8JKQ '`Z

��������� ����� �!��"$#&%'�!����()�!%'*,+
7 H�B_L!T 6

n × n
Q7LNF�B�=��

A
��L b!"P� e d %(�a"-"8'() e �a.i4!#�.�bI � A

=@^kF8J`:MO�B8L!n`J
G(A) = (V, E)

�
<>JK:EBP:

V = {v1, . . . , vn}
L!TKl

vivj ∈ E
=@�

i 6= j
LNTKl

Ai,j 6= 0
H!B

Aj,i 6= 0
Z VWJK:

O�B8LNnKJ
G(A)

=A^+F8JvjK^ L6BP:EnKBP:E^P:ET�F(LNF�=AH�TUHNC�F�JK:,TKH!T[�DRs:EB�H6^PF8BPjKfsF�jKB�:MHNC
A
Z ;�TUntL!BoF8=@fEjK?AL!B)�

<�:*JKL S!:
G(A(G)) = G

�|<>JK:EBP:
A(G)

=A^{F�JK:*L!l.-�L!fE:sTKf 6 Q7LaF8B�=��cH!C
G
ZB?{HNF8:GF�JtLNF�=@T6F8J`:

fEH�T`^PF8BPjKfsF�=AH�TcH!C
G(A)

<d:+=AO�T`H�B�:�F�JK:blK=xLNO�H�TtL!? :ET�F8BP=A:E^>H!C
A
Z

9�:�^8L 6 F8JKLNF
A
=@^�L e 0��!.i�!"M���! �"-#�� =@C

G(A)
=@^�LynK?AL!TtL!B*O!B8L!nKJ Z L�^�=AT`O�F�JK:c^�:EnKLa�

B8LNF�H�BkF�JK:EH!B�:EQ ��VWJK:sH�B�:sQ X[Z�X��bCDH�BGnK?AL!TtL!BkO�B8LNnKJK^)��=�F_=@^_n|H!^�^�=@hK?A:�F8HIni:EBoCDH�B�Q�prL!jK^�^P=xL!T
:E?@=AQ�=ATtLNF�=AH�T�H!TUL6nK?AL!TtL!B+Q7LaF8B�=���=AT�F8=AQ�:

O(nω/2)
ZmVWJK=A^k=AQ�nK?A:sQ5:sTvF8LNF8=@H�T�H!C{prL!jK^�^P=xL!T

:E?@=AQ�=ATtLNF�=AH�T5=A^WfEL!?A?@:ElMF8JK: . '()$ �'�4,4!#A)() '(%$ 3#&�a. Z*;�TmF�JK=A^W^PjKhK^�:sfsF�=AH�Tc<�:+hKB�=@:0/ 6 B�:EfEL!?A? J`H�< =@F
<�H!B&%v^EZ

9�:y^8L 6 F8JtLaF
G = (V, E)

JKL!^6LNT
s(n) �&) ' e �!"P�! ��a" fs�!�*#�0�� �D<>=�F8J B�:s^�ni:EfsFmF8H ^�H�Q�:

fEH�T`^PF(LNTvF
n0

��=�C�:E=@F�JK:EB |V | ≤ n0

H�B
G
JtL!^>L!T

s(n)
��^P:EntL!B�LNF8H!B

S
^�jKf(J�F8JtLaF�F8J`:bfEH�TKT`:EfsF�:El

fEH�Q�niH�TK:ET�F�^mH!C
G − S

L!?@^�H JtL�S�:
s(n)

��^P:EntLNB8LNF�H�BMC�L!Q5=@?A=@:E^5<>=�F8J B�:s^�ni:EfsFmF8H
n0

ZgVWJ`:
ntL!BoF8=@F�=AH�T6B�:E^PjK?@F�=ATKO,CDBPH�Q�BP:EfsjKB�^P=@S�:5L!nKn`?A=AfELNF8=@H�TIH!C�F�JK=A^blK:$utTK=�F8=AH!T�=A^�F8J`:

s(n) �&) ' e �!"��! ��a"
 3"8'(' Z VWJ`:{BPH[H!F�H!CiF8J`: s(n)

� ^�:sntL!B8LaF8H�B�F8BP:E:>H!C
G
=A^�L!T

s(n)
��^P:EntLNB8LNF�H�B

S
=AT

G
�1=�F8^�f(JK=@?AlKBP:ET

L!B�:
s(n)

� ^�:sntL!B8LaF8H�BP^W=AT�fEH�T`TK:Ef$F8:ElmfEH�Q�niH�TK:ET�F�^�HNC
G − S

L!TKlc^�H�H�T Z
VWJ`:rCDH!?A?AH <>=@TKO_=A^>LNTc:EL!^ 6 fsH�B�H!?A?xLNB 6 H!C VWJ`:EH�BP:EQ X[Z�X[Z

1 �32S2 6 ]^6�4<] j 0��!.i�!"-b!"P� e d�)�d`�Sh!' O(
√

n) �&) ' e �!"P�! ��a" fs�!�*#�02#&'())i65y�a"8'(�Vh!'$"��,�!. O(
√

n) �
) ' e �!"P�! �a"r �"('('*f��a"+� e 0��!.i�!"Hb!"P� e dI%��!.*"$'*f��a/[.i45#�.� �#��7' O(n log n) i

$ =@n`F8H�T�LNTKlmV L!B7-�L!Ty~�X8	N� ^�JKH <d:El6F�JK:bCDH�?A?@H <>=ATKO G
Z 4MQ[0i�PQ�5\6 ]^6:9<;�=�Q�T&2�Q�>?> �/T T)Q�2S2��30i�A@�]AB '$ X "$'>�r) �a�*�7'$ 3"-#&% e � )$#� �#gh!'�41'C��.t#� �'>���! �"-#��
�!.i4m0A'$ G(X) d`�Sh!'��!. O(

√
n) �&) ' e �!"P�! ��a""fs�!�*#�0�� i?Dw#gh!'$.U�!. O(

√
n) ) ' e �!"P�! �a"_ �"8'('�f��a"

G(X) �ED>�!/�)()$#��!. '$02#��*#�.i�! 3#&�a. �a. X %��!. "$' e '$"gf��a"-�7'�4,#�.y �#��7' O(nω/2) i   dt'k"8'()$/[02 �#�.�b
fs�1%$ �a"-# � �! �#&�a. �:f X d`�a)5 gdt'�f��a"-� X = LDLT ��� dt'$"8' L #A)7/1.t#� �0A�a��'$"��� �"$#��!.�b!/10��!"7�!.i4
d`�a) O(n logn) . �a. � � '$"(�7'$.t 3"-#&'()k�!.i4 D #A)G4!#���b1�a.i�!0#i
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� Q�5;�K��� 6<]^6�� ]   dt'{)$ &�! '$�7'$.t ��:f-  dt'(�a"8'$����i����r#A)��E/[#� �'+4!# ��'$"8'$.t f-"8�a�� gd`�! ��:f B # e  ��a.
�!.i4  ��!"
	s�!. i ` 0�) ���� 3dt' � �a.t0��Bb!#gh!'{�!. O(n3/2) %(�a� e 0A'���#� � "$�a/1.i4*�!.i4*� ha��b!/�'�"8'$���!" �_�a.
#�� e "8�Vh #�.�bk#� ki-  dt' O(nω/2) #�� e 0A'$�7'$.t &�! �#&�a.,���a) b!#gh!'$. " � j �!.c�!.i4��>'$# f� )����&i �+�a��'�h!'$" �
 gdt' � f�� %$/v)>�a.� 3dt' e �!"P�!0�0A'$02# � �! �#&�a.7�:f�. '()$ �'�4r4!#A)() '(%$ 3#&�a.��!.i4{) '('$�  � "$'$02#&'�h!'d 3d`�! i) '��E/�'$.t �#��!0
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9;:,L!B�:,T`H!F_O�H!=ATKOcF8HInKBP:E^P:ET�F*F8JK:7lK:sF8L!=A?@^GH!CWF�JK=A^GL!?AO�H!B�=@F�JKQcZcVWJ`:,htL!^P=Af7=@lK:�Lm=A^kF�H
ni:EB�QGj`F8:�B�H <>^wLNTKl7fsH�?AjKQ�TK^�H!C

X
jK^P=ATKO+F8JK:

O(
√

n)
��^P:EntLNB8LNF�H�B�F�B�:s:!ZaE�:EBoF8=@fE:E^�H!C|F8JK:�F8H�n[�

?A:$S�:s?�^�:EnKL!B8LNF�H�B
S
fEH!B�B�:s^�niH�TKl�F8H�F8JK: ?AL!^PF |S| BPH <>^GL!T`l�fsH�?AjKQ�TK^&� :sF8fNZ@Z A�B�lK:sB�=@TKO�B�H <>^L!TKl�fsH�?Aj`Q5TK^{=ATcF8JK=@^e<wL 6 O�jtL!B�L!T�F8:s:E^�F8JKLNFeF�JK:_Q5LNF8BP=#�mL!?�<wL 6 ^bJtL!^

O(n logn)
TKH�T1�DRE:sB�H
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4!#A)() '(%$ �#&�a.6�a. X /v)$#�.�b �!. O(

√
n) �&) ' e �!"P�! �a"> �"8'(' T i!  dt'$. "$�a 3d L �!.i4 LT d`�Sh!' O(

√
n) �

) ' e �!"P�! �a"afs�!�*#�02#&'()+�!.i4 T #A)k�!. O(
√
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n
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^8L 6 F8JtLaFwL!T7:sS�:sT�F>H[fsfEjKBP^d<>=@F�J )$���!0�0 e "8� "(� "E#�02#� � =�C =@F�^dnKBPH�htL!h`=A?A=�F 6 =A^ O(1/n)
Za8[=AQ�=A?AL!B�? 6 �
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j "8� �:f&i 9�:6:��[:sfEj`F�: A �WL!TKl =@Cb=�F5BP:EniH�BPF�^5C�L!=@?AjKBP:S��<�:mB�:sF�jKB�T L!T 6 �Dn|H!^�^�=@hK? 6 =@TKfEH!B�B�:sfsF(�
H�j`F�nKj`FEZ

A�TcF�JK:rH!F8JK:sBWJtL!TKl G
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1 �32S2 6<] /16 ]"` . O(T (n)) 5��a.t �'-,��!"-0A�5�!0cb1�a"-#� 3d1� A f��a"+� e "8� "E0A'$� P %��!.*"$'G%(�a. h!'$"$ �'�4
#�.t �I� B �a) 8 'kb��a)M�!0cb1�a"-#� gd1� f��a" P ��#� 3d� gdt'�)E�!�7'5 �#��7'�%(�a� e 0A'���#� ��� e "8�Vh #�41'�46 gd`�! e gdt'
%(�a"-"('(%$ �. '()()_�:fr gdt'*�a/[ e /1 >�:f A %��!. "$'Bh!'$"$# �w'�4�#�.� 3#��7' O(T (n)) i
j "(� �:f&i 9;:b:Y�`:sfEj`F�: A �[S�:EBP=@C 6 F�JK:bfEH!B�B�:sfsF�TK:E^P^eH!C�F8J`:+H!j`F8nKj[F ��L!TKlMF�JK:ETcB�:$F8jKBPTc=�F>H�TK? 6 =�C
=@F>=@^WfEH�BPB�:Ef$F �tH!F�JK:EBo<>=A^P:r<d:+B�:EniH�BoFWC�L!=A?@jKB�:NZ

;�T�F8J`:�T`:��1FG^PjKhK^P:EfsF�=AH�T�<d:5=@TvF�B�H1lKjKfs:5LMO�:sTK:EBP=Af Q�:sF8J`H[l�CDH�BblK:s^�=@O�TK=AT`OcB�L!TKlKH!Q5=^RE:El
=mH�T�F8: � L!B�?@HGLN?AO�H�BP=@F�JKQ5^sZ�9�:�jK^�:eF�JK=A^�Q�:sF�JKH[l�F8HknKB�H1lKjKfs:e^�:$S�:sB8L!?|L!?AO!H�B�=�F8JKQ�^�=AT � JtL!n[�
F8:sB�^�'mLNTKl?	KZ�;�T � JKL!n`F8:sBk�,<d:�lK=A^PfEjK^P^+F�JK:*nKB�H!hK?A:sQ H!CdQ7L %v=@TKO,F8JK:s^�:�L!?@O�H�B�=�F8JKQ�^9$�L!^
E�:EO�LN^EZ
���0/ ��� � 4,+ " *�� %�� 4 �!%'*,+
	 % 4�� %�� ������� (���� 4�������� ��� � 4
;�TGF8J`=A^ ^PjKhK^P:EfsF�=AH�T_<d:w=@TvF�B�H1lKjKfs:�F�JK:wB8LNTKlKH�Q�= RELNF8=@H�TrQ5:$F8JKH1lGjK^P:El_F�JKB�H�j`O�JKH�j`F F8JK=@^�<dH�B %iZ
VWJK=A^>Q�:sF�JKH[l�=@^WhtL!^�:slmH!TcF�JK:rfE:E?@:EhKB�LNF8:sl"! =@nKni:E?��:8[f(J�<wLNBPF R $ :sQ5Q5L`Z

� H!TK^�=@lK:EBdL!T,LN?AO�H�BP=@F�JKQ A <>J`=Af(J,jK^P:E^
Z(X)

L!B�=�F8JKQ�:sF�=AfwCDH�B�^�H�Q�:�^�:sF�H!C SNL!BP=xL!h`?A:E^
X
�

=&Z :!Z =@FGL!lKlK^&��QGjK?@F�=AnK?@=A:E^&��^�jKhK^oF8B�L!fsF�^5LNTKlUlK=@S1=@lK:E^kB8LNF�=AH�TtLN?�CDj`TKfsF�=AH�TK^kCDB�H�Q
Z(X)

Z !�L!f(J
L!B�O!jKQ5:sT�F>H!C L

Z(X)
H�ni:EB�LNF8=@H�TMJtL!^wF�H�hi:b:E=�F8JK:sB>L*B�:E^PjK?@F>HNC H!TK:rH!C�F8JK:rnKBP:sS1=AH�j`^WH�n|:sB8La�

F8=@H�TK^WH�B�L!T�:E?@:EQ�:ET�F�H!C
X

��S1=A:s<d:El6L!^�L�Q�H�TKH!Q5=AL!?��-Z VWJK:rH�T`?$#7<�L%#MF8H5L!fEfs:E^P^�F�JK:rB�:E^PjK?@F
H!C L!TmH!n|:sB8LNF�=AH�TM=@^wF8H*F8:s^PF�=@C =@FW=@^W=AlK:sT�F8=AfEL!?A?&# Rs:EBPHKZ $�:$F>jK^>f�L!?@? F8J`:E^�:rF8:s^PF�^ � '$"8� �� �'()$ D) Zz�H < :('�fE=A:sT�F8?$#5f�LNT,F8JK=@^ %v=ATKl,HNC LN?AO�H�BP=@F�JKQ hi:�=AQ�nK?A:sQ5:sT�F8:El*)N; C <d:b^�:sFPF8?@:eCDH�BwL_B�L!T[�
lKH�Q�= Rs:Ely^�H�?@j`F8=@H�T � <�:�f�LNT;lKH�F8JK: CDH�?@?AH <>=ATKO`Z 9�:�nK=Af�%�LcnKB�=@Q5:

p
L!TKl�^�jKh`^PF8=�F8j`F�:5:EL!f(J

SNL!B�=AL!hK?A:{=AT
X
<>=@F�JcL_B8L!TKl`H�Qg:s?A:EQ�:ET�FWCDBPH�Q F�JK:butTK=�F8:eut:s?Al

Fp

Z*;�TK^PF�:�L!l�H!C
Z(X)

L!B�=�F8J[�
Q5:$F8=@f><d:eT`H�< n|:sBPCDH�BPQ

Fp

L!B�=�F8JKQ�:sF�=Af ��<>JK=Af(J5f�L!T5h|:�lKH�TK:�:+'�fs=A:ET�F�?$# =@C
p = O(poly(n))

Z
$ :sFWjK^�f�L!?@?iF�JK=A^w^PjKhK^oF8=@F�j`F8:sl�L!?AO!H�B�=�F8JKQ L!T

Fp #�� e 0A'$�7'$.t �! �#&�a. H!C A Z VWJK:bnKBPH�hK?@:EQ <>=@F8J
Fp

=@Q5nK?@:EQ�:ET�F(LaF8=AH!TK^ =@^ F8JtLNF�^PH�Q5:WHNC|F�JK:
RE:EBPHN� F�:E^oF8^�Q5=@O�J�F�B�:$F8jKBPT�F�B�jK: �1:$S�:sT7=@C�F�JK:>fEH�BPB�:$�
^�niH�TKlK=@TKO_B�LNF8=@H�TtL!?tCDjKTKf$F8=@H�T,=A^dTKH�T[�FRE:sB�HKZ 9�:�Q5L,#�:$S�:ETc:ET`lMjKnMlK=@S1=@lK=ATKO+h�# Rs:EB�H`Z A�F�JK:EB
F8JtLNT�F8JKLNF � L!T

Fp

=AQ�nK?A:sQ5:sTvF8LNF8=@H�TI=@^kLcn|:sBPCD:sfsF8?&#�O�H1H[l�=AQ�nK?@:EQ�:ET�F(LNF�=AH�T�HNC A ��^�=AT`fE: AH�TK?&#ML!fsfE:E^P^�:s^{F8J`:+B�LNF8=@H�TtL!?iCDjKTKf$F8=AH!TK^WF8JKBPH�jKO�J RE:sB�HN�&F8:s^PF8^sZ
$ :$F{j`^{LN^�^�j`Q5:rF8JtLaF{hi:sCDH!B�:rn|:sBPCDH�BPQ5=@TKO L lK=@S1=A^P=AH�T � A LN?@<�L,#1^HRE:sB�HN�&F8:E^oF8^>F8JK:rlK=�S1=A^�H!BEZ

VWJK=A^><�L,#S�iF�H5O!jtL!B8LNTvF�:E:rF8JK:+fEH!B�B�:sfsF�TK:E^P^eH!C L!T�#�=AQ�nK?A:sQ5:sTvF8LNF8=@H�T,H!C A �t<�:+H�TK?&#MTK:E:sl6F8H
O�jtL!B�L!T�F8:s:rF�JtLNF{L!?@?|F8J`:�Rs:EBPHN� F�:E^PF�^>O�=@S!:+fsH�B�BP:Ef$F{BP:E^PjK?@F�^EZ

7 H�B{L!T�#m=ATKnKj[F
D
�|?A:sF

genA(D)
h|:kF8JK:k^�:sF�H!C�F8JK:GB8LNF�=AH�TtLN?�CDj`TKfsF�=AH�TK^@RE:sB�HN�&F8:E^oF8:sl�h-#

A �`<>JK:sT6O�=�S�:ET
D
Z

$ :$F
genA(n) =

⋃
|D|=n genA(D)

ZcVWJK:7CDH!?A?AH <>=@TKOMF8JK:sH�B�:sQ ^PJKH <>^GF8JtLaF_jKTKl`:EBG^PH�Q�:
L!lKlK=�F8=@H�TtL!?|L!^�^PjKQ�n`F8=@H�TK^)�[<�:rf�LNTmO�jKL!B8L!T�F�:E:�F8JKLNF�L!?A?iF8JK:BRs:EBPHN� F�:E^PF�^W<>=A?A?|O�=@S!:�F8JK:rfsH�B�BP:EfsF
L!TK^o<�:sB�^{<>=�F8J�JK=@O�JMnKB�H!htL!hK=@?A=@F�#!Z
Z 4MQ[0i�PQ�5 6<] / / ] B '$ A "$'G�!.y�!0cb1�a"$#� gd1� e '$"gf��a"-�*#�.�b,�! d�7� )$ T (n) � '$"8� �� �'()$ D)+#�. Z(X)
�!"-#� 3d1�7'$ �#&% f��a"��!.�#�. e /[ �:f�)$# � ' n i '�/ e e � ) 'd gd`�! '�h!'$"�� f ∈ genA(n) d`�a)W�b"8' e "8'() '$.t �! �#&�a.
f = g/h )$/t% dc gd`�! deg g ≤ D(n) �!.i4 g d`�a)G�!. O(1) . �a. � � '$"8�,%(� '/. %$#&'$.t ki   dt'$.#����#� 3d
d1##bVd e "8� "(� "E#�02#� ���� 3dt' Fp #�� e 0A'$�7'$.t &�! 3#&�a.y�:f A %(�a"$"8'(%$ �0��,�!.`)$��'$"8)k�!0�0 � '$"8� �� �'()$ D)��1f��a"k�!. �e "-#��7' p ≥ nD(n)T (n) i

;�T6H�B�lK:sB{F�H,nKB�H S!:GF8JK:_L!h|H S!:GF8JK:sH�B�:sQ���<d:GutB�^oFbB�:sf�L!?@? L <�:s?A?�%1T`H�<>T�?@:EQ�Q7LX�il`jK:GF8H
! =AnKni:E? ~(' �a��L!TKl�8[f(J�<wLNBPF R5~c' 	!�3Z
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� QX5 5;� 6 ] /��&;�������� Q�,��	� 2 4�
G�K��2� @P] �3f p(x1, . . . , xm) #A)G�7. �a. � � '$"8� e �a0��a. �a�*#��!0 �:fG41' �
b!"8'(' d ��#� 3dU%(� '/. %$#&'$.t �)�#�. � �w'$0�4��!.i4 S #A)7�c)$/ "$) '$ b�:f  3dt' �w'$0�4 �{ gdt'$.U 3dt' e "8� "(� "E#�02#� �
 gd`�! p '�ha�!02/K�! �'()r �� 0 �a.��7"P�!.i41�a� '$0A'$�7'$.t (s1, s2, . . . , sm) ∈ Sm #A)G�! d�7� )$ d/|S| i
j "8� �:f �P�:f   dt'(�a"8'$� ��i ) )-�Si $ :$F p

hi:_L5nKB�=@Q5: ≥ nD(n)T (n)
Z � H�TK^P=AlK:sBbL!T�#c=ATKnKj[F

D
HNC

^�=^RE:
n
L!T`l�L!T�#

f ∈ genA(D)
�
f 6= 0

Z 8[=@TKfE:
f = g/h

�|<>JK:sB�:
g
JtL!^rL!T

O(1)
TKH�T[�FRE:sB�H

fEH1:+'�fs=A:ET�F)�
g
=A^�L!?A^PH�L�TKH!T[�DRs:EB�H5n|H!?$#1TKH�Q�=xL!?iH S�:sB

Fp

Zw}�#N$�:sQ5Q5L�X[Z(' 	 �KF8J`:knKBPH�htL!h`=A?A=�F�#
F8JKLNF

g
��H�B&��:)%vjK=�S!LN?A:ET�F�?$#

f
� :$S!LN?AjtLNF�:E^ F�H

0
H�T L�B8LNTKlKH�Q :E?A:sQ5:sT�F�H!C

F
|X|
p

=A^ ≤ D(n)
nD(n)T (n)

=
1

nT (n)

ZH8[=AT`fE: | genA(D)| ≤ T (n)
��nKB�H�hKL!hK=A?@=@F�#7H!C�L!T�#cTKH�T1�DRE:sB�H

f ∈ genA(D)
:$SNL!?AjtLaF8=AT`O

F8H
0
H�TmL*B8L!T`lKH�Q :s?A:EQ�:ET�F>H!C

F
|X|
p

=A^ ≤ T (n) 1
nT (n)

= 1
n

Z
� Q�5;�K��� 6 ] /�� ]   dt'(�a"8'$� ��i ) )G#A)�. �a � 3dt'e�a.t0��_� e e "8�E�1% d* ��+"P�!.i41�a�*# � �! 3#&�a.5��'{�!"8' b1�a#�.�b
 ��7/�) '+#�.� gd1#A)G���a" �Si �+�a��'�h!'$"���#� b!#gh!'()G���w�Sh!�a/["*�:fr 3dt'���# e e '$0�� ' % d1���!"- � B '$�*��� "(�a) '�4
"P�!.i41�a�*# � �! 3#&�a. i

�e?@^�H �KT`H!F8=@fE:bF8JtLaF G
1 �32S2 6 ] /�4<]�� �a"c�!. � p = O(poly(n)) �_ gdt' Fp #�� e 0A'$�7'$.t �! �#&�a. �:fm�!. �!0cb1�a"$#� gd1� e '$"��
f��a"-�*#�.�b O(T (n)) � e '$"P�! 3#&�a.`)k#�. Z(X) ���a" � )k#�.� �#��7' O(T (n) logn) i �3f+ 3dt'_.t/[�-"$'$"*�:f
4!#gh #A)$#&�a.`) e '$"gf��a"-�7'�4!" �G gdt'��!0cb1�a"$#� gd1� #A) o(T (n)) �  3dt'$.� gdt' Fp #�� e 0A'$�7'$.t �! �#&�a.,���a" � )�#�.
 �#��7' O(T (n)) i
j "8� �:f&i ; C p = O(poly(n))

��L!?A? H�ni:EB8LaF8=AH!TK^�:��[fs:En`F+CDH�B�lK=�S1=A^�=@H�T6<dH�B&%6=ATIF8=@Q5:
O(1)

� LNTKl
lK=�S[=@^�=@H�T,<�H!B&%v^{=@T,F8=@Q5:

O(logn)
Z

� Q�5;�K��� 6<] /:9 ] '�#�. %(' � '$"8� �� �'()$ 3#�.�b � "P�! 3#&�a.i�!0�f-/[. %$ �#&�a. #A) '��E/1#gha�!0A'$.t * �� � '$"8� �� '()$ �#�.�b
#� �)6.t/1�7'$"P�! �a" �5�a. '6�*##bVd1 +���a.i41'$"�� d �;. �a _41'C��. ' genA(D) �!.i4 genA(n) �a)M) '$ D)��:f
.t/1�7'$"��! ��a"8)5�:fk"P�! 3#&�a.i�!0�f-/[. %$ �#&�a.`)�%(�a� e /[ �'�4 " � A i   d1#A)G���a/[0�47)$#�� e 02# f��, gdt'k)$ &�! '$�7'$.t 
�:f   dt'(�a"8'$� ��i ) )[i   dt' e "8� "E0A'$� ��#� 3dc gd1#A)G� e e "8�E�1% dc#A)+ 3d`�! W'�h!'$"��7"P�! �#&�a.i�!0 f-/[. %$ �#&�a.�d`�a)
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��.t#� �'$0��*���!. �*"(' e "8'() '$.t &�! 3#&�a.`)r�a)+� �E/��a �#&'$.t w�:f� ���� e �a0��N. �a�*#��!0�)b�!.i4�#� �#A)�. �a �'��a) �� ��
)$#�.�b!0A'_�a/1 d gdt'*�a. 'r gd`�! �#A)r�7� )$ �)$/1#� � "E0A')i
� Q�5;�K��� 6<] /�� ] �k'$"8'��7��'��!"8';�a.t0�� %(�a. %('$"-. '�4U��#� 3d '/. %$#&'$.t *#�� e 0A'$�7'$.t &�! 3#&�a. �:fI gdt'
Z(X) �!"-#� 3d1�7'$ �#&%)i ` 0cb1�a"-#� 3d1�G)54!#A) %$/�)() '�46#�.U gd1#A)����a"�� e '$"gf��a"-� ) �a�7'M�a gdt'$",� e '$"��! �#&�a.`)
�a)M��'$0�0 � "E/1 r 3dt'�.t/1�-"$'$"m�:f7 3dt'() 'I� e '$"P�! �#&�a.`)M#A)m�:fM 3dt'5)E�!�7'6�a"P41'$"c�a)M gdt'�.t/1�-"$'$"m�:f
Z(X) � e '$"P�! 3#&�a.`)�� ) � ��'*�a.t0��,%(�a.`)$#�41'$"b 3dt'+0��! � '$"&i
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Z
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<dH�B&%v=AT`O�H S!:EB

Z(X)
Z 9;:rhi:E?@=A:sS!:�F8JtLaFWF8JK=@^WL!nKnKBPH�L!f(J �th�#M^P:EntLNB8LNF�=ATKO_F�JK:rB8L!TKl`H�Q5=^R�LNF�=AH�T
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;�T F8J`=A^ f(JtL!n`F�:EB7<d:6^PJKH < JKH < p+LNjK^�^P=xL!T :E?@=AQ�=ATtLNF�=AH�T;f�L!T hi:cjK^�:sl F8HyutTKl Q5LV�[=AQ_j`Q
Q7LaF8f(JK=@TKO�^ =@T*O�B8LNnKJK^EZ�9;:W^oF(L!BoF <>=@F�J_nKBP:E^�:sT�F8=AT`OrF�JK:WL!?@O�H�BP=@F8J`Q5^�H!C $ H S&%N^ RW=AT�8[:Ef$F8=AH!Tl'`Z@�
L!TKl I�L!hK=@T,L!TKl E�L RE=AB�L!TK=�=AT-8[:Ef$F8=AH!T-'`Z�X[Za;�TN8[:sfsF8=@H�T-'`Z('k<d:b=AT�F8BPH[l`jKfE:{H�jKBw=@Q5nKBPH S�:EQ�:ET�F
H!CGF�JK: I{LNhK=AT[�kE�LSRE=@B8L!T`=�L!?@O�H�B�=�F8JKQN�>htL!^P:El H!T prL!jK^P^�=xLNT :s?A=@Q5=@TtLNF8=@H�T Z ; Fm=@Q5Q�:El`=xLNF�:E?$#
O�=@S!:E^GL!T;:s?A:EQ�:ET�F8L!B #

O(n3)
Q5LNF8f(JK=@TKOmL!?AO�H!B�=@F�JKQcZ ;�T 8[:sfsF�=AH�T '`Z 	c<�:7^�JKH < F8JKLNF_jK^P=ATKO

F8JK:7z{H�nifEBPH!C�FP��}�jKTKf(J�=AQ�nK?A:sQ5:sT�F(LNF�=AH�T�H!C>p+L!j`^�^�=AL!T;:s?A=@Q5=@TtLNF8=@H�Tm<d:,fEL!T L!f(J`=A:sS!:
O(nω)fEH�Q�nK?@:��[=@F�#�CDH�B�h`=AntL!BoF8=�F8:+O�B8L!n`JK^EZ+VWJK:*O�:sTK:EB�L!? fEL!^�:*=@^�Q_jKf(J�JtLNB�lK:sBEZk}�:sCDH�BP:_O�=�S[=@TKO,LNT

O(nω)
^�H�?@j`F8=@H�T�=@T 81:EfsF�=AH�T '`Z ����<d:7utBP^PFk^�JKH < =@T 8[:sfsF8=@H�T '[Z\�,F8JtLaF_LcQ7LV�[=@Q7L!? L!?A?@H�<d:El

^�jKh`Q7LNF�f(JK=AT`O�HNC L!T�#7Q7LNF�f(JK=AT`O*f�L!Tch|:�CDH!jKTKl�=AT
O(nω)

Z�VWJK=A^>=@^WL!%!:+#�=@TKO�BP:ElK=@:ET�FWH!C�F8JK:
O�:ET`:EB8LN? Q7LNF�f(JK=AT`O L!?AO�H!B�=@F�JKQcZ

;�T;L!?A? F�JK:E^P:7fsH�TK^�=@lK:EB�LNF8=@H�TK^r<�:5fEH�T`fE:ET�F�B8LNF�:7H�TyF8JK:5n|:sBPCD:Ef$FGQ5LNF�f(JK=ATKOcnKBPH�hK?A:sQmZ ;�T
8[:Ef$F8=@H�T '`Z _<�:+^�JKH < F�JtLNF>F8JK:+Q5LV�[=AQ_jKQ�Q7LaF8f(JK=@TKO5n`B�H�hK?@:EQ BP:ElKj`fE:E^{=AT�F8=@Q5:

O(nω)
F8H

F8JK:rni:EBoCD:EfsF�Q5LNF8f(J`=ATKO nKBPH�hK?A:sQmZ
VWJ`:bB�:E^PjK?@F�^wnKBP:E^�:sT�F8:Elm=AT7F�JK=A^�f(JtL!n`F�:EB>L!BP:�htL!^P:El�H�T,F8J`:bntL!ni:EB�^WHNC�$�H S'%!^ R ~�X������k81:Ef$�

F8=@H�T '`Z����Y��I{LNhK=AT L!TKl E�LSRs=AB�L!TK=+~('S'a�_�k8[:sfsF8=@H�T '[Z\X��Y�H=mjKf(JtLULNTKl 8`LNT %!H <>^&%v= ~c'�]a�_�k81:Ef$�
F8=@H�TK^-'`Z('��@'`Z 	 ��'[Z\� L!T`lJ'[Z ���Y�@;�hKL!B�B�LUL!TKlJ=mH�B�L!T ~��)(��k��I{LNhK=AT LNTKl E�LSRE=@B8L!TK=G~('S'a�rL!T`l
� JK:EBP=$#�L!T;~ �N�d� 8[:Ef$F8=AH!T�'[Z ��-Z

* �,+ -/.,0�$21 ( +43#& $65875$:9<;6= )
$ :sF

G = (V, E)
h|:�L_O�B8L!n`J�L!TKlM?A:$F

V = {v1, . . . , vn}
Z ��> �@?-"BA@CEDGFIHKJ 	,HLFNM$.OF �P?QH&RTSUD�� H!C

G
=A^>LNT

n × n
Q5LNF8BP=#�

Ã(G)
^PjKf(JmF�JtLNF

Ã(G)i,j =





xi,j

=�C
vivj ∈ E

LNTKl
i < j

−xj,i

=�C
vivj ∈ E

LNTKl
i > j

0
H!F8JK:sBP<>=@^�: ,

<>JK:EBP:
xi,j

=@^*LIjKTK=^%vjK:,SNL!B�=AL!hK?A:�fEH!B�B�:s^�niH�TKlK=@TKOIF8H�:slKO�:
vivj

Z $ :sF
Ẽ = {xi,j : vivj ∈

E
L!TKl

i < j} h|:bF8J`:+^P:sF�H!C L!?A?|F8JK:s^�:bSNL!B�=AL!hK?A:s^EZ�VWJK:sT Ã(G)
=@^>L*Q7LNF�B�=��,H S�:sB

Z(Ẽ)
Z

X��



X � ���H�9�����*����� �����9	>� ��� ����� ���H	:���H����	D����� � ���X	D�9� �
<	>��	:�@����	���

;
	
G = (U∪V, E) ���� h � n ����������������� n�� ����� ����� U = {u1, . . . , u|U |}

�
V = {v1, . . . , v|V |}

�
� � �� !� � � " D e H&SBR D R M > �'?-"BA@CEDGF HKJ 	,HLFNM$.OF �	?QH&R SBD�� Ã(G) " 	 G ��#� |U | × |V | $%�&����� � � j(')�
� � �&�

Ã(G)i,j =

{
xi,j � 	 uivj ∈ E
0 "�� � ��� � ���� ,

� Q�5+*�,�� / ]/_1] �$. R3d M e H e MBS > A:f B AVh.- > �  � +2� H!. J � H " D�. H!. J 8 H � D S H!. D  ) )���Aa. C�� Rgd M
bLM$.OMBS H&C<F H > M D > FNAa. > D JLMBS M J i   dLD > D > R A "BM M�� e MNFBR M J H > Rgd MBS M�D > .OA e A@D�. RPD�. e S AVh)D�.�b
Rgd MNA@SNMB? > f A@S " D e H&SURTD R MNb&S H e d > D f�Rgd M � d A@C J D�.�Rgd MNbLM$.OMBS H&C2F H > M)i6�6A./ M�h&MBS � " D e H&SURTD R M
b&S H e d > H!. J " D e H&SUR D R M > �@?-"BA@CEDGF�HKJ 	,HLFNM$.OF �	?QH&R SBDGFNM > H&S M	FBS10 FBD H&C f A@S	A.0LS	FNAa. > D JLMBS H&R DGAa. >� > MNM '$MNFBR DGAa.()[i32 H!. J )[i54 ��� > A6/ Mb.OMNM JQR A e S AVh&M2R3d M " D e H&SBR D R M h&MBS > DGAa. > A:f H&C C$Rgd MNA@S MB? > i� A@S ? A > R A:f R3dLD > F d H e R MBS �7/ M Aa. C��80 > M�"NH&C H!.OFNM J$" D e H&SUR D R M b&S H e d > i   d M " D e H&SUR D R M > �@?!�
"BA@CEDGF HKJ 	,HLFNM$.OF � ?QH&R SUD��2D > Rgd M$. H > ��0 H&S M ?QH&R SUD��2�9/ dLDGF d6D > SNM���0LD S M J<D�. A.0LS FNAa. > D JLMBS H&R DGAa. > i
  d M@bLM$.OMBS H&C F H > M2D > FNAa. > D JLMBS M J D�.('$MNFBRTDGAa.*)[i �Pi
� Q�5+*�,�� / ]^6 ];: A@R M�� R3d H&R</ M=0 > M Ã(G) R A JLM$.OA@R M "BA@Rgd " D e H&SUR D R M H!. J bLM$.OMBS H&C�h&MBS > DGAa. >
A:f R3d M > �@?-"BA@CEDGF HKJ 	,HLFNM$.OF � ?QH&RTSUD��[i �UR>/ D C C H&C?/ H � > "BM FBC M H&S fUS A@?/Rgd M FNAa. R M�� R</ dLDGF d Aa.OM
/ M2S M3f MBS2R ASi

@BA ���C� ~c'���� "�D(�����FE��HGI� � � 	 "�JJ" � �� �� G
Z 4MQ[0K,VQ�5 / ] /<] B MBR Ã(G) "BMIR3d M ��" D e H&SUR D R M�� > �'?-"BA@CEDGF6HKJ 	,HLFNM$.OF � ?QH&R SUD��"A:f H ��"NH&C H!.OFNM J
" D e H&SURTD R M�� b&S H e d G i-  d M$. det Ã(G) 6= 0 D � G d H > H e MBSgf MNFBR ?QH&R F dLD�.�b i

;  L"���G��H�M�C"ON���"�E��P� � �Q �"� � D���NR����������� ' �&���S" 	T@O� ��"�����$ 'VU '>� � u ���F�B (����G8�C" ')� ���C� ' �C�H��� R �
������N � � � �WET� (�XNY�H� 	 � ' ��$%�.� ')� �� ����<�� Z�C����$[�O" 	B'(#T' J� ' "\E������ U � F � FBC M6FNAVh&MBS=" 	 G ��O�����H�
" 	 E��H����� � G���� - "��� ]� '+#T' J���� ' "�E������ ��#��J�JVE��H����� ' �H�S" 	 G U��^'+#T' J�� ' "\E��H�S��Q�� M�h&M$.	F � FBC M<FNAVh&MBS
� 	 ��J�JM����� '+#T' J���� � �WE��#�HE��� IJ�� (��� �MU
� QX5 5+* / ]��M]H` b&S H e d G d H > H e MBS3f MNFBR ?QH&R F dLD�.�b"D fQH!. J Aa. C�� D f D R"d H > H!. M�h&M$. F � FBC M
FNAVh&MBS&i
j S A)A:f&i ;
	 G � ���Q�_N`��� 	 � ' �a$%�&� ')� � (� M

� � � �� �� � �<���1�S" 	 � � " � E�������� �6'(#T' J�H� ' "������H��N`"� �G��� ��
�C"X� � �8��G����H�;" 	 M ����� b�HE��� '+#T' J�� ' "\E�����" 	 G

U
� "� ]E��H�����HJ #S� � 	 G

� ���8�� c�HE��� '+#T' J�� ' "\E��H� C
� � � �H d�C� % � ��e�1E��H� # ��� ' "� (G+��G(��� 	 ��"�$

�W� ')�I'(#V' J�#����E������6NY�H� 	 � ' ��$%�.� ')� �� ��X� G
U

f �#�����8 �" � ������G # ��"6N���"\E�� @O� �H"����H$ '(U '
j S A)A:fPA:f   d MNA@S MB?1)[i )[i f � � �WE�� G

� 'VU@���
det Ã(G) =

∑

π∈Σn

(−1)sgn(π)
n∏

k=1

Ã(G)k,π(k)

;
	
G ���6�dD���Jg�� ' ��G�D���NR�����������Z���C�&N � �� �G Ã(G) ��6�cD��N����������C�%� # $�D`"�J� ' ��G - � ' �� '(#

$[�&�C��� � � � � �� c� � �X ("� �DR ����"h������$[�i" 	 � � �X����� � �i����G��X" 	��/'(U@� �;' "������H��N`"� �Gc�C"Z� � �XNY�H� 	 � ' �
$[�&� ')� �� ����O" 	 G

�(��� � ')� �H �G���� � �8N���"V" 	 " 	 � � ��� ' ����� U
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;  e� � �i���� (���C�&J ' ����� � � � �i �"� �FR �H��"X�C�H��$ �O" 	 det Ã(G) G�"6 �"���G������ ' �CJ #%' "���������NY"� �Gb��"
NY�H� 	 � ' �S$[�&� ')� �� ����a�� G

� D A � � � � �J�J(� � " � � � �&�a� � � # G�" ' "���������NY"� (G6��"i�HE��� '+#T' J�� ' "\E��H���
" 	 G �� �Ge� � � ' Jg����$ � ��JJ 	 "�JJ" �^	 ��"�$ $ ��$ $%� 'VU 	�U? "� �FR ����";�HJ�H$[�H ����" 	 � � �P���� � �����G��S" 	d�/'(U����  �" � � �WE�� 	 "���$ (−1)sgn(π)

∏n
k=1 ±xk,π(k)

�
��� ����� v1vπ(1), . . . , vnvπ(n) �����X��G����H�8" 	 G

U=@O� ����� �HG����H� 	 "���$ � '(#T' J� ' "�E����8" 	 G
�9' "�� �

���H��N`"� �G��� ��Z�C"Z� � � '+#T' J��XG�� ' "�$ NY"��������"� I" 	 π
U I �HE�������� (�h� � �XG������ ' �C��"� " 	 �� # '(#T' J�X" 	

J�H ���� � > 2 � π J����G��P�C"L� � ���C��$ � '(#V' J� ' "\E��H�<" 	 G �& �G%� � � % A �H���C��"� Z��� G���� �.� � �&N�NY�H ��
�C"%� � �=����� I" 	 � � � ' "������H��N`"� �G��� ��Z �"� �DR ����" �C�H��$ U � "� (���G(���_�[NY�H��$ A �C�&�C��"� π′ ��� � ')� ��
� % A ��Ja��" π

� � � � �Z���� ���J�� '+#T' J��6���HE���������G U I �HE�������� ��b� '+#T' J�6G�"T���i �"�� ')� �� ����X� � � ����� 
" 	 � � �8N`����$ A �)�&���"� � D A � ')� �& �������� � �#����� (�O" 	 �&JJ � � �iE��&���g�&D�J�H� xi,π(i)

' "���������NY"� (G�� ��6�C"
� � �;��G������<" 	 � � �� '+#T' J� UQ@O� A � � � � ������$[� ' "������H��N`"� �G��� ��=�C" π �� �G π′ � �WE�� � � �;�C��$ � ����� 
� 	 � � �#J�H ���� � " 	 � � �#���HE���������G '(#T' J�#����1E��� � �� �GI"�N�N`"���� �C�8������ ���� 	 � � �LJ�H ���� � ���"TG�G U"; �	 "�JJ�" � �;� � �&�_� � �=�C�H��$ � ' "������H��N`"� �G��� ��Z�C"e�1E��� '+#T' J� ' "�E������L�&G�G A Nc�� �G ��� E��� ("� �DR ����"
$["� �"�$ �g��J�� " 	 det Ã(G)

�V��� �J��8��JJ`� � �8"�� � ���� �"� �DR ����"X������$ � ' �� ' ��J9" A � U
@O� �#N(��"T" 	 " 	�@7A ������� � @O� ��"�����$ ��J���"6� A �������F�C��� � � 	 "�J�J" � � (� G

Z 4MQ[0`,PQ�5 / ] � ]�B MBR Ã(G) "BM Rgd M ��" D e H&SURTD R M�� > �@?-"BA@CEDGF6HKJ 	,HLFNM$.OF � ?QH&R SBD�� A:f H ��"NH&C H!.OFNM J
" D e H&SURTD R M�� b&S H e d G i �3f"Rgd M JLMBR MBSB? D�. H!. R A:f Ã(G) D > .OAa. � � MBS A�� Rgd M$. D R d H > H!. O(1)
.OAa. � � MBS A FNA)M/. FBDGM$. RFi
j SNA)A:f&i $ �1� A ���R����� ' "� ����G��H�P� � � D���NR���F�C����� ' ����� U*$ �H� G = (U ∪V, E) �� �G[J�H� A �>����� A $[� �� ��� � " A �8J�"����_" 	 ���H �������J� � # � � � �&� M = {u1v1, u2v2, . . . , unvn} ��i�eN`��� 	 � ' �8$[�&� ')� � ��e�� 
G
UP@O� �� x1,1x2,2 . . . xn,n

� ��� ' "T� ' ' ���� ]� ±1 � det Ã(G)
U

;  b� � �#���H �������J ' ����� � J�H� M = {v1v2, v3v4, . . . , vn−1vn} DY�L�[N`��� 	 � ' �;$[�&� ')� �� ��6� G
U

@O� �� x2
1,2x

2
2,3 · . . . · x2

n−1,n

� ��� ' "T� ' ' ��� ]� ±1 �� det Ã(G)
U

@O� ��"�����$ '(U ' � A ����������� � J���"���� � � $ 	 	 "��=G(� ' ��G�� (� ��� �H� � ���6�I����E��� ������N � G
� ���=�

NY�H� 	 � ' ��$%�.� ')� �� �� U
+-,/.10K,
	32�4�5 � $ "�E % � R � �������F�C� (�[�&J��"������ � $
@
! 8V@��:C*!*I 7 ! � @��:=��Q@ ��� ;:?���

G � G' "�$ N A �C� det Ã(G)
A ��� (�  � A ������� h��J��$[�� R�&���"� 	3O

det Ã(G) 6= 0
2P4MQ��

,PQ 2���,�� U�� ! 8[W
Q�,/T)Q

,PQ 2���,�� U>?9A@W

Z 4MQ[0`,PQ�5 / ] 4 ] � A@S	H!. � e SUD ? M p = Θ(n2) � Rgd M Fp D ? e C MB? M$. R H&R DGAa. A:f ` CcbLA@SUD RgdL? 2
D > H!. O(nω) 5 Aa. R M , H&SBC A H&CcbLA@SUD R3dL?�JLMNFBD J&D�.�bh/ d MBRgd MBS H b&Dgh&M$. b&S H e d G d H > H e MBSgf MNFBR
?QH&R F dLD�.�b i
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j S A)A:f&i @O� �!G��H������$ � ��� ]� det Ã(G) ���b� N`"�J #  �"�$ �g�&J " 	 G���������� n
U�;
	 ���b���b ("� �
 R ����" �

� � �� ��� �� ��J��"% �"� �
 R �H��"e"\E��H� Fp

� D # @O� ��"�����$ 'VU�VU�� # ! ��N�N`��J�
 8V')�]� �&��� R $ ��$ $%� �K� ��� �
N���"�DR��D���J� � # �&� J������� 1 − n/p = 1 − O(1/n)

� ��� �HE&��J A �&�C�H� ��"+�c �"� �
 R �H��"dE��&J A � 	 "�� �
�C�& �G�"�$ � A D(���C� � A ���"� e" 	 Ẽ

� � � � �HJ��$ �� ]���<" 	 Fp �& �G  � A �����g�� e�HJ�$ � ��&�C��"� 6����E������� �"� �
R �H��" G��H������$[�� R�� ]� U@O� � ' "�$ N�J� � ��� # D`" A  (G 	 "�J�J" � � 	 ��"�$ 7 � ' � � U(' ��� ���� ' �  � A �����g�& �HJ�$ � ��&�C��"� !"� �J #
��� % A ������ n G���ET����"� (� U
� Q�5+*�,�� / ]79 ]�� M FNA.0 C J � A:f FNA.0LS > M��$RTS��2R A_0 > M   d MNA@S MB? ��i ) ) R A e SNAVh&M   d MNA@S MB?�)[i54���"�0 R
RgdLD > / A.0LC Jlb&Dgh&MPH!.�D�. f MBSBDGA@S$"BA.01. J Aa. p i   d M.�KM � D JLM H d MBS M D > R3d H&R</ MPJLA5.OA@R HLFBR50 H&C C��
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M := M ∪ {uivj}
G := G − {ui, vj},PQ[2 �7,
�

M

j S A)A:f&i @O� ���O����� e��$[$ ��G���&�C� ' "� ���� %TA �� ' �=" 	 � � � $ �&N�Jg� ' ��� � ! � N��� �����"� �5@O� �H"����H$ � U � � U

� ��� ' "���"�JJ��� #6� �L���1�O� � � 	 "�J�J" � � (� U
Z 4MQ[0K,VQ�5 / ] _�� ] B MBR G = (U ∪ V, E) "BMPH " D e H&SUR D R M9b&S H e d d HSh)D�.�b�H e MBS3f MNFBR ?QH&R F dLD�.�b �
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> 0 F d
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=
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B(B̂ − ûv̂T /â1,1) = In−1 − uv̂T − Bûv̂T /â1,1 =
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Ãx,y � 	 (x 6= j) �� �G (y 6= i)
1 � 	 (x = j) �� �G (y = i)
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,

7 ��"�$ $ ��N�Jg� ' ��� �O� � NR�& �����"� 	 "���$ A J� �5@O� �H"����H$ � U � �>��� 	 "�JJ" � �<� � �&�
det Ãj,i = (−1)i+j det Bj,i.



����� � � �*��� ���� ��������� � ��� ��P���� � ����� ' �

f � � �WE��
det Bj,i =

∑

π∈Σn,π(j)=i

(−1)sgn(π)
n∏

k=1

Bj,i
k,π(k) =

=
∑

π∈Σn,π(j)=i

(−1)sgn(π)
∏

k∈{1,...,j−1,j+1,...,n}

Ãk,π(k)

@O� �h �"� �
 R �H��"c�C����$[�X" 	 � � ��X� A $ � �WE��h� � � 	 "���$ (−1)sgn(π)
∏

k∈{1,...,j−1,j+1,...,n} xk,π(k)

�
��� ����� π(j) = i

U 7 "�� �� # � A�')� �C�H��$ � � � � '+#T' J��=G�� ' "�$ NY"��������"� h" 	 π ��� E��H� � ' "\E��H��� (�Z" 	
G
' "� ��������� ��e" 	 � vi 
 vj 
 N��&� � � D A �i �"&�i �� ' �����C�����J # � '+#T' J�� � ��� ' � � �XG("e �"�� %  �" � � 	 vi

�� �G vj �����; ��H�� � D`" A ��� � �& �GZ�#���H�>" 	M'(#T' J�H� U*;
	 �� # " 	 � � �H��� '(#V' J�H� � ���P"TG�G%J��� ���� � � � � �H 
� � �i������$ ' "���������NY"� �G�� (� ��" π

' �� ' �HJ��" A � � � � � ��"�$ �8"�� � ���<�C�H��$ � -�A �F�;J�� % �i� e� � �8N���"V" 	
" 	S@7A ������� � @O� �H"����H$ U@;
	:� "� I� � �L"�� � �H� � �& �G � �&JJM� � � '+#T' J��� � �WE����1E��� cJ��� ���� � � � � �H � � �
� � �i������$ ' "���������NY"� �G�� (� ��" π ��� E��H�;�X �"� �
 R ����" ' "� ������D A �C��"� Z�C" det Bj,i U8 � ' � det Ãj,i 6= 0

�
G − {vi, vj}

� ���8�ZNY�H� 	 � ' �8$[�&� ')� �� �� M
U $ �1� MG DY�X�eN`��� 	 � ' �

$%�.� ')� �� ��!" 	 G
U � "� ����G��H� � � �b� # $[$ �H����� ' G(���Y�����H ' � M ⊕ MG

� � U � U � � �b���H�%" 	 �HG����H�' "� ]�C��� ��HGI�� I� � � ' ��J # "� (�L" 	 � � �����L$%�.� ')� �� ���� U $ �H� H = (V, M ⊕ MG)
UP@O� �LE����F�C� ' ��� vi

�� �G vj

� �WE���G��H�����H� 1 � H �& �G ��JJT� � �O"�� � ���BE����F�C� ' ���S" 	 G � �WE���G���������� 0 "�� 2 � H
UB@O� �

���C�&N � H ���#� � A �X� � A $ " 	 G��� - "�� ]� '+#T' J������ �G vi 
 vj 
 NR�.� � p
U = "����H"�E���� � MG $%�&� ')� ���

� � �[E����F�C� ' ���X ("��X"� p
� � � � "&� � �H�=E��H���C� ' �H�X �"��X"� p

Uc@7� "�
 �HG���� '(#V' J�H� ' "������H��N`"� �G��� ��
�C"h� � � ��G(�����#" 	 MG  �"&� ' "� ]�)���� ���G!� p

� �C"����H� � ��� � ��� � p
��	 "���$ � ' "\E��H���� �� " 	 G

� ��� �
�HE��� cJ�H ���� �I'+#T' J����i�& �G � vi 
 vj 
 N��&� �MU�@O� ��$ "� �"�$[���JM� det Bj,i ' "���������NY"� (G�� ��[�C"%� � ��' "\E��H���� �� � ��� ' "T� ' ' ���� ]� ±1

� ������� % A �����HG U
� Q�5+*�,�� /<]^6 / ]   d M D JLM H > 0 > M J2D�. Rgd M H "BAVh&M e S A)A:f C M HKJ2R A H!. H&CER MBS-. H&R Dgh&M�� FNA@?-" D�. H&R A@SBD H&Ce S A)A:f A:f B MB? ?QH )[i$# ��iZ 4MQ[0`,PQ�5 / ]^63�M]�� A@S H!. � e SBD ? M p = Θ(n3) � Rgd M Fp D ? e C MB? M$. R H&R DGAa. A:f Rgd MQH&CcbLA@SUD RgdL?
JLM > FBSUD "BM J D�.	Rgd M e S A)A:fIA:f!  d MNA@SNMB? )[i���# D > H!. O(nω) 5 Aa. R M$, H&SBC APH&CcbLA@SUD RgdL? ��. J&D�.�b H!.
D�.OFBC?0 > DGAa. ?QH
� D ?QH&C�H&C C A./ M J > 0#" ?QH&R F dLD�.�b�A:f H�b&Dgh&M$. ?QH&R F dLD�.�b ij SNA)A:f&i ; � 	 "�J�J" � � 	 ��"�$ I ��$[��� % 'VU��)(X� � � �&� � 	 �C�H� �HJ�$ � ��&�C�� ��=� � � �R�����_��" � 
 ' "�J A $  IN�����' "������H��N`"� �G��� ��I��"bE�������� ' ��� v2i−1, v2i

� � � �[��� ' "� �G "� �� ' �& +D`� �HJ��$[�� R�&�C�HG � ��� � " A � R �H��"�

�C�H���C�� �� � � �dN���E�"�� U @O� �d"� �J # ��J���$ �� ]�C� R �H��"�
 �C�H���C�HG D # � � �d��J���"������ � $ �����d� � A � � � � �
 A $[�H�C�&��"����i" 	 �;� � �6N���E�"��C� A ����Gd� "TG�G�

 A $�DY�H���HG!� �C�����&�C��"� �� U=@O� �H��� �����6�.�8$["��F� n/2
� A�')� N���E�"��C�B�� �G#�W� ')� " 	 � � ��$ ���B�& L�HJ��$ �� ]�7" 	 Ã−1(H)

	 "�����"�$ �S� A D����C��N � H ⊆ G
� ��"�D #$ ��$ $%� '(U � � � � � ����� � � 	 "���$ g/h

�.��� �H��� g ��7��NY"�J #  �"�$ �g��J&" 	 G��H�����H� ≤ n
� �WET� �� �� O(1)

 �"� �
 R �H��" ' "T� ' ' ���� ]� US@O� �#���������F�C��"� I" 	 � � �i� � �H"����H$  �" � 	 "�J�J" � � 	 ��"�$ @O� �H"����H$ � U(' '(U
� � A � A �&J � � � �i�C�$ � ' "�$[N�J�� � ��� # " 	 � � � Fp ��$[N(J��$ �� ]�C�&�C��"� Z�� O(nω)

� D`� ' � A ���  � A � 

����� h��J��$[�� R�&���"� A ���H�;"� (J # n G(��ET����"� �� U

* ��� � � ! � 1 �2. � ��+�� 3%( !�0 -/.,0�$21 ( +43#&
A_A ��G��� '�A �����"� �&�O� � �8�� �GI" 	a8 � ' �C�"� 'VU 	 � A �������F�C��� � �&�  � A ������� h��J��$[�� R�&���"� [D # ���C����J 	
��L �"���� A�' ' ���� ]�X�C" ��"�J�E��[� � �Z���H �������J ' �����Z" 	 � � �[NY�H� 	 � ' �X$[�&� ')� �� �� N(��"�D�J���$ U�;  � � ��
��� ' �C��"� � � ' "�$�D��� ������ � ��� � �F�C� A�' � A �C��JKN���"�N`��������H� " 	 ���C�&N � � � �WEV�� ����8N`��� 	 � ' � $%�.� ')� �� �� �
�� �GI� ')� ���HE��#�� O(nω) ��J���"������ � $ 	 "��<� � �i���H �������J ' ����� U



' � �����9����� ����� ����� � � ��� ��������� � ���H��� � ����� � ��� � �9� �
 � � � �	��� � ��

�������21 354,�!%'(�� " � 4
+-,3. 0K,
	g2P4�5 _ �

O(nω) $[�&� ')� �� ��6��J���"���� � � $
 ! ?@!*IH��$ 
 =��Q@ ��� ;:?���

G � G
�R �GI� $[�&� ')� � �� MG " 	 ��� R � ≥ n/4 � G

A ��� ��6� � �#�������HG # ��J���"������ � $
�R �GI� $[� � �$[��JY��JJ�" � �HGb� A D�$[�&� ')� � �� M " 	 MG

A ��� ��X� � �iE������ � ' �&�C��"� b��J��"���� � � $	/O |M | ≥ n/8
2�4�Q��

M := M∪  !*?�!*I
�9$ 
 =��Q@ ��� ;:?  �
G − V (M) �Q�, T)Q

M := M∪ K�! � A =�C A 8�! �
G − V (M) �,PQ[2 �7,
�

M

@O� �e�G(�W� " 	
� J��"������ � $ ��� ���L� � �&�X� 	 |M | ≥ n/8
� � � �H � � � �WE��Z�C" �� �G � N`��� 	 � ' �

$[�&� ')� �� ��8� [�#���C��N � ��$[��J�J����D # � ' "� (���)�& � 	 � ' �C"�� � �& �G[� 	 |M | ≤ n/8 � � �� [���P��SN`"������D�J��
�C" A ���P��"�$ �P�F�C� A�' � A �C��J N���"�N`��������H�M�C"�G�� ' "�$[N`"���� G � ]�C"���$[��J�J��� N��� ' ���7�� (G �R (G��ONY�H� 	 � ' �
$[�&� ')� �� �� � ��� ')� " 	 � � ��$ ����NR�����&�C�HJ #�U;@O� �=G�� ' "�$[N`"������C��"� A ���H� � � � 	 � ' ��� � �&� G

� �&�_�
Jg�&�����_$[�&� ')� � �� ' "� ���������� ��6" 	BA  R��J�J" � ��Gh��G�������"� �J # � � U � U MG − M � U

��������� � 4 + *,+ %'( 4����#4 �!�!% � %'*,+
f �# (" � G���� ' ���D`�8� � �8G��H�C���J��O" 	 � � � K9! � A =�C A 8�! N���" ' �HG A ��� �KA ���HG �� � J��"���� � � $ ���(U

$ �H� A �����C����� � � � � � 	 � � G�� �R �� �C�"� �� U � ������N � G = (V, E) ��� ' ��J�J��G f,HLFBR A@S�� FBSUD RTDGF H&C7� 		 "��i�& # v ∈ V
�
G − v

� ���8�ZN`��� 	 � ' �#$[�&� ')� �� �� U�� ���C�&N � G ��� ' ��J�J�HG MBC MB? M$. R H&S��h� 	 G� �����XN`��� 	 � ' ��$[�&� ')� �� �� �� �Gb��J�J" � �HGh��G����H�;" 	 G
	 "���$�� ' "� � �� ' �C�HG � A D�������N � " 	 G

U
7 "��6�� # ���C�&N � G

� J�1� A �6G�� �R (� � ���HJg�&���"� ∼G "� � � �b���H� V " 	 E�������� ' ��� " 	 G ���	 "�J�J" � � G u ∼G v ��� ��� � � �H� u = v "�� G − {u, v} G("V�H�� ("�� � �WE��L�XNY�H� 	 � ' ��$%�&� ')� � (� U@O� � 	 "�JJ�" � �� ��=� � ��"�����$ ���OG A �i�C" $ "\E % � R�� 	 "���� N���"V" 	:� ���H� � � ��� �
Z 4MQ[0K,VQ�5 / ]^6)� ] �3f G D > MBC MB? M$. RGH&S���� Rgd M$. ∼G D > H!. M���0 Dgh@H&C M$.OFNM<SNMBC H&R DGAa. i

$ �H� P (G) = V (G)/ ∼G DY�I� � � ���H�e" 	 � % A ��E&��J��� ' � ' J���������e" 	 ∼G

� � � � ��"�
 ' ��J�J�HG
F H!.OAa. DGF H&C e H&SURTD R DGAa.6" 	 G UaI � ' ��JJ�� � �&� G−{u, v} � �&�a�;N`��� 	 � ' ��$[�&� ')� � ������ Ã(G)−1 6= 0

�
��" Ã(G)−1 �H ' "TG��H��� � � ' �� ("� �� ' ��JMNR�&���C� �C��"� U@O� �6NR���F�C�����"� P (G)

� ���_E���� #  �� ' ������� A�' � A ����JaN���"�N`��������H�i���_� � � 	 "�JJ�" � �� ��6� � �H"����H$
� � " � � � 	 "����6N(��"T" 	:� ���H� � � � � �
Z 4MQ[0K,VQ�5 / ]^6�4<] B MBR G "BM MBC MB? M$. RGH&S���� C MBR S ∈ P (G) / D Rgd |S| ≥ 2 H!. J	C MBR C "BMQH!. �
FNA@? e Aa.OM$. R A:f G − S i-  d M$.��

# i6Rgd M�" D e H&SBR D R M�b&S H e d G′
S A " RGH&D�.OM J fUS A@? G " � FNAa. RTS HLFBR D�.�b M HLF d�FNA@? e Aa.OM$. R A:f G−S

R A H > D�.�b&C MBh&MBSUR M�� H!. J JLMBC MBRTD�.�b�M J�bLM > D�. S D > MBC MB? M$. R H&S����
��i6Rgd M�b&S H e d C D > f,HLFBR A@S�� FBSUD RTDGF H&C �
)[i6Rgd M b&S H e d C ′ A " RGH&D�.OM J�fUS A@? G[V (C) ∪ S] " � FNAa. R S HLFBR D�.�b�R3d M > MBR S R A H > D�.�b&C M

h&MBSUR M�� uC D > MBC MB? M$. R H&S����



����� � � �*��� ���� ��������� � ��� ��P���� � ����� ' 

2 i P (C ′) = {{uC}} ∪ {T ∩ V (C)|T ∈ P (G)} i
� ���H� S ∈ P (G)

� ��� � |S| ≥ 2
� �J�JaD`� ' ��JJ���Gd�y.OAa. � R SUDgh)D H&C FBC H >N> " 	 � � � ' �� �"� (� ' �&J

NR���F�C�����"� h" 	 G
U
;
	

P (G)
� ��� �[ �"� �

�C����ET�g�&J ' J����� S

� � � �� � � 	 "�JJ" � � 	 ��"�$ @O� ��"�����$ '(U � �
� � �.�L� � �[ A $=DY�H�L" 	<' "� � (� ' ����G ' "�$ NY"� (�� ]�C�L� G − S ���8� % A ��JS�C" |S| �� �G!� � �&�#�HE���� #
NY�H� 	 � ' ��$%�.� ')� �� ��6" 	 G $%�.� ')� �H��E�������� ' ����" 	 S

� ��� � E����F�C� ' ����� hG���� �H���� ]� ' "�$[N`"� ��H ����" 	
G − S

U = "����H"\E���� � �& # � A�')� $[�&� ')� � ��e" 	 E�������� ' ���#" 	 S
' �� dD`� � � �C�� (G���Gd�C"b�bN`��� 	 � ' �

$%�.� ')� �� ��6" 	 G
U

@O� �[G�� ' "�$ N`"���� �C�"� !�&J��"������ � $ �3� J��"���� � � $ � � �iD������ % � G G(" �  +� ]�C"bD��N����������C�6�& �G
 �"� �

D��N����������C�=N��� ' ���#�� (G!����G A�' ���8� � �6N���"�D�J���$ " 	 �R (G�� ��I�eNY�H� 	 � ' �#$%�.� ')� �� ��e� G ��"
� � �=N���"�D(J��$ " 	 �R (G�� ��eN`��� 	 � ' �i$%�.� ')� �� ���� �� ��J�J7� � ��N���� ' �H� A ���� ��%� � � O(nω) D(�NR���F�C� �C�
$%�.� ')� �� �� ��J��"������ � $ �/� J��"������ � $ � �O�� �G � J���"���� � � $ ���(U

+-,/.10K,
	32�4�5 _ _ @O� �8G�� ' "�$[N`"������C��"� eN���" ' ��G A ���
K�! � A =�C A 8�! �

G � G
��U 	3O

G ���O �"�����J���$ �� ]�)�&� # 2P4MQ��� U �R (GI�HJ��$ �� ]�C��� #%' "�$ NY"� ��� ]�C��" 	 G'(U ' ��JJ K�! � A =�C A 8�! 	 "��O��� ')� " 	 � � ��$	�U ,PQ 2���,�� � � � A  ���"� h" 	 � � �8$[�&� ')� �� ���� 	 " A  �G�VU Q�,/T)Q 	/O � � �����#��O ("  ("� �

����� EV���J ' Jg����� S � P (G)
2P4MQ��

�(U ,PQ 2���,�� �!*?�!*I
�9$ 
 =N�Q@ ��� ;:?  �
G �VU Q�,/T)Q

((U J��H� S ∈ P (G) DY�#�X �"� �
 �C����ET�g��J ' J�����O�� P (G)�(U J��H� C1, . . . , Ck DY� ' "� � �� ' �C�HG ' "�$[N`"� ��H ����" 	 G − S
� � � � C1 D`���� ��X� � �8Jg�&�����H���

���(U J��H� C ′
1 DY� G[S ∪ V (C1)]

� � � � S
' "� ]�C��� ' ����GI��" �6��� ���J�_E��H����� � s

� ��U
M :=

K9! � A =�C A�8X! �
C ′

1 �� � U J��H� c1 D`�_� � �iE�������� � $[�&� ')� �HG � ��� � s �� M
��'(U J��H� v1 ∈ S DY�#�� #  (���� � D`" A �O" 	 c1
�
	�U

M := M \ {c1s} ∪ {c1v1}
� �VU � � ���� �G {c1v1} �C" �X$[�&� ')� �� �� MB

��� � ')� $[�&� ')� ������J�J E��H���C� ' �H�;" 	 S
���(U � ��� � E����F�C� ' ����� hG���� �H���H � Ci

A ��� �� � ;:C �9I�@�; @
! 
 =��Q@ ��� ;:?� ��J���"������ � $
�.VU

M := M ∪ MB
�)((U OF0K,

i := 2
2�0

k
>�0

���(U J�1� ci D`�_� � �iE�������� � " 	 Ci $%�.� ')� �HGID # M� �(U
Ci := Ci − ci� ��U
M := M∪ �!*?@! I
�9$ 
 =��Q@ ��� ;:?���

Ci �� � U ,PQ 2���,��
M

Z 4MQ[0`,PQ�5 / ] 6:9 ]�` CcbLA@SBD RgdL? # # ��. J > H e MBSgf MNFBR<?QH&R F dLD�.�b D�. H�b&Dgh&M$. b&S H e d G d HSh)D�.�b
Aa.OM)i
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h kneueONif � D 4J?LVK0�4�O;6e4 G(Ã(G)Ã(G)T ) ⊆ G2 X�YZOC0*68252J0K7p4�? D @ c�D NLN DG[ 2 9 ! 7J0_VK\C752J? F 0*68<C<>NL?LVK6��4�? D @ D8c 4JOC0*YZOC?LV � � 0K<;6=7�6=4 D 7 � 0KPaPd6>X�{@ D 75:C0K7	4 D \C2J0�YZOC0 D 7J0_P�6 X�6'* [ 0}@>0K0K:`4 D <C7 DGF 0"4�OC6=4�@ D <>? FbD 4�?L@>B]?A2	7J0 � \C?A7J0_:d:C\C75?L@CB4�OC0`0KNA?LPa?L@;6=4J? D @ D8c Ã(G)Ã(G)T X�� D 7]68@ ! @ D @��{2J?A@CBb\CNL687 P`6=4�75? � X D F 0K7 R
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X�/10}@>0K0K:`4 DBb\;6=7�68@T4�0_0 4�O;6=4"@ D <>? FbD 4�?L@>B ?L2Z7J0 � \C?L750K:i:C\C7J?A@CB 4�OC0*0_NL?LPa?L@C6=4�? D @ D=c X
X � ?L@CV_0 det Y 6= 0 �4�O>0K7J0*0 � ?A254J2�6 2J\>9C254J?A4�\ 4�? D @ s : Ẽ → R � 2J\>VfO 4�OC6=4 det Y (s) 6= 0
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\C2J?A@CB
L
68@C:

D\C2J0
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G))−1)T ′,T ′ �^[ OC0_7J0 T ′ ?A2 D 9>4f68?A@C0K: c 7 D P T9 ! 750KP DGF ?A@CB`4JOC0 F 0K7p4�?LV_0K2 P`6=4JVfOC0K:M9 ! M ′

G

X�YZO \>2 � 4JOC0�?A@ F 0K752J0 Ã(G)−1
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h kmeueONif  NAB D 75?A4�O>P � *z:C@C:C236 Pd6 >?AP�\CP @ D @5�{25?L@CB8\CNU687 <>7J?L@>VK?L<C68N"2J\C9CP`6=4J7J?� (ÃÃT )U,UD8c ÃÃT X � ! � 0_P`P`6 � X4� � 4�OC?A2$V D 757J0_2J< D @C:C2.4 D 6 Pd6  ?AP�\CP @ D @5�m2J?L@>Bb\CNU6=73<C7J?A@CVK?A<;68N2J\>9CPd6e4�7J?�
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K c�b�c L ifkTN in�fv rsclvF� K aT[CR"f
� @CB]R\�*Y D F�T GIF*� �fv g�cloto��ux#cdkpc'[Ph�e�r LPkfatr i p = Θ(n2) aUb bfg,0 �fa�i([ vef � e�vFi�v K clv N e�k�v K i
Fp atrZLPoUifr i([ v0clv�a�e�[]v�e � e�km� atvwaUbdi([ e�g'R K a N rank ÃÃT = rank(ÃÃT )(s) x$� K ifkmi s aUb c
bfg Mfbfv atv�g5v�a�e�[ �yatv K ifoUifr i([ vtb;eON Fp f��siq�jc'[]� K eueubuiDc'[ �srscXW atrqg�r [ e�[ ��bfaT[CRlg5o4clk}bfg M�rscl�
v�kfa�W X = (ÃÃT )U,U eON ÃÃT c'[Phdv�kf� vFe Rlg\clkpc'[ v�ini�v K clv det X(s) 6= 0 f��@� � ifrqrsc�� f��,x
det X

K c�b c [ e�[ ����ifkme O(n2n) �neui10 �fa�i([ v c'[Ph�M��|v K i LPk atr if�Oh�i([�bfatv �sclkHRlg�r i([ v�x det X aUb[ e�[ ����ifkme e�blifk Fp N e�k�c<kjc'[Ph�e�r LPk atr i p = Θ(n2) f��si#�jc'[sv K i([sg�bui v K i��+a�L"L ifo�� . � K �"clk v
�� ifrqrsc"f
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X �{@ 4�O>?L2 2J0_V_4J? D @ 'E[ 0`\>2J0hOC?L27J0_2J\CNR4�2Z4 D P`68,80 D \C7ZP`6=4JVfOC?L@CBa68NAB D 75?A4�O>P`2C��682 � 0KBT682_X
D k5o	kpo q w	xpx�w EFEBG.z}? C	t�z J M rKG_C ?	��C J5E0L5EFC	t
/ 0*2p4f687p4"9H$.<>7 DGF ?L:C?A@CBh6 c 0 [ P D 750 :C0~:C@C?A4J? D @C2_XI* F 0K7p4�0� v ∈ V D8c 6 Bb7�6=<CO G = (V, E)?L2�VK68NLNA0K: �fk atv�a��jclo ? c v ?L2�P`6=4JVfOC0K:h?L@h6=NLN>P`6  ?LP�\CP P`6=4JVfOC?L@CB82 D8c G X	��4�OC0_7 [ ?L250 v

?A2�V 68NANL0_:
[ e�[ �j�fk atv a��jclo X �C$ D(G) [ 0 [ ?LNAN>:C0_@ D 4�0Z4JOC0Z2J0(4 D=c 68NAN>@ D @5�{V_7J?A4J?LVK68N F 0K754J?LV_0K2 D8c G ' 99$ A(G)4�OC0}2J0(4 D8c 68NAN;VK75?A4�?AV 68N F 0K7p4�?LV_0K2 D=c G

4�O;6e4Z68750�68: )J68VK0_@^4|4 D 2 D Pa0}@ D @5�{V_7J?A4J?LVK68N F 0_754�?AVK0_2 ' 6=@C:99$
C(G) = V (G) \ (D(G) ∪ A(G))
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	��������� ������V���R ��� R ����� ����P' � 2 ����X���][  2 �t�*�!_' ^"� � ifv G = (V, E) #fi}c%$lkjc'&)(dc'[Ph
oUifv D = D(G) x A = A(G) c'[Ph C = C(G) #fiDh�i!*`[ ijhdc�b{c+#fe�bli f-,�( i'.�/

• ijc��0( �ne�r1& e�. i'. v�e32 G[C] (�c�b�c%& ifk�2 in�fv"rsclvF�0(�a�.�$�x
• ijc��0( �ne�r1& e�. i'. v�e32 G[D] aUb 2~c��fvFe�k �j�fk atv�a��jclo7x
• i'4lifk �Srsc65 atrqg5r rsclv��0(�a�.�$ e32 G �ne�. v�cla�.�b.c7& ifk�2 in�fv{rsclvF�0(�a�.�$ e32 G[C] x�c8. ijclk
& ifk�2 in�fv rsclv��0(�a�.�$se32<ijc��0(��ne�r1& e�. i'. v e32 G[D] xyc9.PhDrsclv��0( inb<cloto)4lifk v�a��ninb e32 A �yatv!(
4lifk v�a��ninb a�. hla �}ifkmi'. v��ne�r1& e�. i'. vtbDe32 G[D] x

• i'4lifk � rsc65 atrqg5r rsclvF�0(�a�.�$ e32 G rqaUbnbuinb comp(G[D]) − |A| 4lifk v a��ninbnx�a;:�i<: n −
2ν(G) = comp(G[D]) − |A| :

YZOC0]NU682p4Z<;687p4 D8c �*68NANU68? ����:CP D @C:C2�YZOC0 D 7J0KP ?L2Z0K25< 0_VK?L68NLN $d?AP`< D 754�68@T4 X �m4}Pa0 6=@C2n4�O;6e4\C25?L@CB]4�OC0��]6=NLNU6=?4����:CP D @C:>2 :C0_V D Pa< D 2J?A4J? D @ D8c 6WBb7J68<CO G D @C0�V 68@`0 6825?LN $ F 0_7J? c $a? c 6]Bb? F 0K@P`6=4�VfOC?A@CB
M D8c G

?L23P`6  ?LP�\CP7=1?A4$?A230K@ D \CBbO 4 D 4�0_254.? c 4JOC0 0 �^\;68NA?A4 $ n − 2|M | =
comp(G[D]) − |A| O D NL:C2_X
D k5o	k l � ��rvu\E�>	w	t?>�JA@ x # C	u�E0L �w?
�{@.4�OC?A2Z2J\C9C250KV(4�? D @ [ 0*:C0K25VK7J?A9 0]61: D @T4J0D!n6=7JN D 68NAB D 75?A4�O>P ' :C\C0 4 D ! O>0K7J? $T68@ � �#" ' :;@C:C?A@CB4�O>0��*68NANU68? ����:CP D @C:C2�:C0KV D Pa< D 25?A4J? D @ D=c 6hBb? F 0K@.Bb7J68<CO G

?L@$4J?LPa0
O(nω)

X
Q �B���]R �C��T��D� ifv G #fi.cD$lkjc'&)((xqoUifv Ã = Ã(G) #fi atv�b8bf��r-#fe�o�a��zc(hFE~c��ni'. �f� rsclv�kfaG5�:
,�( i'.�xH2 e�k�c9. �I4lifk v�iF5 vi e32 G x rank

(
Ã
eT

i

)
> rank Ã a � vi aUb%. e�. �j�fk atv a��jcloJ:?K%v�( ifk �yaUbui

rank

(
Ã
eT

i

)
= rank Ã :

L kmeue32M: ! D @C25?L:C0_7Z4�OC0*Bb7J68<CO Ĝ = (V ∪ {vn+1}, E ∪ {vivn+1}) ' ? X 08X Ĝ ?L2Z0�� \C68Nv4 D G [ ?R4�O68@i68:C:>?A4�? D @;68N F 0_754�0� vn+1 ' V D @C@C0KV(4�0_: [ ?A4JO vi D @CN $bX�/10*O;6 F 0

Ã(Ĝ) =

(
Ã(G) xi,n+1ei

−xi,n+1e
T
i 0

)
.

� c vi
?L2 V_7J?A4J?LVK68N ?A@

G ' 4�O>0K@ ν(Ĝ) = ν(G) ' 2 D rank Ã(Ĝ) = rank Ã(G) ' 99$ YZOC0 D �7J0_P ->X - � XE/ 0	4�O>0K@]O;6 F 0 rank Ã = rank

(
Ã

−xi,n+1e
T
i

)
' 68@C:]2 D rank Ã = rank

(
Ã
eT

i

) X
� ?LPa?LNL687JN $ ' ? c vi

?L2i@ D @��{VK75?A4J?LV 6=N]?A@ G ' 4�OC0_@ ν(Ĝ) = ν(G) + 1 ' 2 D rank Ã(Ĝ) =

rank Ã(G) + 2 ' 99$ YZO>0 D 750KP�- X>- � XW/10h4JOC0K@ O;6 F 0 rank

(
Ã

−xi,n+1e
T
i

)
= rank Ã + 1 '

68@C:i2 D rank

(
Ã
eT

i

)
= rank Ã + 1 > rank Ã ' 682ZV_NU68?AP`0_:vX

�E0KPaPd6 � X76]VfO;687J68V_4J0K75?ONK0_2 V_7J?A4J?LVK68N 68@C:`@ D @5�mVK7J?R4�?AV 68N F 0K754J?LV_0K2 ?A@`4J0K7JPa2 D8c Ã(G)
X *}NLB D �7J?R4�OCP � � \C250K2 4�O>?L2�VfO;687�6=V_4�0_7J?PN 6=4J? D @i4 D :C@C:g4�O>0�2J0(4 C[G] ∪ A[G] D8c VK7J?R4�?AV 68N F 0K754J?LV_0K2 D8c

G
X



� ��� �  	�� � ��� ���}�  	 � �p��   	 � � � � ���
	 � ���� �����  � � 	 ���	��
�	� � �
����� ������ 	 � � � ! OC0K75?%$T6=@ I 2}68NAB D 7J?R4�OCP 4JOC0<:;@C:C?A@CBhVK7J?R4�?AV 68N F 0K7p4�?AVK0K2 D8c G
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G S =� <C750K<C7 D V_0K252J?L@>B 'Cc�D 7Z7�6=@C: D Pa?ONK6=4�? D @3<C\C75< D 2J0K2 D @CN $��:C@C:g6 P`6  ?LP�\>P 250_4
W ⊆ V

2J\>VfO 4�OC6=4
G[W ]

O;6=2}6h<~0K7 c 0_V_4�P`6=4�VfOC?A@CB750K@^\CP�9~0K7Z4JOC0 F 0K7p4�?AVK0K2 D8c G
2 D 4JO;6=4Z4�O>0 F 0K7p4�?LV_0K2 D8c W

O;6 F 0]@^\CP�9~0K752 1, . . . , |W |� 4JOC0]68V_4J\;68NE68NAB D 75?A4�O>P��
:C@C:g6 9;6=2J?L2

k1, . . . , kn−2ν(G) D8c ker Ã(G)�"�(�*)+��'
K = {vi : ∀j(kj)i = 0}

� ���]R\�*Y�������� ,�( i * kmbfv{v � e.o�a�. inb�e32 � o $�e�k atv!(�r � � clkmi�e�. o�� . in�ninbnb�clkf�zv�e rsc��(i�v�( i
kpc9.Ph�e�rqa��uclv a�e�.]e32�v!( i;clo $�e�k atv�(�r ijc�bfa�ifkM:7,�( if� (�c94li
. e�atr1&�c��fv@e�. v�( iqclo $�e�kfatv�(�r�� b|�ne�k �
kmin�fv�. inbnb<:
�
	���P�"��� ������� � e�kwc
$la�4li'. $lkjc'&)( G x � o $�e�k atv�(�r � � * .Ph�b}v�( iwbuifv e32 �fk atv a��jclo�4lifk v a��ninb�e32
G x"g�bfa�.�$ O(nω) e0& ifkpclv a�e�.�b<:
L kneue32M: = ?L75254 ' NA0_4}\C2�@ D 4�0*4�O;6=4 *�NAB D 7J?R4�OCP�� � ?A@C:C0_0K:M\C250K2 O(nω) D <~0K7J6=4�? D @C2 ' 99$�! D 7 D N4�NU687 $ 6 X76 � X/103@C0_0K: 4 D <C7 DGF 0 ' 4JO;6=4�4JOC03250_4 K ⊆ V

7J0(4�\C75@C0K: 99$&*}NLB D 7J?A4JOCP � � ?A2�4�O>032J0(4 D8cVK75?A4�?AV 68N F 0_754�?AVK0_2 D8c G
X

�E0(4
S = span{ÃT

1,·, Ã
T
2,·, . . . , Ã

T
n,·} ' ? X 0=Xv4�OC0 F 0KV(4 D 7W2J<;6=VK0d25<;68@C@>0K: 99$�Q�4J7�68@>2J< D 2J0_: S7 DG[ 2 D8c Ã

X*/10 O;6 F 0 ker Ã = S⊥ ' 2 D 9H$MYZOC0 D 750KP 6 X>- ' S = (ker Ã)⊥
X � $��E0KPaPd6 � X�6

vi

?A2 VK75?A4�?AV 68N,?�3
rank

(
Ã
eT

i

)
= rank Ã

68@>: 4JOC?L2 0��^\;68NL?R4 $gO D NL:C2 ?43 ei ∈ S
XWYZO \>2

vi

?L2
VK75?A4�?AV 68N ?�3

ei ∈ (ker Ã)⊥ ' [ OC?LVfOi?L2Z0�C6=V_4�N $ [ O;6=4 *}NLB D 75?A4JOCP�� � 4J0K2p4�2KX
Q ���8�SR ���
��� ,�( isi'. v�kfa�inb|e32�v!( i #nc�bfaUb
4lin�fvFe�kmb k1, . . . , kn−2ν(G) (�c94li 2 e�k r g/h x � ( ifkmi
g aUbDc%& e�o���. e�rqa�clo+e32�h�i $lkmini O(n) c9.Ph (�c�bDc9. O(1) . e�. ����ifkme �neui10 �fa�i'. v :
L kneue32M: 	 0_V 68NAN�O DG[ 4�OC0�9;682J?A2 D8c ker Ã

?L2 c�D \C@C:vX /10 < 0_7 c�D 75P �*68\C252J?L68@M0KNA?LPa?L@;6e4�? D @ D @
Ã
68@C:.:;@C: 6 c 68V(4 D 75?ONK6=4�? D @ Ã = LDU 'v[ OC0K750 D = diag(a1, a2, . . . , a2ν(G), 0, 0, . . . , 0)

X
YZOC0K@ ' ker Ã

?L2.25<;68@C@C0_: 99$s4�O>0 F 0KV_4 D 7J2 U−1(ei) c�D 7 i = 2ν(G) + 1, n
X Q $�0K7J0 ' [ 0682J25\CPa0K:d4JO;6=4|@ D <C? FbD 4J?L@CB]?L2	@C0_VKV_0K2J2J687 $8X)��6=4J0K7 ' [ 0 [ ?ANLN;2JO D [ 4JO;6=4�4�OC?A2 6=2J2J\>P`<>4J? D @aV 6=@9 0 D Pa?A454�0_:vX S� $$YZOC0 D 7J0KP 6 X�� �A'>[ 0WO;6 F 0

U =

(
UW D−1

W L−1
W ÃW,V −W

0 In−k

)
,

[ OC0K750 ÃW,W = LW DWUW

X �{@ F 0K754J?L@CB U
Bb? F 0_2

U−1 =

(
U−1

W U−1
W D−1

W L−1
W ÃW,V −W

0 In−k

)
=

(
U−1

W Ã−1
W,W ÃW,V −W

0 In−k

)
,
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(

Ã−1
W,W ÃW,V −W

In−k

)

X
/ 0`@C0K0_: 4 D <C7 DGF 0a4�O;6e4W4JOC0d0_@^4J7J?A0K2 D=c Ã−1

W,W ÃW,V −W

2J6=4�?A2 c $ 4JOC0368252J0_754�? D @C2 D8c 4�O>04�O>0 D 750KPiX�C$ �E0KPaPd6 ->X76 6 ' 0K@T4J7J?L0_2 D=c Ã−1
W,W

O;6 F 0 c�D 7JP g/ det ÃW,W '^[ OC0K750 g
O;6=2|:C0_Bb7J0_0

O(n)68@C: 6=@
O(1)

@ D @5� NK0K7 D V D 03+aV_?L0K@T4KX *�NL2 D ' 4JOC0�0_@^4J7J?A0K2 D8c ÃW,V −W

O;6 F 0 c�D 7JP ±xi,j ' 6=@C:@ D 4 [|D 0K@T4J7J?L0_2"\C2J0 4�O>0]2J68Pa0 xi,j
X	YZOC0*V_NU68?AP c�D NAN DG[ 2KX

� D 4J0$4�O;6=4h4JOC0i682J25\CP`< 4�? D @ 4JO;6=4a@ D <C? F8D 4�?A@CB ?L2h@C0_VK0_2J2�6=7 $�:C\C75?L@CB 4�O>0i0_NL?AP`?A@;6=4�? D @
D8c Ã

VK68@ 0 6=2J?LN $ 9 03:>7 D <C<~0K: X YZOC0$?LPa< D 754f6=@^4]4�O>?L@CB ?L2�4JO;6=4�4JOC030_NL?LPa?L@C6=4�0_:17 D [ 2h6=@C:V D NL\CPa@C2 D8c Ã
V D 757J0K25< D @C:i4 D W

X�/ OC0_4JOC0K7"4�OC0($.68750]<~0K75P�\>4J0K:i: D 0_2"@ D 4"P`6=4J4J0K7KX
�
	��������� ����-C� � e�k{c9. � &Pk atr i p = Θ(n3) x v�( i Fp atr1&PoUifr i'. v0clv�a�e�. e32 � o $�e�k atv�(�r � � aUb
c9. O(nω) 	Se�. v�i � clk oUe�clo $�e�k atv!(�r * .Phla�.�$dv!( i�buifv e32s�fk atv�a��jclo 4lifk v�a��ninb�e32qcI$la�4li'. $lkpc'&)(
G :
L kmeue32M: �E0_4 s : Ẽ → Fp

9~0g6=@H$ 25\C9C2p4�?A4J\>4�? D @vX / OC0K@�4�OC0
Fp

?AP`<>NL0KPa0K@T4�6=4�? D @ D8c *�N4�B D 75?A4JOCP � � ?L2]< 0_7 c�D 75P`0_: D @ Ã(s) ' ?A4]Bb? F 0K2]V D 757J0_V_4�750K25\CNA4J2W? cnD @CN $ ?A4]<C?AV ,^2W4�O>0d2J0(4 WV D 7J7J0_V_4JN%$ Q�? X 08X>4JOC0*2�68Pa0]682Z4�OC0*2 $ P�9 D NA?LV F 0_7J25? D @ S ' 68@C:i? c�c�D 7�68@9$$@ D @5�{V_7J?A4J?LVK68N F 0K754J0� vi6=4"NA0 682p4 D @C0 D8c 4�OC0*0K@T4J7J?L0_2 (kj)i

?L2Z@ D @5� N_0K7 D X�C$;��0_P`P`6 � X � 68@C:34�O>0 � ?L<>< 0_N4� � VfO [ 687p4 N �E0_P`P`6 ' 4�OC0�2J0KV D @C: D8c 4JOC0K250 V D @C:C?A4J? D @>2|?A22�6e4�?L2O:;0K: [ ?A4JO.<C7 D 9C689C?LNA?A4 $ 1 − O(1/n)
X

YZOC0 D @CN $g<>7 D 9CNA0KP ?L2�O DG[ 4 D 9 D \C@C:M4�O>0�<C7 D 9;689C?ANL?A4 $ D=c <>?LV ,^?L@CB`4�OC0�V D 7J750KV(4*2J0_4 W
X

*�252J\CPa0 [ ?R4�O D \ 4nN D 2J2 D=c Bb0K@C0_7�68NA?A4 $h4�OC6=4 *}NLB D 75?A4JOCP � � <C?AV ,^2 W
9H$s:;@C:>?L@CB 6WPd6  ?AP�\CP

@ D @��{2J?A@CBb\CNL687�2J\C9CP`6=4J7J?� ÃU,W D8c Ã
\C25?L@CBi�*68\C252J?U6=@ 0KNL?AP`?A@;6=4J? D @ ' ? X 0=X~4JOC0 2J0(4 W

?L2�4JOC0
V D NL\CPa@s2J0(4 D=c 4JOC0 2J\>9CPd6e4�7J?� c�D \>@C:vX � ?A@CVK0 �*68\C252J?L68@s0KNA?LPa?L@;6=4J? D @�68N [ 6!$ 2�:;@C:C2$4�O>0P`6  ?LP�\CP 25\C9CP`6=4�75?�

ÃU,W [ ?A4JO W
NA0� ?LV D Bb7�6=<COC?LVK68NLN $ :;75254 ' 4�OC0 Fp

?LPa<CNL0_P`0_@T4f6=4J? D @<C?AV , 2
W

6=2 [ 0KNLN ' ? c�D @CN $ det Ã(s)W,W 6= 0
X �C$ YZOC0 D 7J0_P ->X � 68@>:g4�OC0 � ?L<C<~0KN � � VfO [ 68754�N�E0KPaPd6 ' 4�O>0]<>7 D 9;6=9C?LNA?A4 $ D8c 4JOC?L2Z0 F 0_@^4}?L2 1 − O(1/n2)

X
*�2�\C2J\C68N ' 4JOC0 4�?AP`0 V D P`<>NL0� ?R4 $ D8c 4�OC0 Fp

?LPa<CNL0_P`0_@^4�6=4�? D @3?A2 O(nω) ' 9~0KVK68\C2J0��*68\C2O�2J?L68@.0KNA?LPa?L@;6=4J? D @ D @CN $3\C250K2 n
:C? F ?L25? D @>2KX

*�2�6aV D @C2J0��^\C0K@CV_0 ' [ 0�B80_4�4�OC0 c�D NLN DG[ ?L@CB O(nω)
: D @T4J0q!n6875N D 68NLB D 7J?A4JOCP c�D 7�:;@C:C?A@CB4�O>0��*68NANU68? � ��:CP D @C:C2�:C0KV D Pa< D 25?A4J? D @ D=c G

Q *�NAB D 7J?R4�OCP9�@ S X
����� ����t�"	 � � � ! OC0K75?%$b68@ I 2�68NAB D 75?A4�O>P�:C@C:C?L@>Bh4JOC0W�]6=NLNU6=?4� ��:CP D @C:>2|:C0_V D Pa< D 2J?R4�? D @
� * � � * ��� � � :��	�����vQ

G S =
K :=

! 	 �{Y �O!)* � ��� � 	 Y �O!�� �vQ
G S � 4�O>0 Fp

?LPa<CNL0_P`0_@^4�6=4�? D @ c�D 7 p = Θ(n3)
�

D := V − K, C := K − N(D), A := K ∩ N(D)�"���u)���'
C, A, D
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/ 0�:;75254a<C750K2J0_@T4d6 ��682 �	0KBb682 7J0_:C\CV_4J? D @ D8c 4�O>0iP`6  ?LP�\CP P`6=4JVfOC?L@CB <>7 D 9CNA0KP 4 D 4�OC0< 0_7 c 0_V_4�Pd6e4�VfOC?A@CBh<C7 D 9>NL0KP Q+*}NLB D 75?A4JOCP 6 � S X
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G S =:C@C:i4JOC0*2J0(4�2
C, A, DNA0_4

compodd(G − A)
9~0*4JOC0*@^\CP�9~0K7 D8c�D :C:.25?ONK0_: V D Pa< D @>0K@T4�2"?L@ G − A:C@C:g6 P`6  ?LP�\>P 250_4
U ⊆ V

2J\CVfOi4�O;6e4
G[U ]

O;682�6h< 0_7 c 0KV(4�Pd6=4JVfOC?L@>B��&
n − |U | = compodd(G − A) − |A| �"	���'�"�(�*)+�,'

U� ��2 �
�"�(�*)+�,'.- = *�� �&� 	 � 1

� ���]R\�*Y ����� � � ( ifkfat�lc9. & ifk�2 e�k rDb bue�r izc(h(hlatv a�e�.Pclo 4lifk a *%�jclv a�e�.�e32�v�( i�buifvtb C, A, D	 i<: $+: � ( ifv�( ifk cloto��ne�r1& e�. i'. vtb{e32 G[D] (�c94li�e�h(h;bfa���inx ifvF�<:�
 #�g�v v!(�aUb}aUb . e�v kmijcloto�� . in�ninbf�
b�clk ��:
�
	���P�"��� �����C� � o $�e�k atv�(�r ��#aUb c9. O(nω)

� c�b��Pi $(c�b"kmijhlg��fv�a�e�. e32"v!( i"rsc65 atrqg�r
rsclv��0(��
a�.�$%&Pkme9#�oUifr v�esv!( i & ifk�2 in�fv"rsclvF�0(�a�.�$ &Pkme9#�oUifr-:
L kneue32M: � c 4JOC0`0��^\;68NL?R4 $ n − |U | = compodd(G − A) − |A| O D NL:C2 ' 4JOC0K@ U

?L2*P`6  ?LP�\>P '9 0_V 68\>2J0|68@9$ Pd6e4�VfOC?A@CBZO;682E4 D Pa?L252E6=4�NL0K68254 D @C0 F 0K7p4�0� c 7 D P 6=4�NL0K68254
compodd(G−A)−|A|

D :>:iV D Pa< D @>0K@T4�2 D8c G − A
XC: D 7J0 DGF 0K7 ' ? c 9 D 4JO U

68@C:
C, A, D

687J0 V D P`<>\>4�0_:iV D 7J750KV(4�N%$ '4�OC0_@ 4�OC0d0 �^\;68NA?A4 $ : D 0K2�O D NL: ' :C\C0d4 D �]6=NLNU6=?4� ��:CP D @C:>2 YZOC0 D 750KPiX � ?A@CVK0`9 D 4JO C, A, D68@C:
U
68750 c�D \>@C:M\C25?L@CB�: D @T4�0q!n6=7JN D 68NLB D 7J?R4�OCPa2 'C[ ?R4�OgO>?LBbO <C7 D 9C689C?LNA?A4 $ *}NLB D 7J?A4JOCP96 �

:;@C:C2 6`P`6  ?LP�\CP 250_4
U
25\CVfOM4�O;6e4

G[U ]
O;682�6d< 0_7 c 0_V_4 P`6=4JVfOC?L@CB '~D 4�OC0_7 [ ?L250�?R4�750K< D 754J2

c 68?LNA\C7J0=X �m4"?L2Z4JO \>2}6 ��682 �	0KBb682�68NLB D 7J?A4JOCP ' 6=2�V_NU68?AP`0_:vX
�
	���P�"��� ������� ,�( i 	 e�. vFi�� clkfoUeDatr1&PoUifr i'. v�clv a�e�.�b e32 v!( i O(n3) rsclvF�0(�a�.�$|clo $�e�k atv�(�rDb	 � o $�e�k atv!(�r ��c9.Ph � o $�e�k atv�(�r ��
qc9.Ph;v!( i O(nω) rsclv��0(�a�.�$|clo $�e�kfatv�(�rDb 	 � o $�e�k atv!(�r��sc9.Ph� o $�e�k atv!(�r ����
��jc9. #fi rsc(h�i � c�b��Pi $(c�b g(bfa�.�$ � o $�e�kfatv�(�r ��9:
L kneue32M: YZOC?L2n?A2 D 9 F ? D \C2KX�/10 )5\C2p4Z< 0_7 c�D 75P 6=@H$ D8c 4�O>0K2J0*6=NLB D 75?A4JOCP`2 D @36�2J\C9CB87�68<CO G[U ]
c�D \C@C:�99$ 4�OC0���682 �	0_BT682a7J0_:C\CV_4J? D @ ' 68@C:�? c ?A4h: D 0K2a@ D 4s:;@C: 6 <~0K7 c 0KV(4dP`6=4�VfO>?L@CB '	[ 07J0_< D 7p4 c 68?LNA\C7J0=X
� ���]R\�*Y �������C��` .
2~c��fvtx � i;�jc9.zh�e�i'4li'. #fifv�vFifkM:� in�jclotoWv!(�clv#v!( i�	Se�. v�i � clk oUe kmijhlg��fv�a�e�. g(buijh a�. � o $�e�k atv�(�r �� . e�v<e�. o�� * .Ph�bsc buifv
U bfg �0(8v!(�clv G[U ] (�c�b;c%& ifk�2 in�fv rsclv��0(�a�.�$�x"a;:�i<: det ÃU,U 6= 0 x #�g5v%clo7bue c bfg #fbfv�atv g�v a�e�. s
bfg��0(8v�(�clv det ÃU,U(s) 6= 0 :

K . �ni�bfg �0(sbfg #fbfv�atv a�e�. aUb@��. e�� .�x cloto_v�( i rsclvF�0(�a�.�$|clo $�e�k atv�(�rDb#o�aUbfvFijhqa�. v!( i@bfv�clvFifr i'. v
e32 ,�( ine�knifr �+:���x iF55�ni &Pv�2 e�k v�( i O(nω) $�i'. ifkpclo rsclvF�0(�a�.�$qclo $�e�k atv�(�r 	 � o $�e�k atv!(�r ����
ux clkmi
h�ifvFifk rqa�. aUbfv�a����-,_eDbuini v!(�aUbnx"kmin�jcloto v�( i &Pkmeue32De32 ,�( ine�kmifr���: ����:
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� ���]R\�*Y �C�;�H�)� 	 eubfv e32�v!( iw�ne�.�bfa�h�ifkjclv�a�e�.�b#e32%v�(�aUb%buin�fv a�e�. �jc9. #fi c(h(c'&Pv�ijh{v�e v�( i &Po4c9.Pclk
�jc�bui{g(bfa�.�$�v�( i�a�h�ijc�b 2 kme�r� (�c'&Pv�ifk ��:��{e�� i'4lifkmx � o $�e�k atv�(�r/� � �jc9.). e�v #fi�atr1&PoUifr i'. v�ijh
a�.�v�atr i O(nω/2) x #fin�jclg(bui v�( i
#nc�bfaUb 4lin�fv�e�knb k1, . . . , kn−2ν(G) c9.Ph�v!( i{rsclv�k aG5 Ã−1

W,W g(buijh
v�e��ne�r1&Pg5v�i{v!( ifr rqaJ$�(�v . e�v #fi<b &�clkmbui 	 buini�clo7bue � (�c'&Pv�ifk ��
9:
/ 0�� 6 ��� 7 
�� ��� �	�
������
����� ���	� ����� � ��������� ∼G

�C$ ��!#" 	%$'&#(*) ��� $ N (,+-$')#( Y�!#"/. + "/0 1 Y�!2"�. + "�0 ->X4��� S ' ��!#"30 $ � +-(  Ã(G)−1 " ) V�.54#"�6���!2"+ "/7 $ � ( . ) ∼G
4#"f: ) "/4 (*) � \ & 68"KV
� ( . ) - X��>X76 X *96 $ V�. ) 68" �^\#" ) V�" ',[ ";:<"/� $') O(nω)

:=. ) �-"
! $'+ 7,. $ 7,:<. +8( �-!#0 c . + V�.<0?>C\2� (,) : ∼G

=hV/.<0@>>\2��"
Ã(G)−1(s) c . +A$=+-$') 4#.'0B65\ & 68� ( �J\2� ( . )

s : Ẽ → Fp '8[ !#" + " p
( 6 $ 6J\ ( � $C& 7,"D> +-( 0@"=X �E� ( 6 (*) ��" + "�6F� (,) :G��. $ 6 , [ !#"/�-!#" + �-! ( 6 $ 7,:<. +-( �-!#0V $C)=& "0 $ 42" � $ 6��H"�: $ 6_X

� ) "�. c ��!#" V�. ) 68" �^\#" ) V�"/6 [ .b\#7,4 & " $ � $ 6 �H"/: $ 6JI'" + 6 ( . ) . c �-!#"�0 $ ��VK! (*) :GI'" +-( :;V $ � ( . )$ 7*:<. +-( ��!#0L: ( I<" ) (*) Y�!#"�. + "�0 ->X765�bX 	 "_V $ 7*7M��! $ �;��!#"�0 $ ��VK! (,) :NI<" +-( :;V $ � ( . )O$ 7,:<. +8( �-!#0
: ) 426 ' c . +P$ : ( I<" ) 0 $ ��VK! (,) : M

(*)
G = (V, E) ' $ 0 $  ( 0 $ 7 $ 7,7,. [ "�4�6J\ & 0 $ ��VK! (*) : M ′ . c

M
X � ) . + 4#" + ��.Q0 $ ,C"��-! ( 6 $ 7,:<. +-( �-!#0 � $ 6��H"�: $ 6 ' [ " ) "/"�4N��.?I<" +8( c $R��! $ � M ′ ( 6 (*) 4#"�"/40 $  ( 0�\#0 ' ( XS"=XT��! $ � $ 7,7��-!#"�"�4#:'"�6U. c M \ M ′ $'+ " ) .'� $ 7*7,. [ "/4 (,) G − V (M ′)

X Y�! ( 6
(,) c . + 0 $ � ( . )Q( 6�" ) V/.V42"�4 (*) ∼G

X
Y�!#" ) "�5�P� [ .U��!2"�. + "�0?6 $C+ "4C\#"���.�!M!#" +-( $ $') � �B" $') 4�: ( I'"6-.<0?"�> $'+ � (W$ 7 + "/6J\#7X��6KX

�
	��������� �C�;��T�� ,�( i�buifvqe32 clotoUe�� ijh ijh $�inb�e328c�#�a &�clkfv�atv�iI$lkpc'&)( �jc9. #fi��ne�r1&Pg�v�ijh a�.
O(nω) v atr i � c�b��Pi $(c�b<:

Y�!#"> + .5. c . c Y�!#"�. + "�0 � X��u6�V $')�& " c .8\ ) 4 (,) � �#" X �9.'�-"Y��! $ �P. ) 7%$?��!#"68"/�P. c $ 7,7*. [ "/4"�42:<"�6 ( 6ZV/.<0@>>\2��"/4R!2" + " $') 4 ) .C�%�-!#" [ !#.<7*" ∼G
+ "/7 $ � ( . ) X

�
	��������� ���;���C�w` 2 G aUb8ifoUifr i'. v0clk �ux v�( i'. ∼G �jc9. #fi �ne�r1&Pg�v�ijhza�. O(nω) v�atr i � c�b
�Pi $(c�b<:
� (,) V�"{!M!#" +-( $ $') 4#.5"�6 ) .'�Z: ( I'" $ V�.<0?>#7,"
��"Y> + .5. c . c ��! ( 6M��!2"�. + "�0 ' & \2� (*) 68�-" $ 4 + " c " + 6��.Q>[" + 6-. )\$ 7 V/.<0?0�\ )#( V $ � ( . ) [ ( �-!�� $�] .<^V� +-_ 'a` ";! $ I<";4#"/b ( 42"�43��. + "�> + .54#^#b�";! ( 6G> + .5.'c!#" + " ' :#7,7 (*) : (*) �-!#"0 ( 6-6 (,) :;4#"
� $'( 7,6/d* #nclkfk a�ifk (,)e$ : +�$ >2! G = (V, E)

( 6 $ 6-"
�
S ⊆ V

.'c	I<" + � ( b�"/6=.'c
G
68^#bK!e�-! $ �

n − 2ν(G) = compodd(G − S) − |S| '�` !#" + " compodd(G − S)
42" ) .'�-"�6��-!#" ) ^#0 & " + .'c

.54#4N6 ( N�"�4fb/.<0@>g. ) " ) ��6Y.'c
G − S

d =\. + "� $ 0?>#7," ' ��!2";6-"/� A(G)
(*) ��!2"a� $ 7*7 $'( � �h4#0?. ) 4#6

4#"/b�.<0?>[.'6 ( � ( . )�( 6 $;&\$'+-+8( " + d
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��" +8( N $ � ( . ) .'c ∼G1lcl. +P$ > + .5.'c ' 6-"/"<�m.nICo'6�N ' ] 7*^#0@0?" + �76 �B"qp�=

�
	��������� ����� ���w` 2 G aUb�ifoUifr i'. v0clk �ux v�( i'. P (G) = V/ ∼G aUb c.buifvDe32 cloto rsc65 atrsclo
#nclk k a�ifknb<a�. G :
� ��� ��� R�� � ���;�"��� � ifv G #fiqifoUifr i'. v�clk �dc9.PhdoUifv P = {S1, S2, . . . , Sk} #fiDc &�clk v�atv a�e�.]e32
V : ` 2<cloto Si clkni #nclk kfa�ifkmbwa�. G xyv�( i'. P aUb{cskmi!* . ifr i'. v e32 v�( iD�jc9. e�. a��jclo+&�clkfv�atv�a�e�.ze32 G :
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st ∈ E
68^#bK!=�-! $ �

s ∈ Si
$') 4

t 6∈ Si
��

� � � �Hk �%1
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L kneue32 	 e32 ,�( ine�knifr �+: ��� 
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$'+ "
&\$'+8+-( " + 6/d �Ecg��!#"($ $'+ " ' ��!#" ) ∼G
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